—a#omework |—/

> . . n <10 | <11 <12 <13 <14 <15
Apstract. riu start‘ ‘w1th a review of my regent paper T 249 | 801 | 2977 | 12965 | 39937 | 31330
with van der Veen, “A Fast, Strong, Topologically Me- A (38) | (250) | (1,204) | (7.326) | (39.741) | (236,326)
aningful, and Fun Knot Invariant” [BV], and then as- oLr (108) | (356) | (1,525) | (7,736) | (40,101) | (230,592)
sign some homework. Much of what I'll say follows KJh 8 g(s); Eig; 8‘2‘;‘6‘; gé?ggi ﬁgggzg
earlier yvork by Rozansky, Kricker, Garoufalidis, and i o T 6h T a0 (1:839) (11:251) (73’;;92)
Ohtsuki [Rol, Ro2, Ro3, Kr, GR, Oh]. van der Veen Vol (~6) | (~25) | (~113) | (~1.012) | (~6.353) | (~43.607)
Acknowledgement. This work was supported by NSERC grants RGPIN-2018- (Kh, H, Vol) (~0) | (~14) | (~84) (~911) | (~5,917) | (~41,434)
04350 and RGPIN-2025-06718 and by the Chu Family Foundation (NYC). (A, p1) 0) (14) (95) (959) (6,253) | (42,914)
AT et T, Ty, and T, be indeteminates, and let 75 = (A, p1,02) © | a4 | @4 011) (5,926) | (41,469)
@T,. | Start from apresentation matfix A for the 7 Gope KA BD O LI | Co) | GO 5910 | Gt
,./ Alexander module of K, coming from the Wirtinger ©. ) © 1 3 | 10 | (169 ©82) | (6341)
I presentation of m(K): A := Ip+1 + X, Ac, Where ®,0.7) ©0) 3) (19) (194) (1,118) | (6,758)
f (@, Kh) o | 3 (18) (185) | (1,062) | (6,555)
ey k 0o /A J Ac i+l j+1 A\ (©,H) ©) | 3 | (8) | (185) | (1.064) | (6,563)
i =75 TS5 - 1 (©, Vol) (0) (~3) | (~10) (~169) (~973) (~6,308)
i i i 0 (©.p2.Kh,H Vo) | (0) | (~3) (~10) (~169) | (~972) | (~6,304)
s=+1 s=-1
1 =T O 0O T-1 0 0 (\/\)
o1 -1 0 0 0 O y b \)
0 0 1 -T 0 0 T-1
A= 0 0 0 1 -1 0 0
“ " 0 0 T=1 0 1 -T 0 The Con\.vvay Knot : Klnoshlta-Terasaka
0 0 0 0 0 1 -1 Topologically Meaningful. 6 is near A and we dream that any-
0 0 0 0 0 0 1 A = det(A) thing A can do, 6 does too (sometimes better). The followmg are
.l ) erified for knots with < 13 crossings: /
G- Let f T(g“ﬁ) 1'_ A T | T | Yoot Conjecture 1. deg; 6(K) < 2g(K). o @WM
| T - - \Q Conjecture 2. If K is a fibered knot and d is the degree of A(K)
0 1 T I TRIR 7T 1 weB/pi | ihe highest power of T), then the coefficient of ng in 6(K), which
0 0 5554 TIE TRpAl T 1 is a polynomial in 7', is an integer multiple of T{A(K)|7-1, .
G=[0 0 75 1 D oh i bout ribbon k
TZI__7}‘+1 T?fff’)% T2—1T+1 TZ_YTH ream. as something to say about ribbon nots
00 T2_T+1 TT2oTH T2-T+1 T2-T+1 1 Fun. O for the Rolfsen Table:
0 0 0 1 1 J [ B I BL 3L 3 =
00 0 0 0 0 1 F O Ol &) 6! X
L [ ] |-

NG A1 A A3 Z 8lioi 82ioi &3irip + 1.0.

OMG, thanks! [E]Ei[=]

Dror Bar-Natan: Talks: LesDiablerets-2601: T
r& wep:=http://drorbn.net/1d26 [w]#"

(deficits shown):

lStrong. ® vs. a slew of other reasonably-computable invariants|

Zet Gy = (8vap) be GWith T —» T, forv =1,2,3.
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(T3-12) &35t (1-Ta8aic EJ (12- 2)377 (1i-12) (T2+1) &251)) / w @ " ** .
(T2=2))] — . | - | N | W | TR
F2[{s0_, i0_, jO_}, {s1_, i1_, j1_}] := ‘. = o] EE R | | -
CF[s2 (T3°-1) (15" -1)7* (15" - 1) 811,10 83,50,11 m Q 0 * % .
( (73 82,1,10 - B2,11,50) = (T3° 82,31,10 - B2,52,50) ) ] L i | = | I B R
Falos k1 =08a-0/2; ‘. | — [ | — -
e 8 & ek b b
CFL&.1 := ExpandeCollect[s, g_, F] /. F » Factor; Program | S | | | B BL_ 3L
BIK_]:=0[K] =Mndule[(x, @, n, A, A, G, ev, 6, k, k1, k2},
{X, v} =Rot[K]; n=Length[X]; A =IdentityMatrix[2n+1]; @ Q @ ' * ' *
cases[x, (5., i 3o (DL ), ety genines (70T 1Y) 5 | | - |
= TOToRSLIS] TotAIAIL A /2 et 4] 5 Q@’ l‘t E’E * * i,
G=1Ii ¥ ¥
| - | - L e
S e, ey AT A random g knot from) |y & e & o @e s
: - {: {;szn k)l(lsz(]ll],L(kglthn)w’)l(lk;z’ e [DHOEBL] For most inva- [T [T el -
Factor@ (4, (A/.T=Ty) (A/.T»Ty) (A/.T>T3) 6 . . . . A
e e erTrm e e riants, 300 is science fiction. “ b @ ' I’/\'/\{“-—j,
T B 0 [
f
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The 132-crossing torus knot 7;,7: (many more at wef/TK)

4 4 0 HHH 432304 HH B O LD
- . EIRLEL LELELE BN I )
OO O W W W PR IRE M W B R D D O

PR R A R RN R X A Ad iR R R BB B BN
T TR BB R T Y
TS SRR BHORD TS
v PO EREIHENNVERRNDVDDBDDDIDE S W Y
» e TP FEORENRONRHDBDDDDBEH ST Y
. ww PO ZERERUDBDBHVDDBDDEHS WY

:.-:.r _:;“.':v & éﬁj’&@&%ﬁ%%g% w%"'ﬁp ,,':.':,1_'
::;;«‘; ;Q g'? LY AT A A A A 3@- 1"!%111:::1
AR AR GRS OTTE LB EE% 25

AYAXAYAVATANAYLYLYA
DTS SEOEE
QUOOCE SO0CEE

YAV A AYRYAAYATA Y

1L 44%% YATATAYAYLUAVATATAY XXX Ery
5 %44 %a'i?%eﬁ% X A 7 &&31‘&3 EX
'L' i.r% ‘ltliﬂ Bi e~ ) ‘"l‘-‘." A AN WL i gﬂ#nel;l* -.# v.# ‘#
“ % % % BB B OBUNNV VI IS8 S SO
% SRRSO IRE F O

%52 %V CLRAEWRAIONNRIOD I
24245 R0 BBRMMININNANEER S8
LA RVODRNNNRNNIN R OO w BT

- . RIRLEL LELELE BN I
4 4 0 HH MMM IMIMIP HH R D LD

Random knots from [DHOEBL], with 51 — 68 crossings: (many more at wef3/DK)
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Moral. We must come to terms with ®!

'“34 V| - M« C'V ﬂ«% N .D/['pl'\f Qg‘/ ‘Mug*j (/VULf '-ﬂgHomework Task 10. Prove that © is equal to the two-loop co-

Homework Task 1. Prove the hexagonal symmetry of 8(K), and
that 9(K) = 6(-K) = —0(K).

