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Neport” 15 4o En/U-1L/2,

Dror Bar-Natan: Talks: MIT-1612:  (thanks for accepting my invitation!)

IAbstract. Ro7ansky [Ro‘)] and Overbay [Ov] described a
spectacular knot polynomial that failed to attract the at-
tention it deserved as the first poly-time-computable knot
polynomial since Alexander’s [Al, 1928] and (in my opi-
nion) as the second most likely knot polynomial (after
Alexander’s) to carry topological information. With Ro-
and van der Veen, I will explain how to compute the Ro-
zansky polynomial using some new commutator-calculus
techniques and a Lie algebra g, which is at the same time  overay
solvable and an approximation of the simple Lie algebra s/,.
Theorem ([BNG], conjectured [MM], e- . Q I oy
lucidated [Rol]). Let J4(K) be the co- Garoufa
loured Jones polynomial of K. in the d-dimensional representa-
tion of s/>. Writing
12 _ o112 _
(ll qd/"q _i{-{’l(K) - Z ﬂjm(K)dJﬁm.
Jamz0

“below diagonal™ coefficients vanish, a;,(K) =
0 if j > m, and “on diagonal” coefficients
give the inverse of the Alexander polynomial:
Z:::u (’mm(K)hm) 2 A(K)(l’") =1
“Above diagonal™ we have Rozansky’s Theorem [Ro3, (1.2)]:

' —aq (, . Z g- p"mm«r’)]
(g - g~ HAK)(g") AX(K)(g)

Rozansky

g=e"

Ju(K)(q) =

A Poly-Time Knot Polynomial Via Solvable Approximation
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Faster is better, leaner is meaner!
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The Gold Standard is set by the “T-calculus™ Alexander
I(T) € Ry X Mgxs(Rg) =

2
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formulas [BNS, BNI]. An S-component tangle 7 has

S 2 >
{T’T} with Ry := Z({t,: a € S)):

1la b ww | S S2
V)= a1 1-13 Tiul,— S |[A 0
blo $2 [0 A
Z me (=B | ¢ S
c l P 7’"’ ad €+ ﬁ
€ falp = 1. -, V8
slewm ™ § ¢+-li =t

Roland:

“add to A the product of column b and row «. divide by (1
delete column b and row a™.)

= Aun),

For long knots, w is Alexander, and that’s the fastest A-

k=1
“spectacular™? Foremost reason: OBVIOUSLY. Cf. proving
ble A)=(inc ble B), or categorifying (inc ble C).

Why

lexander algorithm I know! Dunfield: 1000-crossing fast.

There are also formulas for strand doubling and strand reversal).

;_Also, wnll bound genus and may disprove [ribbon) = [slice}].

P mi

~/ g & s

a ribbon singularity  a clasp singularity

A bit about ribbon knots. A “ribbon knot™ is a knot that can be
presented as the boundary of a disk that has “ribbon singulari-
ties”, but no “clasp singularities”. A “slice knot™ is a knot in
= adB* which is the boundary of a non-singular disk in B*.
Every ribbon knots is clearly slice, yet,

Conjecture. Some slice knots are not ribbon.

Fox-Milnor. The Alexander polynomial of a ribbon knot is alw-
ays of the form A(r) = f(1)f(1/1). (also for slice)

(meta-associativity:

a
(Iﬁl\j\h { ‘[ T "! m = m® fme)

Mwm """" - BHA |

[Theorem [EK, Ha, En, Se]. There is a “homomorphlc expanslon

S-component ol
= {(v/l)-)langla } A

AANEY

Etngol  Kazhdan  Haviv  Enriquez  Sever

Algebras and Invariants. Given any unital algebra A (even better
if A is Hopf; typically, A ~ ©(g)), appropriate ReA®A,
get an A*® -valued invariant of pure
S -component tangles:

y
and stitch-

~

Jood News. In theory, enough to know R,
ng/multiplication m: A; @ A; — Ay.
IProblem. Extract information out of Z.
Textbook Solution. Use representation theory .. works, slowly.

