Matz24o0 assignment 2

1.1--3 (@) Find the equation of the plane containing the following points in space.
A(Z) _5’_1), B(01416)1 C(_3)7)1)

Vector from point A to point B is u = (0,4,6)-(2, -5,-1) = <-2, 9, 7>

vector from point A to point C is v = (-3,7,1)-(2, -5,-1) = <-5, 12, 2>
Know one point A(2, -5,-1) and two vectors u= <-2, 9, 7> and v= <-5, 12, 2> in the plane.
x= (2, -5,-1)+ su+t v

=(2,-5,-1) +8¢-2,9, 7> + t<-5,12, 2> where s, t €R.

1.2--1. True or false.

In any vector space, ax=bx implies that a=b. (F) not so when x=0

In any vector space, ax=ay implies that x=y. (F) not so when a=0

18. Let V={( a, a,) : a,, a,€R}. For (a,,a,), ( b,b,)€V and c€R, define
(a, a,) + (b, b,) = (a,+2b,, a,+3b,) and c(a,,a,) = (ca,ca,).
Is V a vector space over R with these operations?
Solution: V is not a vector space, since “additive associativity (x+y)+z=x+(y+z)” fails.
Counter example: ((2,2)+(1,1)) + (¥2, V3)= (2+2, 2+3) + (3, V3) = (4,5) + (3, V3) = (4+1, 5+1) = (5,6)
But (2,2) + ((1,1)+(V2, V3)) = (2,2) + (141, 141) = (2,2)+(2+2) = (242°2, 2+2°3) = (244, 2+6) = (6,8)



21. Let V .and W be vector spaces over a field F. Let Z= {(v,w): v€V and weW}.

Prove that Z is a vector space over F with operations (v,, w,) + (v,,w,) = (v, +v,, w,+w,) and
C(Vv Wl) = (CVD w,).

Proof: Generally, the first component of a vector in Z inherits vector space properties from V,
while the second component of a vector in Z inherits vector space properties from W.

1) since V is a vector space, and W is a vector space,
YV (vi,u), (v2,u2) €V, (vi,ur)+(vz,uz)= (Vi4vz, ti+uz) =(v2,u2)+(vi,ur)=(va4+vi, uz4+u1)
= for the first component, vi+vz = v2+vi
Y (x1,w1), (x2,w2) EW, (x1,W1)+(x2,W2)=(X1+X2, Wi+W2)=(X2,W2)+(x1,W1)=(X2+X1, W2+W1)
= for the second component, wi+wz = w2+w
By definition, (v,, w,) + (V,,w,) = (V, +V,, Wi+W,)= (Vo4vy, Wotw,) =(v,,W,) + (v, w,)
= additive commutativity holds for Z.
2) since V and W are vector spaces, =

YV (viwy), (Vs,ws), (ve, ) €V, ((vi,u)+(vayws)) + (vs,us) = (vi,u)+ (Vo) + (vs,u5))
= for the first component, (v,+V,)+ v; = v+ (V,+ V5)
Y (x,W1), (x5,W2), (x5,W5) EW, (X, W) +(X,W5)) + (56,W5) = (x, W)+ ((x,ws) + (X5,W5))
= for the second component, (W,+W,) + W5 =w,+ (W,+ w;)
=((vi4va) + Vo, Witw)+ ws) = (Vik (vt Vi), Wit (Wt W3))
= By definition, ((v,w,) + (v, W) + (v;,ws) = (vi,w,) + (Vo W) + (v5,w3))
where (v,,w, ), (v, W), (v5,w;)EZ = additive associativity holds for Z.

3) V,W are vector spaces = 3 zero vector 0. for V and zero vector 0., for W.

= the zero vector 0- for Z can be formed by
taking the first component of 0., and the second component of 0...

check that (o,,0,) is the zero vector in Z. (v,w)+(0,,0,) = (V+0, , w+0y)= (V,w)

4) since V(v,u) €V, 3 (-v,-u) such that (v,u)+(-v,-u)=0, = Vv, 3-v s.t. v+(-v)=0
V(x,w) €W, 3 (-x,-w) such that (x,w)+(-x,-w)=0., = Vw, 3-w s.t. w+(-w)=0

=V (v,w) €Z, 3 (-v,-w) such that (v,w) + (-v,-w) = 0-

5) V(v,u) €V, 1(v,u)=(v,u) = 1°V=v
V(x,w) EW, 1(x,w)=(x,w) = 1"w=w

= by definition, 1(v,w)=(1*v, 1*w) where c=1, but (1°v, 1*'w) = (v,w) =  1(v,w)= (v,w)



6) Va,beF, V(v,u) €V, a(b(v,u))= (ab)(v,u) and V(x,w) €W, a(b(x,w))= (ab)(x,w)

= a(bv)= (ab)v and a(bw)= (ab)w (*)
=V (v,w) €Z, a(b(v,w)) £a(bv,bw) where c=b

¢ (a(bv), a(bw)) where c=a

~ ((@b)v, @)w) by ()

¢ (ab)(v,w) where c=ab

7) Vc€F, V(v,,u,), (V5,u,) EV, c((vy,u,)+(v5,w,))= c(v,,u,)+¢(V5, ;) =(vi+V,)=cv,+cv,
V (%, W1), (%5,W3) EW, (X1, W) +(X5,W5) )= €(X3,W,)+C (X0, W3) = (Wi +W,)=CwW,+CW,