That’s harder than it seems! The formulas don’t naively show
any of that. A has a palindromic symmetry first conjectured in
Alexander’s original paper [Al] — it is invariant under 7 — T~!.
Proving this took a few years, and the proof starting from the
Wirtinger presentation is quite involved (e.g. [CF, Chapter IX]).

Hw o Rdgpion 0, JAZ, over s

Homework Task 2. Explain the “Chladni patterns”. Are there
“dominant parts” of 0 that can be computed in isolation?

left: © Whipple Museum of the History of Science,

University of Cambridge; right: CC-BY-SA 4.0 / W- 5 ) -
ikimedia / Matemateca (IME USP) / Rodrigo Tetsuo

Argenton

Homework Task 3. Prove the genus bound of Conjecture 1.

This is probably coming. One can bound the degree of A = det(A)
in terms of g(K) using the Seifert presentation of the Alexan-
der module. Pushing further, likely one can bound the degree of
(8ap) = A7! in terms of g(K), and that’s probably enough.

9Homework Task 4. Find a 3D interpretation of the g.g’s.
7 Al ) s BQuin

ha st bt clocely vabh) 5 BTy
Homework Task 5. Find a formula ¥ for ®(K) that starts from
a Seifert surface X of K. Better if  is completely 3D! Assuming
Task 10, it is known that ©® depends only of invariants of type < 3
of Z. Maybe F is about configuration space integrals / chopstick

o A chepfick b

Homework Task 6. Is there an intrinsic theory of finite type i-
nvariants for Seifert surfaces? Does its gr map to functions on

H,? > — 9

[}
L~

L=

7Y RS
Homework Task 7. Prove the the fibered conditi\ojn of Conjectu-

M T Mo oo 2,

Homework Task 8. In general, find a formula for ® correspon-
ding to each known formula for the Alexander polynomial.

) /M\/'LMM_ fu%i

Homework Task 9. Write up the integration story.
> p g Wl K

.

ntribution to the Kontsevich integral. A / mﬁi Y

2.1

ple 1L =re Framn

} Wﬂbvm / VItAan }{Lhat has big blocks of zeros, and this leads to the Fox-Milnor

X, ok bk wnsesoig' & afis foosc,

Womial must be categorified.

Homework Task 11. Complete and write up the g, story.

We R & <

Homework Task 12. Understan ern-Simons , theory with
T ﬁm ADME Lol @ 4’274;?& -
gauge group 8.~ [Nl P57 LT ] <
=]
Homework Task 13. What happens to representation theory as
€ — 02 Is there any fun in continuous morphisms g — gl .?

Homework Task 14. Does © extend to knots in ZHS /JQHS ‘/g@
Homework Task 15. Is there a surgery formula for ®? £Q€*
one may find a Sei-

generated by the components of an unlink embedded in . Th-

Homework Task 16. Find a ribbon condition satisfied by ©.
fert surface Z half of
is makes for a presentation matrix A of the Alexander module of

For a ribbon knot K, l ‘ H
whose homology is

condition [FM], A = det(A) = f(T)f(T~") for some f € Z[T*'].
If detA is constrained for ribbon knots, perhaps so is A~! and
therefore ®@?

Homework Task 17. Carthago delenda est and every knot poly-

Cido

N0\
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The word “fun” rarely appears in the title of a math paper, so let us start with a brief | [ TN TF NS e R A
A FAST, STRONG, TOPOLOGICALLY MEANINGFUL, AND FUN KNOT |justification. &R : @ S&LPS
INVARIANT © is a pair of polynomials. The first, A, is old news, the Alexander polynomial [Al]. It is (g > @ @ @ % @ @
a one-variable Laurent polynomial in a variable 7. For example, A(6) = T-' — 1+ T. We | | 2|% o Bl el I e B I
DROR BAR-NATAN AND ROLAND VAN DER VEEN turn such a polynomial into a list of coefficients (for &, it is (1,—1,1)), and then to a chain @ (@ @ @
of bars of varying colours: white for the zero coefficients, and red and blue for the positive | | 2. | < . i el e
ABSTRACT. Tn this paper we discuss a pair of polynomial knot invariants © = (A, 0) which and negative coefficients (with intensity proportional to the magnitude of the coefficients). @ @ @
is: The result is a “bar code”, and for the trefoil & it is HE. w | 2 ow ||
o Theoretically and practically fast: © can be computed in polynomial time. We can - . X o @ @ @
compute it in full on random knots with over 300 crossings, and its evaluation at simple Similarly, 6 is a 2-variable Laurent polynomial, in variables T} and T5. = e e
rational numbers on random knots with over 600 crossings. We can turn such a polynomial into a 2D array of coefficients and then T Gl @ @ @
o Strong: Its separation power is much greater than the hyperbolic volume, the HOMFLY- using the same rules, into a 2D array of colours, namely, into a picture. 1 2 S b bl
PT polynomial and Khovanov homology (taken together) on knots with up to 15 crossings To highlight a certain conjectured hexagonal symmetry of the resulting T T 5 3 @ @
(while being computable on much larger knots). ) : ’ R a0 el b b B b
« Topologically meaningful: It likely gives a genus bound, and there are reasons to hope pictures, we apply a shear transformation to the plane before printing. So —= B =i Nipe N AT
e e a monomial (T T}? gets printed at position (ny —na/2,v/3ns/2) instead o & & |82
o Fun: Scroll to Figures 1.1 1.4, 3.1, and 6.2 of the more straightforward (n;,n;). On the right is the 2D picture corr ding to the | (aiioe - R
A is merely the Alexander polynomial. 0 is almost certainly equal to an invariant that polynomial 2 + T — VT + 1o — T7 ' + T Ty - T @ @ @ ?S
was studied extensively by Ohtsuki [O2], continuing Rozansky, Kricker, and Garoufalidis Thus © becomes & pair of pictures: & bar code, and a 2D picture that we call a ‘I I g ot ol e i ierd v
[Roz1, Roz2, Roz3, Kr, GR. Yet our formulas, proofs, and programs are much simpler and QR code”. For the knots in the Rolfsen table (with the unknot prepended at the start), they & [3) w@
enable its computation even on very large knots are in Figure 1.1. For some alternating square weave knots, they are in Figure 1.2, and for a @ S % : > @ @
random square weave, in Figure 1.3. In addition, the hexagonal QR codes of 15 knots with | | AN IR
CONTENTS = 300 crossings are in Figure 1.4, and © of a 132-crossing torus knot is in Figure 3.1. Some @ @@ @@@ @
1. Fun 9 further computations and figures, also highlighting the parity of coefficients rather than just zzu, v vl vl v el vl
2. The Main Theorem | their signs, are at [Lal] @ @ @ {%7 @ @ @ 3
3. Implementation and Examples 8| Clearly there are patterns in these figures. 5% -
3.1. Implementation 8 [ There is a hexagonal symmetry and the QR @ ® (i) @ @ @ |é D
32, Examples 10 | codes are nearly always hexagons (these are in- =) i) .
4. Proof of the Main Theorem, Theorem 1 11 | dependent properties). Much more can be seen \7 et @
4.1. Proof of Invariance 11 |in Figure 1.1. In Figure 1.4 there scem to be [ @ .
1.2, Proof of Polynomiality 22 |large-scale patterns perhaps reminiscent of the | - ed B i)
- ! ol I L X A left: © Whipple Museum of the History of Science, a3 — —
5. Strong and Meaningful 23 | “Chladni figres” formed by powders atop vi-  Usscesi, o Cambrids right: Cooby-SA 10 3] & ® »
5.1, Strong 23 | brating plates (on right). We can't prove any — Wikimedia / Matemateea (ME USP) / Rodrigo Tetsuo | 1 4 -
Meaningful 25 | of these things, and the last one, we can’t even Argenton |6 236 @
The Knot Genus 25 | formulate properly. Yet they are clearly there, too clear to be the result of chance alone. ?@* ‘Cé é P =
2. Fibered Knots 26| We plan to have fun over the next few years observing and proving these patterns. We | |76 68 (59 (65 55
6. Stories, Conjectures, and Dreams 26 | hope that others will join us too. <0 (||
7. Acknowledgement 33 &' . % @ @ E
References 33 & El HE
Date: First edition September 22, 2025. This edition December 11, 2025. B 28 & § m
2020 Mathematics Subject Classification. Primary 57K14, secondary 16T99. A By e Rt Bl e
Key words and phrases.  Alexander polynomial, loop expansion, solvable approximation, knot genus, g @ @ @

fibered knots, ribbon knots, polynomial time computations, Feynman diagrams, perturbed Gaussian inte-
gration, Scifert formulas.