“God created the knots, all else in
topology is the work of mortals.”

Leopold Kronecker {modified) www.katlas.org 11 Kee fil

oday’s Solution (with van der Veen). For some speci-
fic g's, work in a space of “formulas of a specific type”
for elements of T(q)*:
{ordcrc'd pcnurhcd} o ,mg)gs
Gaussian formulas

=

van der Veen
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[-Smidgen s/ Let g, be the 4-dimensional Lie algebra g, =
b, c.u, wy over the ring R = Q[e]/(€* = 0), with b central and wi-
h [w, ¢l =w, [c,u] = u, and [1, w] = b - 2ec, with CYBE r;;
by — eci)e;+upw; in U(a)® . Over Q, gy is a solvable approxi-
mation of sl qp 2 (b, w.w, eb, ec, eu, ew) 2 (b, b, ec, eu, ew) o
0. (note: degib, ¢, u,w.e) =(1,0.1,0,1))

he Big g, Lemma. Parts T and 6 are the same, yet
5. 0 (enw+,&u+6uwlwu] =0 (V(l e Evh)e%—mnm-ﬁﬂmﬂlucw
Here A is for Adyog, “a principle of order and knowledge™, a ba-
lanced quartic in e, B, u, ¢, and w:
A == bv(a® 57 + dafdv + 26%)/2 + B0V (b6 + 2u” 2
+ 6 (308 + 4w 2 + AV (2bE + 3w

)-Smidgen sl ©. Let gy be gy at € = 0, or @b, ¢, u, w)/([b,] =
0, [e.u] = u, [e,w] = —w, [u,w] = b with rj; = biej + wwy. Ttis
b* = b where b is the 2D Lie algebra Q{c, w} and (b, i) is the dual
Rasis of (¢, w). For topology, it is more valuable than a; / s/,, but
topology already got by other means almost everything gy gives.

+ a6V (266 + 3w’ + 2607 (b6 + 2y + Suw

+ @26V (B6 + 2w (2 + 2aPy + S)e + 2Bdvuc + 28 vuew
+ 2advew +ﬁv3(a,8v + 20 + avz(aﬁv + 20)w.

Proof. A lengthy computation. (Verification: we[3/Big

How did these arise? sl = b" @ b™/h = sii/bh, where b* =
c,wh/[w,c] = w is a Lie bialgebra with §: b* — b @ b* by
g1 (e, w) = (0,¢ A w). Going back, s[5 = D(b*) = (b*)" & b* =
b.u,e,w)f---. ldea. Replace § — €6 over Qle]/(e5! = 0). At
k=0, getqp. Atk =1, get [w,c] =w, [w, D] = —ew, [c.u] =1,
[6' u]l = —eu, [b'.c] =0, and lu,w] = b" — ec. Now note that
B+ ec is central, so switch to b = b + ec. This is a;.

Problem. We now need to normal-order perturbed Gaussians!
Solution. Borrow some tactics from QFT:

OlePlc,u)e” ™ uc) = Q(eP(D,, d5)e’ P luc) =
land likewise D(eP(dy, dgle™ " Bleu),
O (€P(u, e P40 lwur) = O (€P(d, B, v THF BTy )
[Finally, the values of the generators >7, ™, i, and U, are set by

Jrdering Symbols. O (poly | specs) plants the variables of poly in
SiEn) on several tensor copies of T(n) according to specs. E.g.,
o] (r?u.czeﬂ’-‘u"ﬂx: Wiel, ¥ H]L‘]) =w'c’ Bue'c € Up), 8U),
This enables the description of elements of ’fd’(;';)@s using com-
mutative polynomials [ power series. B

solving many equations, non-uniguely.