=> V (vi,wy), (v, W,)EZ,

(VW) + (Vo W)= c(vi+V,)+ (Wi +W,) = (CV,+CV,, CWi+CW,5) = (Vi W) +C(V,,W))

8) Va,beF, V(v,u) €V, (a+b)(v,u)=a(v,u)+b(v,u)=(av+bv, au+bu) = (a+b)v= av+bv
V (x,w) €W, (a+b)(x,w)=a(x,w)+b(x,w)=(ax+bx,aw+bw) =(a+b)w= aw+bw

=V (v,w) €Z, (a+b)(v,w)=(av+bv, aw+bw)= a(v,w)+b(v,w)

1.3--8. Determine whether the sets are subspaces of R®> under the operations of addition and
scalar multiplication defined on R3.

AW, = {(a,a, a;) ER? : a=3a, & a,=-a,}
Every vector in W, is of the form (a, a,, a;) = (3a,, a,, —a,) =a,(3,1,-1)  where a, is a parameter.

Geometrically, W, is a line along the vector (3, 1, -1). The sum of any two vectors in W, is
also on the line; scalar multiplication will only change the length of the line segment.

When a,=o, (a,, a,, a;)=(0,0,0) = 0..€W, or the line is through the origin.

= W, is a subspace of R>

B- W, ={(a, a,, a;) ER> : a,=as+2 }
Every vector in W, is of the form
(ay, a5, a5)=(a5+2, a,, a;)= (2,0,0) + a,(0, 1, 0)+ a5(1,0,1)  where a,, a; are parameters.
This is a plane spanned by vectors (o, 1, 0) and (1,0,1).

When a,=o0=a;, (a, a,, a;)=(2,0,0) = 0..¢W,= W, is not a subspace of R>



C.W;={(a,a,,a) ER* : 2a,-7a,+a;=0}
Every vector in Wj is of the form (a,, a,, a;)=(a,, a,, -2a, +7a,)= a,(1,0,-2) + a,(0, 1, 7)
When a,;=0=a,, (a, a,, a;)=(0,0,0) = 0..€W,
This is a plane through the origin = W, is a subspace of R?
D.W,={(a, a,,a;) ER*: a,-4a,-a;=0 }
Every vector in W, is of the form (a,, a,, a;)=(4a,+ a;, a,, a3)= a,(4,1,0) + a5(1, 0, 1).
When a,=o0=a;, (a, a,, a;)=(0,0,0) = 0..€W,
This is a plane through the origin. = W, is a subspace of R?
E. W,={(a, a5, 3;)ER? a, +2a,-3a;=1}
VvEW; v=(a, a,, a;) = (1-2a,+3a;, a,, 33) = (1,0,0) + a5(-2,1,0) + 35(3,0,1)
when a,=0=a;, v=(1,0,0) W, represents a plane not through the origin

= W; is a not subspace of R> since 0.s& W

E. W6 = {(av d,, a3) eR>: Saf— 3a22+ 6332 =0 }

o

1° Notice that when a,=0, 5a;+ 6aj=o0 = (a, a5 a;) = (0,0,0) = 0..€Wq

W is a cone surface in R’

2° Vc€F, 5(ca,)? - 3(ca,)? + 6(cay)? = cX(5a;-3a;+ 6a}) = c*(0) =0

= (c(a, a,, a;)) EWg = Wg is closed under scalar multiplication.
3° But for any two vectors (u,v,w) & (x,y,z) € W their sum (u,v,w)+(x,y,z) = (u+x, v+y, w+z)

But (3, a,, a;) = (u+x, v+y, w+z) does not necessarily satisfy the equation 5a," - 3a,+ 6aj=o0

5(u+x)’-3(v4y) + 6(w+z)’= 5(u’+x+2ux) —3(VHy +2vy) + 6(w+z+2wz)

= (5u”-3v+6w”) + (55" =3y +62°)+ 2(5ux -3vy +6Wz)
= 0 +0 +2(5ux —3vy + 6wz) where the cross terms are not guaranteed to get cancelled.

= Wy is not closed under addition. Hence, Wy is not a subspace



19. Let W, and W, be subspaces of a vector space V.
Prove that W,UW: is a subspace of V <& W,SW, or W,EW,
First prove <:
Suppose W,EW, or W,EW, if W,EW,;, then W1UW2 = W2 which is a subspace of V.
if WoEW, then W UW2 = W1 which is also a subspace of V.

In either case, WiUW. is a subspace of V.

Now prove = indirectly by a contradiction:

Assume W,UW: is a subspace of V, but W,£W,and W, %W, now look for a contradiction.
WiEW2 = 3 a vector u¢W:but ueW: = ue W,UuW-
W,LEW, = Javector ) vgWi butveW> = ve W, UW-
W,UW.: is a subspace of V. = (u+v)EW,UW> By property of additive closure of a subspace.
= (u+v)EW, or (u+v) EW-.

Assume that (u+v)EW, But ueW: = itsinverse (-u)eW,

W, is a subspace of V = (-u)+(u+v) €W, by additive closure of a subspace
But (-u)+(u+v) = ((-u) +u) + v by additive associativity of a vector space
=0+v =veEW, = a contradiction with assumption (*)

= Assumption W2 Wi must be wrong,
i.e. W2&W1 holds

= so does WiSW:zor W>&W: 0O