This paper is available in clectronic form, along with source files and a demo Mathematica notebook at
http://drorbn.net/Theta and at arXiv:2509.18456.
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1 FIGURE 1.1. © as a bar code and a QR code, for all the knots in the Rolfsen table.
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FIGURE 1.2
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FIGURE 1.3. © of a randomized weave knot, as computed by [BV3, WeaveKnots.nb].
Crossings were chosen to be positive or negative with equal probabilities

2. THE MAIN THEOREM

D

We start with the deniton of €. Give an orented -
erossing knot K, we draw it in the plane as a long knot di-
agram D in such a way that the two strands ||\lchrctmg at
each crossing are pointing up (that’s always possible because
we can always rotate crossings as needed), and so that at its
beginning and at its end the knot is oriented upward. We call
s dvgram an wpright fnol dagrom. An example of an
upright knot diagram is shown on the right

We then label cach edge of the diagram with two labels: a
running index & which runs from 1 1, and a “rotatior
number” . the geometric rotation b of tht el Tn

1

FIGURE 2.1, An example
upright knot diagram

TThe sigued mber of times the tangent to the edge is horizontal and heading sight, with cups counted
with 41 signs and caps with —1; this nunaber is well dofined becauso at. their ends, all edges are headed up.

FiGURE 1.4. 0 (hexagonal QR code only) of the 15 largest knots that we have com-
puted by September 16, 2024. They are all “ge much as we know, and
they all have > 300 crossings. The knots come from [DHOEBL]. Warning: Some
screens/printers may introduce spurious Moiré interference patterns.

Figure 2.1 the running index runs from 1 to 7, and the rotation numbers for all edges are 0
(and hence are omitted) except for ., which is —
Let X be the set of all crossings in the diagram D, where we encode each crossing as a
triple (sign of the crossing, incoming over edge, incoming under edge). In our example we
have X = {(1,1.4),(1,5,2). (1,3,6)}.
We let A be the (2n+1) x (20 + 1) matrix of Laurent polynomials in a variable T, defined

A=1T- (T*Eiin + (1= T)Eij1 + Ejjn)

=(haex

where [ is the identity matrix and E,; denotes the elementary matrix with 1 in row a and
column 3 and zeros clsewhere.

Alternatively, A

,’k/\‘iu

We note that the determinant of A is equal up to a unit to the normalized Alexander
olynomial A of K% In fact, we have that

= 1+, A, where A, is a matrix of zeros except for the blocks as follows:

column i +1_column j +1

VA I
—  TTowd g &
i\

row j

A = A(K) = T2 et 4), (2)
s is the

where (D) i= ¥, ¢ is the total sotstion b of D wiere w(D) =
writhe of D, narhiely the sum of the of all the crossings ¢ in D.

We let. G 0 s, ki of it 35 . Gancion g of . pir of dgos o
5, we call t the e uncion of the dinggam . When inpised by physics (0. Foct it
and [BNG]) we ometimescull it “the 2 point funcion”, and when hinkingofcar rffic (e
Comment 3 and BV 7)) we sometimes call it “the traffic function”. As an example
e e s G o ekt dingram D of Figure 21

1T 0 0T-10 o .
01 -0 0 0 0 — ey

vo T T S il
o 01 o e

00 T-10 o

va 0 o0 0
Do 0 o0 o0 0

00 0 0

Let Ty and T be indeterminates and let Ty := Ty Ty, Let A, = Ay, and G, = (guas) =
Gy, be A and G subject to the substitution T — T,

v=123
(s1.i1,1) in X and an edge label k.

Given crossings ¢ = (s.i.j), co = (s0.40. jo), and ¢;
let
File) = s [1/2 = g + Tiguigaje — Tigsjigs — (T3 = 1)gsiagasi )
(T = 1)g2jigsyi — Griafis + 205025 + 916y — 92is05;]
g 07 = T3 (g = s + Tionson)
+ (T = Do (1= Tiana + g+ (T3 = gy = (7 = DT + Vo))
ST T“ 91iviaP3inis (so «
ey ) = 2L DO (150, 1 gy~ T =02 (9
Fy(k) = (gaun — uz) )

These formulas are uninspiring, yet. they are casy to compute (given G), and they work

The informed reader will note that 4 is a presentation matrix for the Alesander modle of K. obtained
by using o calens on the Wirtinger presentation of the fundamental group of the complenment of K.

Theorem 1 (The Main Theorem, proof in Section 4). The following are knot invariants.
D)= Y R@+ Y, Blaa)+ Y, Bk and 0(D) = Mdadabu(D).  (6)

Furthermore, 6 is a Laurent polynomial in Ty and Ty, with integer coefficients
Some comments are now in order

Comment 2. The entries of G, are rational functions with denominators A, and so fo is
valued in the ring of rational functions Q(Ty, Ty). The point of 6 is to clear these denomi-
mators by mrplsing by 828 2. o get an invariant. vlued in Lt polmomial
There remains a potential denominator of the form (T, — 1) coming from the explicit
denominators m Equations (3 nd (1), 1t will be shown fo cancel i Setion 1.2)

Comment 3. We note following [3V1] that g.,s can be interpreted as measuring “car traffic”,
assuming a stream of traffic is injected near the start of edge a and a comnter” is
placed near the end of edge 3, and where cars always obey the following traffic rules:

« Car travel on the edges of the knot, always in a direction consistent with the orientation
of these edges.

© When a car reaches a crossing on the under-strand, it travels through and continues on
the other side.

© When a car reaches a crossing of sign s = 1 on the over-strand, it continues right through

th probability T, yet with probability 1 —T* it falls down and continues travelling on

the lower strand. (It matters not that T and 7! cannot be between 0 and 1 at the

same time — we merely use the algebraic rules of probability without caring about the

inequalities that normally come with them)

When cars reach the “end” of the knot, the abyss that follows edge 2n + 1, they fall off

the picture never to be seen again.

These rules can be summarized by the following pictures

LRI

see [BV1]

Dall

For further details,

Comment 4. We note without detail that there is an alternative formula for 0 in terms of
perturbed Gaussian integration [BNG|. In that language, and using also the traffic motifs of
Discussion 3, the three summands in (6) become Feynman diagrams for processes in which
cars €3, governed by parameter T, = Ty, Ty, or Ty interact

articular, the middle diagran which resembles the Greck letter © gave the invariant
n o

Comment & The computation of G s botteneck fr the comptation of ©. It reires
inverting a (20 + 1) x (20 + 1) matrix ries are (degeee 1) Laurent polynomials in
15's  daunting task yet it fakes polynomial fime. Even a naive inversion teing Ganssian
climination xequies only ~ 7 operations in the ring Q(T). So G can be computed in
sticeevn i 1 i i the bundreds,and everhing wich then ollovs i not worse
 polynomials F1(c), Filco d Fy(k) are not e and we are not certain that
oot e et posible ormulas for them. They e ugly from a hman perspective,
Set From  comprtationnl porspectiv, having 18 L (o i the cose for FL(e) vt relly
& problem; computers don't care.
Computationally, the worst term in (6) is the middle one, and even it takes merely ~ n*
operations in the ring Q(Ty, T) to evaluate.

