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Conventions. T , T1, and T2 are indeterminates and T3 B T1T2.
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Theorem [BV3]. With c = (s, i, j), c0 =

(s0, i0, j0), and c1 = (s1, i1, j1) denoting cros-
sings, there is a quadratic F1(c) ∈ Q(Tν)[gναβ :
α, β ∈ {i, j}], a cubic F2(c0, c1) ∈ Q(Tν)[gναβ : α, β ∈
{i0, j0, i1, j1}], and a linear F3(φ, k) such that θ is a knot invariant:

θ(D) B ∆1∆2∆3︸  ︷︷  ︸
normalization,

see below
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F2(c0, c1) +
∑

k

F3(φk, k)

 ,

These pictures should remind you of Feynman diagrams!

∆ν is the normalized Alexander polynomial at Tν.
F1, F2, and F3 are below.
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This picture gave the invariant its name

e.g. g3 j0i1 g1 j1i0 g2i1i03e.g. g2iig3 j j e.g. g3kk

R1

R2

R3

(1−T )2+T (1−T ) (1−T )T

T (1−T )
1−T

T

T 2T (1−T )

T

T 2

=

1−T

i j

j+ i+

Lemma 1. The traffic function gαβ is a “relative invariant”:
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Proof.

Lemma 2. With k+ B k + 1, the “g-rules” hold
near a crossing c = (s, i, j):
g jβ = g j+β + δ jβ giβ = T sgi+β + (1−T s)g j+β + δiβ g2n+,β = δ2n+,β

gαi+ = T sgαi + δαi+ gα j+ = gα j + (1 − T s)gαi + δα j+ gα,1 = δα,1
Corollary 1. G is easily computable, for AG = I (= GA), with A
the (2n+1)×(2n+1) identity matrix with additional contributions:

c = (s, i, j) 7→
A col i+ col j+

row i −T s T s − 1
row j 0 −1

For the trefoil example, we have that A,G =


1 −T 0 0 T − 1 0 0
0 1 −1 0 0 0 0
0 0 1 −T 0 0 T − 1
0 0 0 1 −1 0 0
0 0 T − 1 0 1 −T 0
0 0 0 0 0 1 −1
0 0 0 0 0 0 1
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Note. The Alexander polynomial ∆ is given by
∆ = T (−φ−w)/2 det(A), with φ =

∑
k φk, w =

∑
c s.

?
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Preparation. Draw an n-crossing knot K as a
diagram D as on the right: all crossings face up,
and the edges are marked with a running index
k ∈ {1, . . . , 2n + 1} and with rotation numbers φk.
Model T Traffic Rules. Cars always drive fo-
rward. When a car crosses over a sign-s brid-
ge it goes through with (algebraic) probability

T s ∼ 1, but falls off with probability
1 − T s ∼ 0. At the very end, cars
fall off and disappear. On various ed-
ges traffic counters are placed. See
also [Jo, LTW].

Definition. The traffic function G = (gαβ) (also,
the Green function or the two-point function) is
the reading of a traffic counter at β, if car traffic
is injected at α (if α = β, the counter is after the injection point).
There are also model-Tν traffic functions (gναβ) for ν = 1, 2, 3.

Example.

Corollary 2. Proving invariance is easy: (Theta.nb at ωεβ/ap)

,T3 = T1 T2;

,CF[ℰ_] := Expand@Collect[ℰ , g__, F] /. F  Factor;

,F1[{s_, i_, j_}] =

CF

s 1/ 2 - g3ii + T2
s g1ii g2ji - g1ii g2jj - T2

s
- 1 g2ji g3ii +

2 g2jj g3ii - 1 - T3
s
 g2ji g3ji - g2ii g3jj - T2

s g2ji g3jj +

g1ii g3jj +

T1
s
- 1 g1ji T2

2 s g2ji - T2
s g2jj + T2

s g3jj +

T3
s
- 1 g3ji 1 - T2

s g1ii - T1
s
- 1 T2

s
+ 1 g1ji +

T2
s
- 2 g2jj + g2ij T2

s
- 1;

,F2[{s0_, i0_, j0_}, {s1_, i1_, j1_}] :=

CFs1 T1
s0

- 1 T2
s1

- 1-1
T3

s1
- 1 g1,j1,i0 g3,j0,i1

 T2
s0 g2,i1,i0 - g2,i1,j0 - T2

s0 g2,j1,i0 - g2,j1,j0

,F3[φ_, k_] = -φ/ 2 + φ g3kk;

,δi_,j_ := If[i === j, 1, 0];

gRs_,i_,j_ := 

gν_jβ_  gν j+β + δjβ, gν_iβ_  Tν
s gνi+β + 1 - Tν

s
 gν j+β + δiβ,

gν_α_i+  Tν
s gναi + δαi+, gν_α_j+  gνα j + 1 - Tν

s
 gναi + δα j+



,DSum[Cs___] := Sum[F1[c], {c, {Cs}}] +

Sum[F2[c0, c1], {c0, {Cs}}, {c1, {Cs}}]

lhs = DSum[{1, j, k}, {1, i, k+}, {1, i+, j+}, {s, m, n}] //.

gR1,j,k ⋃ gR1,i,k+ ⋃ gR1,i+,j+;

rhs = DSum[{1, i, j}, {1, i+, k}, {1, j+, k+}, {s, m, n}] //.

gR1,i,j ⋃ gR1,i+,k ⋃ gR1,j+,k+;

Simplify[lhs  rhs]
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https://diamondtraffic.com/productcategory/Portable-Counters
https://labs.openai.com/
http://www.math.toronto.edu/~drorbn/Talks/MonteVerita-2604/ap

