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Fast. Here’s Θ on a ran-
dom 300 crossing knot (from
[DHOEBL]). For almost e-
very other invariant, that’s
science fiction.
Fun. There’s so much mo-
re to see in 2D pictures than
in 1D ones! Yet almost no-
thing of the patterns you see
we know how to prove. We-
’ll have fun with that over the
next few years. Would you
join?
Meaningful. θ gives a genus bound (with yet-unwritten proof).
θ seems to give a criterion for a knot to be fibered (conjectured
with a large scale verification). There are “safe” conjectured cha-
racterizations of θ as “the two loop invariant” and as “the one
cobracket invariant”. We hope (with reason) θ will say something
about ribbon knots.

Strong. Testing Θ = (∆, θ) ∈ Z[T±1] × Z[T±1
1 ,T

±1
2 ] vs. a slew

of other reasonably-computable invariants on prime knots up to
mirrors and reversals, counting the number of distinct values (de-
ficits shown):

n ≤ 10 ≤ 11 ≤ 12 ≤ 13 ≤ 14 ≤ 15
knots 249 801 2,977 12,965 59,937 313,230
∆ (38) (250) (1,204) (7,326) (39,741) (236,326)
σLT (108) (356) (1,525) (7,736) (40,101) (230,592)

J (7) (70) (482) (3,434) (21,250) (138,591)
Kh (6) (65) (452) (3,226) (19,754) (127,261)
H (2) (31) (222) (1,839) (11,251) (73,892)

Vol (∼6) (∼25) (∼113) (∼1,012) (∼6,353) (∼43,607)
(Kh,H,Vol) (∼0) (∼14) (∼84) (∼911) (∼5,917) (∼41,434)

(∆, ρ1) (0) (14) (95) (959) (6,253) (42,914)
(∆, ρ1, ρ2) (0) (14) (84) (911) (5,926) (41,469)

(ρ1, ρ2,Kh,H,Vol) (0) (∼14) (∼84) (∼911) (∼5,916) (∼41,432)
Θ (0) (3) (19) (194) (1,118) (6,758)

(Θ, ρ2) (0) (3) (10) (169) (982) (6,341)
(Θ, σLT ) (0) (3) (19) (194) (1,118) (6,758)
(Θ,Kh) (0) (3) (18) (185) (1,062) (6,555)
(Θ,H) (0) (3) (18) (185) (1,064) (6,563)
(Θ,Vol) (0) (∼3) (∼10) (∼169) (∼973) (∼6,308)

(Θ, ρ2,Kh,H,Vol) (0) (∼3) (∼10) (∼169) (∼972) (∼6,304)
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∫

R14
pi xi measure on R is (2π)−1/2·standard
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2 Example. With T an indeterminate and with ϵ2 = 0:

where L(Xs
i j) = T s/2

e
L(Xs

i j) and L(Cφi ) =

Tφ/2eL(Cφi ), and

L(Xs
i j) = xi(pi+1 − pi) + x j(p j+1 − p j)

+(T s − 1)xi(pi+1 − p j+1)

+
ϵs
2

(
xi(pi − p j)

(
(T s − 1)xi p j

+2(1 − x j p j)

)
− 1

)

L(Cφi ) = xi(pi+1 − pi) + ϵφ(1/2 − xi pi)

So Z = T G

∫
e

L(&)dp1 . . . dp7dx1 . . . dx7, where L(&) =∑7

i=1
xi(pi+1−pi) + (T−1)(x1(p2 − p6)+x6(p7 − p3)+x3(p4 − p8))

+
ϵ

2



x1(p1 − p5) ((T − 1)x1 p5 + 2(1 − x5 p5)) − 1
+x6(p6 − p2) ((T − 1)x6 p2 + 2(1 − x2 p2)) − 1
+x3(p3 − p7) ((T − 1)x3 p7 + 2(1 − x7 p7)) − 1

+2x4 p4 − 1


,

and so Z = (T − 1 + T−1)−1 exp
(
ϵ · (T−2+T−1)(T+T−1)

(T−1+T−1)2

)
=

∆−1 exp
(
ϵ · (T−2+T−1)ρ1

∆2

)
. Here ∆ is the Alexander polynomial and

ρ1 is the Rozansky-Overbay polynomial [Ro1, Ro2, Ro3, Ov,
BV1, BV2]. It is a reduction of θ.
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3 Example [BV3]. Here we have two formal variables T1
and T2, we set T3 B T1T2, we integrate over 6 variables for each
edge: p1i, p2i, p3i, x1i, x2i, and x3i, with the Lagrangian given by:
ℒ[Xi_,j_[s_]] := T3

s
CF@Plus


ν=1

3
xνi (pνi+ - pνi) + xνj (pνj+ - pνj) +

Tν
s
- 1 xνi (pνi+ - pνj+),

T1
s
- 1 p3j x1i T2

s x2i - x2j,

ϵ s T3
s
- 1 p1j (p2i - p2j) x3i  T2

s
- 1,

ϵ s 1/ 2 + T2
s p1i p2j x1i x2i - p1i p2j x1i x2j -

p3i x3i - T2
s
- 1 p2j p3i x2i x3i +

T3
s
- 1 p2j p3j x2i x3i + 2 p2j p3i x2j x3i +

p1i p3j x1i x3j - p2i p3j x2i x3j - T2
s p2j p3j x2i x3j +

T1
s
- 1 p1j x1i

T2
2 s p2j x2i - T2

s p2j x2j - T2
s
+ 1 T3

s
- 1 p3j x3i +

T2
s p3j x3j + T3

s
- 1 p3j x3i

1 - T2
s p1i x1i + p2i x2j + T2

s
- 2 p2j x2j

T2
s
- 1

ℒ[Ci_[φ_]] := T3
φ


ν=1

3
xνi (pνi+ - pνi) + ϵ φ (p3i x3i - 1/ 2)

Theorem. Here, Z =
1

∆1∆2∆3
exp

(
ϵ
θ

∆1∆2∆3

)
.

Why Believe in the New Kabbalah? • There is no doubt
that the ϵ-expansion of RT (gϵ) gives θ etc. That’s how w-
e got to θ. • There is no doubt that the ϵ-expansion of
CSW(gϵ) / the Kontsevich integral is the loop expansion
and it leads to θ. It works on the level of weight systems,
and the match with Ohtsuki [Oh] is perfect. • In a similar
context, Rozansky has a non-perturbative derivation of ∆
from CSW [Ro1]. • There’s perturbed Gaussian integra-
tion at the tail of the missing arrow and at the head of the
missing arrow. What else the arrow may be, other than i-
ntegrating out most of the degrees of freedom (but not all)?
• I had ideas, but not the time to implement them. . .