3. IMPLEMENTATION AND EXAMPLES

3.1 Implementation. A concise yet reasonably efficient implementation is worth a thou-
sand formulas. It completely removes ambiguities, it tests the theories, and it allows for
experimentation. Hence our next task is to implement. The section that follows was gener-
ated from a Marhenaticn [Wo] notebook which is available at [3V3, Theta.nb]. A second
implementation of Python and SageMath (https: //wiw. sagemath. org/) is avail-
Wble at netpa./ v, volandudy i/ Thetas

We start by loading the package KnotTheory*

it s only necded because it has many

specific knots pre-defined. In this Section and in the nest, & and (% mean “human inpue

while 8 means “computer output”
(@ oncecc xnotThory') [ toxing oty version of october 3, 2034, 10:2:52. 130
more at http: //katlas. org /wiki,/KnotTheory.

Next we quietly define the modules Rot, used to compute rotation numbers, and PolyPlot.
used to plot polynomials as bar codes and as hexagonal QR codes. Neither is a part of the
core of the computation of , so neither is shown; yet we do show one usage example for
each
+ The definitions of Rot and PolyPlot are suppressed «
@ Rotthirrorexnot (3, 11 fgl (111,41, (1,3,6), (1,5,2)), (6,6,0, 1,0,0,0))

We urge the reader to compare the above ontput with the knot diagram in Figure 2.1
PolyPlot[{2T-10T%, ~14T,- 2T, 8T 1), m

Tnagesize - 100, Labeled - True]

The definition of CF below is a ted
nomials in the gqs's such as Fy and F
albeit a bit more slowly:

icality telling the computer how to best store poly-
The programs would run just the same without it

Expandecollect (s, g_, F] /. F = Factor;

Next, we decree that Ty = T,T; and define the three “Feynman Diagram” polynomials Fy
Fy, and F;

@nents

€ Falts, 1, J0) = cF[
5 (12 B+ Th vt Byt~ B B -

Bact 55~ T3 By By + Bact By
((73-2) By (13" gaye - Thgass + Taass) +
(75-2) By (1= T gaes + 8oy + (T3-2) By = (Ti-2) (T202) 0s0)) / (T2-2))]

(T2-3) B2yt Bacc + 28275 Bic = (1-T5) asi B -

Fal(s0._, 0., J0.1, (51, 11, F101
g cF[s1 (1"-1) (Vi'-i) i (757 -2) a0 85,5000
(7 Bavtto=gan0) = (12" B0 800,0)) ]

@ Falos k1 ogm- /2
Next comes the main program computing ©(K). Fortunately, it matches perfectly with
the mathematical description in Section 2. Tn line 1 below we use Rot o let X and
the crossings and rotation munbers of K. In addition we let n be the length of X, namely
tho number of cosings in K., and wo et the tatin o of A bothe (2n+1) x (20 -+ 1)
identity matrix. Then in line 2, for cach crossing in X we add t 2 block, in rows
Fand ) and colns £ 1+ 1 2 i i Equation (1), In e 3 we compite he
nomalzed Alesander plsmonial & 1+ in (2). Inline 4 we let G be the inverse of A. In line
5 we declare what it means to evaluate, ev, a formula & that may contain symbols of the
form gest onch auch symbol s 10 b replced by the ey . postion o § of G, bt with
T replaced with T,.. In line 6 we start computing # by computing the first summand in ()
which in itself, is a sum over the crossings of the knot. In line 7 we add to 6 the double sum
r()rn'spm\dmg to the second term in (6), and in line 8, we add the third summand of (6).
Finally, line 9 outputs a pair: A, and the re-normalized version of 6.

g O[K_] 1= 0[K] = Module[(X, o, n, A, &, G, ev, 9, k, k1, K2},
1 0% 0} =ROLIK]; 1 - Length(X]; A= IdentityMateix(2n+115

<2 easesln, (5L, 1, 20 w006 90, (0, Sennen (375
e T O 2 et 1)

) 6 tmverserar;

5 o eVIA] = Factor(S /. B u e » (6L, 41 /. ToT15
6o neviSmI AL, Gk, 115

7«1 @ +=evSum[Fy [X[K1D, XEK2D], (K1, 0}, (K2, n}1);5
vSum[F; [¢[KD, k1, (K, Lengtheo}]];

5L Factore (s, (3 /- T4 Ty (5/- 2Ty (/- T2T31 01

3.2, Examples. On to examples! Starting with the trefoil knot.
@ exandorknot 3, 111)

:
SRR

(@ rotypiot (oknot (3, 111, Tnagesize - Tiny)

i1
CREAT

i

Next are the Conway knot 11,5 and the Kinoshita-Terasaka
knot 1. The two ate mutants and famously hard to separate
they both have A = 1 (as evidenced by one-bar Alex

Q

lexan-
der bar codes below), and they have the same hyperbolic volume, K, K )
o

/

\L/

HOMFLY-PT polynomsial, and Khovanov homlogy. Ye their 0
e different. Note that the genus u[ the ot is 3, while the genus of the
Kinoshita Terasak knot i 2. This agrees ith the apparent higher complosity of the OF
code of the Conway polynomial and with (,mum\m- 15 below.

@mypmlsumun, Inagesize 1201 6/0 _ ]
2]

(et ans
»
(g o
v v
«°ar

Torus knots have particularly nice-looking © invariants. Here are the torus knots T
Tizgs, Tiays, and Ty

invariants

) InageCompose [PolyPlot [6 [Torusknot @@ =], InageSize +430],
TubePlot Torusknot ee =, InageSize -» 240] , (Right, Bottom) , (Right, Bottom) ] & /e
(13, 2), (17, 3), (13, 5), (7, 6)) // Graphicshow

The next line shows the computation time in seconds for the 132-crossing torus knot Ty
on a 2024 laptop, without actually showing the output. The ontput plot is in Figure 3.1

bsoluteTiming (8 [Torusknot (22, 7115

We note that if T, and T are assigned specific rational numbers and if the program for @ is
slightly modified 50 as to compute each G, separately (rather than compnting G symbolically
and then substituting T — T,), then the program becomes significantly more efficient, for
inverting a numerical matrix is cheaper than inverting a symbolic matrix (but then one
obtains numerical answers and the beauty and the topological significance (Section 5) are
lost). The Mathematica notebook that accompanies this paper, [n\x Thomm] contains
e required modified program as well as a few computational exampl e finds that with
2/7 and Ty = 21/13, the invariant © can be computed for knm with 600 crossings,
and that for knots with up to 15 crossings, its separation power remains the sae.

I 7y and T, are assigned approximate real values, say 7 and e computed to 100 decimal
digits, then © can be computed on knots with 1,000 crossings and, for knots with up to 15

crosing i emains verystrong, Bt approsimate esl mmbers are it thorny: 1 i hard
to know how far one needs to compute before deciding that tw numbers are equal.
and when two sch mumbers apeat vl f i v o tll i hat s mercly because they
were computed differently and different roundings were applied. Thorus and snares are in
the way of the perverse; He who guards his soul will be far from them (Proverbs 22:5)"

B 073, nont

4. PROOF OF THE MAIN THEOREM, THEOREM 1

We divide the proof into to parts: the invariance of fy (and therefore of §) is in Section 1.1,
and the polynomiality of 6 is in Section 4

4.1. Proof of Invariance. Our proof of the invariance of ¢ (Theorem 1) is very similar,
and uses many of the same pieces, as the proof of the invariance of gy in [BV1]. Thus at
some places here we are bricfer than at [BV1], o sadly, e in th interestofsaving space,
we understate here the interpretation of g as a “traffic imction’

Some Reidemeister moves create or lose an ulgo and to avoid he neod for renumbering
it is beneficial to also allow labelling the edges with non-conseeutive labels. Hence we allow
{hat, and wite £ for tho succesor of the Iabl 1 long the kot and i or the successor of