Pragmatic Simplifications. Set f == e, work with v = (r — Du/b,
and set B(w, L, 0, P) = O (w'le“'m”(l +ew™ P): (i Vfo“';))-
Now w € Ry = Z[r,-,.f‘."] is Laurent, L = } I;; logir;)e; with [;; €
. 0 = ¥ qviw; with g;; € Ry, and P is a quartic polynomial
in v, ¢, w; with coefficients in Rg. The operations are lightly

)-Smidgen lnvariants. r = Id € b~ @ b* solves the CYBE
[ri2.ris] + [ri2, raa) + [ri3.ras] = 0/in U(ag)® and, by luck,

V = # =Rjj = =" e Ulno, @ o)
(NY I PR ] solves YB/R3.

Lemma. R = et =O(L‘xp (b,-.r.'j + ""—;,_" n,-wj) i w;, j: cjwj}
P AT
Example. Z(Ty) = =T = L W@ MW
b b3
B T Liywy—bycg+ " ,:J 'quﬁ)|

wilan!
“uew form’]
XiCpWiliz, Vi u;c_‘w;;uscﬁwﬁ] =0 ((;'I.x: W€ Wy, V1 u_,-('_..w_\)

0{ exp(bg,c, +”T'u5»»-1 +hacy+

modified, and the Adyog and the values of the generators become
somewhat simpler, as in the implementation below.

[Rough complexity esti- B

mate, after fy — . n: xing 24 w i wd n? = ntwt e [nd ']
number; w: width, maybe A “~0"E G

I~ . A: go over stitchings in order. B: multiplication ops per
VUi, d: deg of w;, w; in P. E: #terms of deg d in P. F: ops per
term. G: cost per polynomial multiplication O[i'r. .
Experimental Analysis (wefi/Exp). Log-log plot of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

Goal. Write ¢ as a Gaussian: we™*? where L bilinear in b; and ¢;
with integer coefficients, ¢ a balanced quadratic in «; and w; with
coefficients in Ry := Q(b;, ™), and w € Ry.

he Big gy Lemma. Under [e, u] = w, [, w] = —w, and Ju.w] = b
la. N := Ol P|uc) = Qe Mlcu)  (means e = 7o
b, N™ = (™™ |we) = O™ ™|ew) . in the fax + b} group)
D, O™ *Bu|ypyg) = Qe bafraw i)y (the Weyl relations)
3. O™ wine™ = e O™ wu), with v = (1 + bd)~!

a. expand and crunch. b ousew =bi u=4,,
4, O™ lwar) = Ove"™™ |uw) (same technigues)
5, N" o= O(Eb'a+mr+6uw|w“) ;‘ ,O(ye—h1r§+mn'+vﬁu+wmr|uw)

6. N = O(llcicj) = O (ern e — eidler)

Sneaky. @ may contain (other) u’s, 8 may contain (other) w’s.

¢, use “scatter and glow".)

Cr\mjecll'lre (checnked on the same co]]ec;ions). nGivenna knot Km
with Alexander polynomial A, there is a polynomial p; such that
P 1Pp1 + £2vw + (1 = 1)(1 = 2c))AA’

B (1 -1y ’
Furthermaore, A and py are symmetric under ¢ — ! solet A* and
o be their “positive parts”, so e.g.. p| (1) = p] (1) +p](17") = p] (0).
Power. On the 250 knots with at most 10 crossings, the pair

Strand Stitching, mf, is defined as the composition

— WM NN
U WL €W —— U Cilly Wl | Wj ————— Tl €y WeW
i for—sk
— WO Wy

A, pp) attains 250 distinct values, while (Khovanov, HOMFLY-
IPT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).
Genus. Up to 12 xings, always degp] < 2g — 1, where g is

On to l-smidgen invariants, where much is the same. ..

he 3-genus of K (equallity for 2530 knots). This gives a lower
und on g in terms of p; (conjectural, but undoubtedly true).
is bound is often weaker than the Alexander bound, yet for 10
f the 12-xing Alexander failures it does give the right answer.
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