InageCompose [PolyPlot (6 (Torusknot (22, 711, Inageize +720],
m:unmmusxmm, 7], Tnagesize + 360] , (Right, Bottom), (Right, Bottom) )

FIGURE 3.1 The 132-crossing torus knot Tz and a plot of its © invariant

i* (these are i + 1 and i +2 if the labelling is by consecutive integers). Also, by convention
“17 will always refer to the label of the first edge, and *2n + 17 will always refer to the label
of the last. With this in mind, we have that A= I + ¥, A, with A, given by

v

Like in [BV1, Lemma 3], the equalities AG = I and GA
(s.1.) in a knot diagram D, the Green function G

1 imply that for any crossing
(gas) of D satisfies the following,

“grrules”, with 8 denoting the Kronecker delta:

93 =0+ Tgirg + (L=T 500, gia=a+ g0 Gomers = donsrgy (8)
ot = Gaj + (1= T")goi + e o1 = Bor )
Furthermore, the mmmor«.u.\nom( ) is cquivalent to /1(' Fand ot fully determines
s, and likewise for m (9), which is equivalent

Of course, the same g- ..1.vm1mm,1r| for G = (uas) h”
with T,

We also need  variant g of gas, defined whenever a and b are two distinet points on the
edges of a knot ding from the crossings. If a is the edge on which a lies and 4
is the edge on which b lies, g is defined as follows:

Guit = T'Gai + B

2 4 except with T replaced

am D, awa

o
av = § o and a < b relative to the orientation of the edge a (10)
gas—1 ifa =5 and a > b relative to the orientation of the edge o

OF course, we can define g,q from gos in a similar way.

It is clear that g and  contain the same information and are casily computable from each
other. The variant  is, strictly speaking, not a matrix and so ¢ is a bit more suitable for
computations. Yet § is a bit better behaved when we try to track, as below, the changes in g
and 3 under Reidemeister moves. Reidemeister moves sometimes merge two edges into one
or break an edge into two. In such cases the points a and b can be “pulled” along with the
move 50 as to retain their ordering along the overall parametrization of the knot, yet mere
edge labels lose this information. From the perspective of traffic functions,  is somewhat

more nataralthan g 3 t makes sense o inject rafic and to comnt trafic anywhere slong
am edge, provided the injection point and the counting point are distinct.

"The following discussion and lemma frther cxempiy the advantage of  of g
Discussion 6. We introduce “mull vertices” as on the right into kot dia- i, &

grams, whose only function (as we shall see) is to cut edges into parts that
may carry different abels, When dealing with upriht knot dinrams s in Fignre 21, ve
ouly allow null vertices where the tangent to the knot is pointing up. so that the rotation
mumbers ;. remain ml defined on all v(lg,N In the presence of mll vertices the matrix
A becomes er (by as many null vertices as were added to a kuot diagram). The
rule (7) for the o of e matrix A gets an amendment for null vertices,

ik

Tow

Ay is extended to include summands for the

and the summation for A, A + S,
e snd the function g.s are defined as before. The g-rules

uull vertices. The matrix G =
of (5) and (9) get additions.
935 = 833+ ks a1 and
and it remains true that the system of equations ($)u(11) (as well as (9)u(12) fully deter-
mines 5. The variant iy s also defined as before, except now a and b ueed to also be away

Gak = Bak + Gaj

FIGURE 4.1. The modified Green function 7, is invariant under Reidemeister moves
performed away from where it is measured.

Lemma 7. Inserting a null vertes docs not change iy provided it is inscrted away from the
ponts 0 and b
Proof.Let D be an upright knot diagram having an edge labelled  and let I’ be obtained

from it by adding a null vertex within cdge i, naming the two resulting half-edges j and &
(in order). Let gas be the Green function for D, and similarly, g, for D'. We claim that

=] A=k if 3¢ (j.k}
i a5 ifa=j

Go={ ga—1 g g ia=k
R gr ad (k)

Indecd, all we have to do is to verify that the above-defined g, satisfies all the g-rules
(%)0(11), and that is casy. The lemma now follows easily from the definition of ' in Equa-
tion (10) o

Remark 8. The statement of our Main Theorem, Theorem 1, does not change in the pres-
ence of null vertices: There are no “F” terms for those, and their only effect on the definition
of @ in Equation (6) is to change the edge labels that appear within ¢, ¢;, and c;, and within
the Fy sum.

The following theorem was not named in [BV1] yet it was stated there as the first part of
the first proof of [BV1, Theorem 1]

Theorem 9. The variant Green function Gy is o “relative invariant”, meaning that once
points a and b are fized within a Am diagrum D, the value of gu, does not change if Rei-
demeister moves are performed away from the points a and b (o st agpers i
Figure 4.1). It follows that the same is also truc for ua for v =1,2,3

We note that g is nearly the same as gos. if a is on @ and b is on . So Theorem 9
also says that g, s invariant under Reidemeister moves away from a and §, except for
edge-renumbering issues and 1 contributions that arise if a and § correspond to edges that
et merged or broken by the Reidemeister moves

The proof of Theorem 0 is perhaps best wnderstood in terms of he trafc fn
Discussion 3: One simply that for each of the Reiden . traffic
cuteing tho tansle dingramm for the et hand sice of he move xits i the swme mnaner
as traffic entering the tangle diagram for the right hand side of the move, and each of
e verifications, as explained in [BV1, BN4, BN7), is very easy. Yet that proof is a bit

“This statement does not make sense 0 g5, as inserting a null vertex changos the dimensions of the
matrix G -

o

Lt

T o e

( S
el T

RUleft and Rl-right braid-like R3

A

counterclockwise and clockwise cyclic R2

L

FIGURE 4.2. A generating set of oriented Reidemeister moves as in [Po2, Flguve ol
Aside 1:the braid- s not needed. Aside 2: yet R2b cannot replace R:
because in the would-be proof, an unpostulated form of R3 s used (which in e
follows from R2c*)

informal, 50 we opt here to give a fully formal proof along the ines of the first halves of [BV1,
Propositions 7-9].
Proof of Theorem 9. We need to know how the Green function g,s changes under the
orientation-sensitive Reidemeister moves of Figure 42 (note that the g5 do not sce the
rotation mmbers and don'tcare if u Kot dingram is uprght in the sense of Figure 2

st R3b. Below are the two sides of the move, along with the yn\lm of
" (5) corresponding 1o the crosings within, written with the assmption that § 't
i 5%, )2 cveral of the Kroneckor deltas can he jgnored. We use  for the Green

TS wea = Toesr-iges " e = Ty 0T
Gies = 450 Sl = oo
¢ 0=y T 21T G5 = T g+ (=T 5
G5 = G, Ghs = Bes+ e s

91 = B+ T+ (=T s
N s =duator s

further
rules

G = A+ Tgle 5+(1-T)g 5
s = Fia+al s

Further

fusther
cronsings rules

further
crossings
Recal that along with the further g-rules andor g'sules corresponding 10 al the non-

moving knot crossings, these rules fully determine s and g, for 5 ¢ (it ", k"

A routine computation (eliminating g, i+ ,5) shows that the first system of

5 catations i cquivant to the Tollowing avsten of 6 cquations

9ip = g + Tgee 5+ T(1 = Tggees + (1= Thgas 0

; (13)
i3 = 85+ Tgjee 3+ (1= T)gees . Gt = kg + G g,

9ir3 = Tgirrg + (1=T)gjees 003 = 9+ 5, Gh+s = Qe s (14)
T this system the indices i*, j* and k" do not appear in (13) or in the further grules
comesponding 10 dhe futher crosings Hence for the purpose of deterining .5 ith
0. 1%, k). Equations (14) can be ignored.

Similarly eliminating gs ;. 4. 5, and g, from the second set of cquations, we find that
it is equivalent to

Gy = O+ Ty # T =T+ (1= Tghe

. , . . 15
G =+ sy + (1= g Gl = Gvs + Gl s )

Girp = T gt (1-Tlglevs g g = T gt -l Ghrg = Ghrr g (16)
Using the same logic as before, for the purpose of determining s with .3 ¢ i*, 5%k},

Equations (16) can be ignored

Bt now we compare the wignored cquntions, (13) and (15), and find that they are
extly the same, except with = f, and the same i tre for the futher gules und for
rules comimg fom the futher crossngs. Hene o lons it 5" ve have that
s = o T the e o the Fh move o s ettt or ek, i henco shis nnplics
that gus = g, 50 long as a and b are away from the move.

Next we deal with the case of R2¢*. We use the privileges afforded to us by Lemma 7 to
insert 4 null vertices into the right-hand-side of the move, and like in the casc of R3b, we
start with pictures annotated with the relevant type (8) and (1) g-rules, written with the
assumption that 4 ¢ {i*,j*

50,8

7 G = Toe s+ (1= Thgjes G =g+ gy
b =810+ 000 Gos =G
)i . o o,
B = bt T g+ (1= T gy Giop = G
N = gina i et
further further further fyrther
croeings s aroseings s

s in the case of R3b, we eliminate g+ 5 and g;+ s from the «umnom for the left hand
side. and fnd that for the purpose of detertining g, with 7 ¢ {i*. j*}, they are cquivalent
to the equations

s+ Give, 98 = i+ gjve s
Likewise, the right hand side is clearly equivalent o

95

s = s + g, and gl = dia+ Gy

and as in the case of R3b, this establishes the invariance of 7, under R2e moves.
For the remaining moves, R2c~, R1l, and Rlr, we merely display the g-rules and leave it
the readers to verify that when the edges i* and/or j* are eliminated, the left hand sides

=10 )= K=

FIGURE 4.3. The upright Reidemeister moves: The R1 and R3 moves are already
upright and remain the same as in Figure 42. The crossings in the R2 moves of
Figure 4.2 are rotated to be upright. We also need two further moves: The null vertex
move NV for adding and removing nul vertices, and the swirl move Sw which then
implies that any two ways of turing a crossing upright are the same. We sometimes
indicate rotation numbers symbolically rather than using complicated spirals.

become equivalent to the right hand sides:

i+ 9ies

N g =0is+ Ta s+ (1= Thgye s ‘ fi = Ois +
< L e Ghop = thoss
Givp =T gt (1= T gy Ge g = Giees
NG sa =t il gty
B S e i + 10
oo =diatdl,y g,

‘We can now move on to the main part of the proof of our Main Theorem, Theorem 1. We
need to show the invariance of § under the “upright Reidemeister” moves of Figure 4.3,

Proposition 10. The moves in Figure §. are sufficient. If two upright knot diagrams (with
null vertices) represent the same knot, they can be connected by a sequence of moves as in
the figure,
Proof Sketeh. There is an obvious well-defined map
upright knot diagrams
Telations as in Figure 13

oriented knot diagrams
Telations as in Figure 12

We merely have to construct an inverse o that map. To do that we have to choose how to
an cach crosing i an oriented knor diagram 0 be upright, The diferent ways of doing s0
differ by instances of the Sw relation (if deeper spirals need to be swirled away, null vertices
may be mserted nsing NV and the pirals & be undone one rofation af a fme). A more
detailed version of the proof is in [BVH]

Proposition 11. The quantity 6y is invariant under R3b.

) D
&
S

FIGURE 4.4. The two sides D‘ and 1" of the R move The et side D' consists of
3 distinguished crossings ¢, = (1. k), ¢ i.k*), & = (Li*,j*) and a collection
of further crossings ¢, = (s. ., vv] Y. where Viee s of crossings not participating
in the R3b move. The right side D" consists of f = (L,i,j), ¢ = (1,i"
(1,7 K*) and the same set Y of further crossings c,

K. =

Proof. Let Dy and D, be two knot diagtams that differ only by an R3b move, and label
thei selevant. dgos and crosings s n Figure 1. Let gl aid gy be thir coresponding
Green functions. Let Fi(c), Fi{co. (.) and F“( K) be defined from gl ;
sinilarly make £, Ff and £ wing o,

By Theorem 9, ghs = gl 50 long as @, 3¢ {i*,j*,k*}. And s0 the only terms that may
differ in 0(D") between h = L and h = r are the tern

A=Y NS + Y (e, DL Flen.ey)

@m;m W.qmuw» acteh ) ey

We claim that A = A7, B' = B", and €' = C"

To show that A' = A7, we need to compare polynomials in ,,, with polynomials in g7, in
which a and 7 may belong to the set {i*, j*, k*} on which it may be that g' # ¢’ Fortunately
the gerules of Equations (5) and (0) allow s o revrite the offencing s aamacly the ones with
subscripts in {i* in terms of other g’ whose subscripts are in (i, j, k,i**, %, k**}.
where ¢! = g7 S0 it is enough to show that

and C* =Y Ff(e, ). (17)
acleh bl e,y

under ¢! A" /. (the g-rules for &}, ¢, c) = A" /. (the g-rules for ], ¢, ¢5). (18)
where the symbol /. means “apply the rules”. This is a finite computation that can in-
principle be carried out by hand. But each A" is  sum of 3+ 9 = 12 polynomials in the

47, these polynomials are rather unpleasant (sce (3) and (4)), and applying the
relevant g-rules adds a bit further to the complexity. Luckily, we can delegate this pages-long
caleulation to an entity that works accurately and doesn’t complain.
t, we implement the Kronecker d-function, the g-rules for a crossing (s,,j), and the
gerules for a list of crossings

2,005

@ 6.0 5= 160
% BRules ({5, T, 53] 5= {Brsn ™ Busts #8500 Buin P TLBuits v (1-T0) By + 60ss
B T Bt 8uts Bt 9 Bray s (L-T5) Bt 0 8.3
gRules X Li5¢] t= Union ee Table [gRules [cl, (6, (X])]
We then let X1 be the three crossings in the left-hand-s of the R3b move, as in Figure 4.4,
welet A1 be the A' term of (17), and we let Ths be the result of applying the g-rules for the

g 1hs = Sum[F, [ (s, @, 0}, €11, (€1, XI}] //. gRules 0@X1;

XL to AL We print only a “Short” version of 1hs because the full ¢
cover about 2.5 pages:

%n- (5,00, (@4, K, @, 15 305
x

ng would

Sum(F (<], (<, XL}] + Sum(F3(cO, 1], (<0, X1}, (<1, XL}];

hs = Simplify (AL //. gRules e@X1];
Short(1hs, 5]

1
33T e
za-m

20-T) (147 (Tagn e
(1 A-TaT) g,

- (14T By

LS|

) = 1T gyl

We do the same for A", except. this time, without printing at all:

3 X0 = 101, 4, 3), (1, 1, K, (1,37 K05
Ar = Sun(Fy (<], (<, Xr)] + SUM(F,(c8, €11, (€0, Xr), (€1, Xr}];
rhs = Sinplify(Ar //. ghules e@Xr];

We then compare lhs with rhs. The output, True, tells us that we have proven (15)

=}

We show that B = B’ by following exactly the same procedure. Note that we ignore the
summation over ¢, and instead treat ¢, as a fixed crossing (s, m,n). If an equality s proven
for every fixed c,, it is of course also proven for the sum over ¢, €

B

@ simptify(ins w ehs)

) 1hs = Sum(F3[co, (s, ®, n}], (<O, XI}] //. gRules 00 X1;
Fhs = Sum(F3(c0, (s, m, n}], (<0, Xr}] //. gRules @Xr;
Simplify (1hs = rhs]

Similarly we prove that €' =

and this concludes the proof of Proposition 11
B
jm|

Remark 12, The computatons above were catid ot for generic gy and for 1 gneric
o) munely, without spcifying the ot diggas in fll, and bence without
assigning specific values to g,qs, and without g m . Under theso conditions
the three parts of (17) caunot mix (namely, s from, say, A" canot cancel terms in B*
. C*), and so it would have been cnough to show that £ where E* combines A" and
 and C” (and a few harmless further terms) by adding c, to the summation corresponding

o A

rhs = Sum(Fa[(s, m, n), <11, (<1, Xr}] //. gRules eXr;
simplify (1hs = rhs]

B = Fl(e)+ F(eo.c1).

eleh e et el

But that's a simpler computation:

(SumFs(e], (€, X)) + SUm(Fa(c8, 1], (€8, X}, (€1, X)]) //. gRules oq X;




=R

@K1, 5,4, (44K, (@1, 5
(3% = (4L, 4, 30, (4, 47, K, (3, 3% KD
(s m )

s (s, m )

Proposition 13. The quantity 0y is invariant ander the upright R2¢* and R2c~

Proof. For R2e* we follow the same logic as in the proof of Proposition 11, plified by
Rermark 12 We start with the fgure that replaces Figure 1.4 (note the il vertice in D
and their minimal effect as in Lemma 7 and Remark 3):

For R2c™ we allow ourselves to be even more concise:

@ EL=ESun(((2, £, 30 (-1, £, 31 (55 m 1), (-3, D15 it i
Er = ESURL(s, B, 01D, (-1, 3 /7. A
(Union ee gRules /@ (i, i', 3, 3'1)5 i i

simplify [Er = £1)

=R

As in Remark 12, we let E' and E" be the sums corresponding to the diagrams D' and
D" above
= Y Fl(Q) + Y B e) + Bt

celdda) aasiddol

= Fie)) + Filey, ) + By =1

We need to show that E' = " after all relevant g-rules are applied to both sides.
To compute these E sums we first have to extend the ESum routine to accept also a list R
of pairs (i, k) of the form (rotation mumber, edge label)

@ esuni,
<s...[m<1, 0TSm0, €11, (9, X1, (2, K11 Sum(Ey 0T, (5, A1) /-
sules

We then compute E' (aud apply the relevant gerules) by calling ESun with crossings

(~1.7,3)s (L1i*,3), and (s,m,n), and a rotation mumber of 1 on edge j*

(@ £1 = simpLify(EsmL((-1, 5, 3'), (L, 5% 30, (55 m M), (0 315

Stort(c1, 5)
B +m (145425 (T T0)* gu s <11
s

28,150

25 B0 Baerin t <6295 4 25 Baarn (L4 Banun) 280,050 1) |

he comptation of £ i simple, st only involves the genric (3 mn) and the rotation
(1), We implement the ll vertices as in Equations (1) and (12), compute
5% and then compare 51 with E 10 conclude the imvariance under T2

@ srutes 1)

@ er = Esunt (05, . M), ({1, 3°0)) /7. (Unionee ghules /@ (i, i°, 3, 3'));
Simplify (€1« £r;

B e

50, 65,5+ st B a3t ™ Byt + Brmss)

D 14. The quantity 6y is invariant under RIl and Rir
Proof. We aim to use the same approach and conventions as in the
previous two proofs but hit a minor snag. The g-rules for R1l include
ivs + Taiss s+ (1=Tgie s ot = Goi + (1= T) i
and if these are implemented as simple left to right replacement rules, they lead to infinite
recursion. Fortunately, these rules can be rewritten in the form
G =T 05+ g s agr =T gus + TG,
which makes perfectly valid replacement rules. We thus redefine:

and

and

g BRUeS (L, 47, 490 = (B 1a = Bosvs + B0y By By (st on + T3 Bx0ss
B () P T Bratt +8a(sv)es Bras 9 T Broa + TR 8urr )

The same issue does not arise for R1r (1), and thus the following lines conclude the proof

=L

Sun(((1, 1%, 1), (5, m )y (4, )15
Sun( (s, m, 1)}]3
sun(((1, 1, '), (5, m M), (-1, 115
SimpLify (E1 s En s £r)

Proposition 15. The quantity fy is invariant under Su.
Proof. This one is rontine:
Sun (41, 14, 31, (5, m 01115

Er=ESun(((1, 1, 3}, (5, m, M}, (-1, ), (-1, 3, (4, 1°),
Simplify [E1 = £r)

e

Proposition 16. The quantity f is invariant under !

@3

Proof. Indeed, Fy is lincar in .

[a)

We are now ready to complete the proof of the first part of the Main Theorem.
Proof of Invariance. The invariance statement in the Main Theorem, Theorem 1, now r«»nom
from the invariance of the Alexander polynomial and from Propositions 10, 11, 13,
and 16, D

2. Proof of Polynomiality. W already know (sec Comment 2) that the only obstruction T i B[ U =B
to the pulmummm of # comes from the uplm( denominators in Equations (3) and (4 5 Toots 12065 | 50037 | 313,230
These denominators are (T;—1) " (if .5, = 1) or 1) 2(To=1)7" (if 5. = 1 3 A (7.326) | (30.741) | (236.326)
So it is enough that we show that mc residue R 01 6 at Ty = 1 vanishes, and this residue T o (7736 [ (I0.101) [ (230502
comes solely from the residues of Fy and F at Ty = 1. Thus R s the knot invariant coming £ 0, [ (585017
from the same procedrre a8 . only seplacing F, Fy, and Fy by their residues Ry, Ry and i [ (127260 |
1t 7y = 1. These residues are easily seen to b T (a2
Ri(e) = (1" = Vg (95 + 2AT" = V)gsi = 935) Tor (-13,607)
KA. T, Vol)
Rofew, 1) = (T = (T = 1gju 0 (Xrsio = Xirzia = Xnsio + Xjnso) - 0 (9]
and Ry = 0, where we have simplified these formulas by making the following T [N
. 12 | (1. pz. Kh, H, Vol)
* R depends only on T} which we rename to be 7. el )
= 1. G103 = 9103 = s T
. a simple caleulation of the matrices A and G and/or using the traffic T
interpretation of Comment 3, gaqs is mL indicator function Xa<g of the inequality a < 3, T
which is 1 if the inequality holds therwise. T
An explicit caleulation for some specific knots shows that the sums to T 1,
and to R, do not vanish individually: instead, they cancel cach other. So wed better find o7 o Vol o) o)

a technique that relates a double sum to a single sum. That's the content of the following

Lemma 17. If there is a function f(cy,) that depends on a crossing co and an additional
edge label 5 such that (Bf)(co) = f(co, 2n+1) = f(¢.1) = 0 and such that for any additional
crossing ¢, ) we have that

(P f)eorer) i= flenil) + fleo, i) = Fleosin) =

then the invariant R vanishes.

Fle.r) = Rafeo. 1) + 8oy Ra(0). (19)

Proof. Indeed, using the above equation and then telescopic summation over ¢; and the
f BY.

vanishing of
R= 3] Ralco.cr) + P Rile) = 3 (e f)lcocr) = P (BS)(eo) =

[a)

We can now complete the proof of the second part of the Main Theorem
Proof of Polynomiality. Take flco,7) = (T™ = g9, (Nozia = Yoz
proven facts that gz, ;01 to show that Bf 0 and then e grules to verify
Equation (19). Now using Lenma 17 we have that & = 0 and therefore ¢ is a Laurent
polynomial. The only non-integrality for the coefficients of f may arise from the 3/2 term in
Eanation (3) and from the —/2 terms in Equation (5). These add up to (1(D) ~ ¢(D)/2,
using the notation of Equation (2). But w(D) — ¢(D) s always an oven number as it is 0
for the long unknot 1 and its parity is unchanged by crossing changes and by the moves of
Figure 43

An implementation and a verification of the assertions made in this section is at [BV3,
Polynomiality.nb]

). Use the easily

TABLE 5.1. The separation powers of some knot invariants and combinations of knot
invariants (in lines 3-19, smaller numbers are better). The data in this table was
assembled by [BV3, Stats.nb].

5. STRONG AND MEANINGFUL

5.1, Strong. To illustrate the strength of ©, Table 5.1 summatrizes the separation powers of
© and of some common knot invariants and combinations of those knot invariants on prime
knots with up to 15 crossings (up to reflections and reversals

In line 2 of the table we list the total number of tabulated knots with up to n crossings.
For example, there are 313.230 prime knots up to reflections and reversals with at most 15
crossings. In the following lines we lst the separation deficits on these knots, for different,
invariants or combinations of invariants. For example, in line 3 we can see that on knots
with up to 10 crossings, the Alexander polynomial A has a separation deficit of 33: meaning
hat it atains 280 =55 21 disinct values on the 240 ois wih up o 10 cossings. For
deicits, the smaller the better!” Thus the deficit of 236,32 < 15 means that
the Alexander polynomial is a rather weak oot o o separation pover is
concerned

In line 4 we shows the deicts for the Levine/Trisram sigature oiz [Le, Tr, Co] as
3N5]. We were surprised to find that for knots with up to 15
e s e o

Line 5 shows the deficits for the Jones polynomial J. It is better than A, and better
than A and o7 taken together (deficits not shown) but still rather weak. Line 6 shows the

This s not a political statement.

FIGURE 5.1. The three pairs responsible for the deficit of 3 in the column n < 11 of
line 13 of Table 5.1. They are (11,44, 11u47), (11as7. 114231), and (11,73, 11,74), and
each pair is a pair of mutant Montesinos knots (though & sometimes does separate
mutant pairs, as was shown in Section 3.2).

deficits for Khovanov homology Kh. They are only a bit lower than those of J. On line 7,
the HOMPLY-PT polymomial H i mficably beter

n line § we consider the hyperbolic volume Vol of the knot complement, as computed
by SnapPy [CDC]. We computed volumes nsing SnapPy’s nigh.pracison fig. which
makes SnapPy compute to roughly 63 decimal digits, and then truncated the results to 58
decimal digits to account for possible round-off errors within the last few digits. But then we
are unsure if we computed enough the uncertainty symbols “~* on some of the
results here and in the other lines that contain Vol. This said, Vol seems to be the champion

Line 9 is “everything so far, taken together”. Note that ik dominates J and H dominates
both A& and J, ©'s o point adding A and/or J into the mix. We note that adding
G1r to the triple (Kh, H, Vo), or even to the pair (Kh, Vo). does not improve the results:
namely, for knots with up to 15 crossings the pair (Kh, Vo)) dominates oz, even though each
of K and Vol does not dominate o1y and the discrepancies start already at 11 crossings.
We don't know if this means anything,

On line 10, the  Rovanky-Ovetbay imant [Roz1, Roz2, Roz3, Ov), also discussed
by us in [BV1], do ewhat better. Note that the computation of A is a part of the
computation of py, 50 we. ul\mys take m.»m lngmhvr In line 11 we add p; [r\|] to make.
the results yet a bit beter

Line 12 is “everything before 6”

Line 13 makes our case that © is strong — the deficit here, for knots with up to 15
crossings, is about a sixth of the deficit in line 12! o the s, Figuae 5.1 shovs the
3 pairs that create the deficit in the column 5 < 11 of

Line 14 reinforces our case by just a bit: note that it s s 0 bundle p2 along with
6. fo e computatons e ver sl Note b that Conjcture 21 belo s tat
it is pointless er (6

Line 15 shows that e 'ith up to 15 crossings, © dominates 7. We don't know if
this persists.

Xe,955 Xo6,75 Xa3,0> Ko, 285 Xi

) 65Tas = E70 [Xua,1, K9, Ko,005 Xer,as Facsss
s X110 Koz, 120

Xa0,155 Fis, et Kz Kas, o Koo, 05 Foo 205

Xas,025 Xr9,22, Kea, 135 Xs7,205 Xas, 560 Xz, 005
Xa3,325 Xaa, 335 Kso,355 Xas, 805 Xa7,705 X, 55
T, 02 Xoa,555 Xaa, a5 Koo, 62 Xon, 075 Xen, 315 [1a.5823,
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FIGURE 5.2. The 48-crossing Gompf-Scharlemann-Thompson GST s knot [GST]

Lines 16 through 18 show that at crossing number < 15 and in the presence of 8, and

especially in the presence of both © and gy, it is pointless to also consider H or Kh, an

only mildly useful to also consider Vol Line 19 shows that once Vol has been added to ©,

the other invariants contri
We note that of all the invariants considered above, th

detect knot mutation is © (see Section 3.2)

W s note that the Vi, polvmonisof Guronflcis nd Kasties [GK], and in particular

ute almost nothing

only one known to (sometimes)

[GL] share many properties with © and are stronger than © on th up to 15
crossings. But they are not nearly ,w‘..up.n,\mm" large knots. It would be very interesting
to explore e clationshiy between the 12’ and 6,

5.2 Meaningful. Many knot polynomials have some scparation power, some more and
some less, vt they seem to “sec” almost no other topological propertics of knots. The
reatest exception is the Alexander polynomial, which despite having rather weak separation
powers, gives a genus bound, a fiberedness condition, and a ribbon condition. The definition
of §is in some sense “near” the definition of A, and one may hope that # will share some of
the good topological properties of A,

5.2.1. The Knot Genus. With significant compntational and theoretical evidence (see also
Discussion 26 and Comment 29 below) we believe the following to be true:

Conjecture 18. Let K be a knot and g(K) the genus of K. Then degy, 6(K) < 29(K)

Using the available genus data in Knotlnfo [LM] we have verified this conjecture for all
Knots with up to 13 crossings (see [BY3, KnotGenus.ub). The example of the Conway knot
and the Kinoshita-Terasaka knot in Section 3.2 shows that the bound in Conjecture 18 can
be stronger than the bound degy A(K) < g(K) coming from the Alexander polynomial
Another such example is the 48-crossing Gompf-Scharlemann-Thompson GST s knot [GST]
of Figure 5.2. Heres the relevant computation, with Xy, (say) meaning “the crossing
(1,14,1)" and X2 (say) meaning “(~1,2,29)

[=RORtS
10, then the lower bound
is 8. Secing that GST,s may be a counter-example to the ribbon-slice
T], we are happy to have learned more about it. Also see Dream 38 below
s is often a clear hexagon (e.g. Figure 1.4), but the
hexagonal QR code of GSTs, displayed above, is rounded at the comers. We don't know if
this is telling us anything about topological properties of GST

hus 8 gives  better lower boud on the genus of GST.y
coming from A, w
conjecture [GST]
The hexagonal QR code of large knots

5.2.2. Fibered Knots. Upon inspecting the values of © on the Rolfsen table, Figure 1.1, we
noticed that often (but not always) the bar code shows the exact same colonr sequence as
the top row of the QR code, or exactly its opposite. This and some experimentation lead
us to the following conjecture, for which we do not have theoretical support. See a similar
result on the ADO invariant at [LV]

Conjecture 19. If K is a fibered knot and d is the degree of A(K) (the highest power of
1), then the cocfficient of T3 in 0(K), which is a polynomial in T, is an integer multiple
of TYA(K)|rz,.. See examples in Figure 5.5, where the integer fuctor is denoted s(K)

Using the available fiberedness data in KnotInfo [LM] we found that the condition in this
conjecture holds for all 5,397 fibered knots with up to 13 crossings, while it fails on all but
18 of the 7,568 non-fibered knots with up to 13 crossings. See [BV3, FiberedKnots.nb].

We note that if K is fibered then degree d of A(K) is the genus of K, and A(K) is

jonic, meaning that the coefficient of 77 in A(K (e [Rol, Section 10H]). The latter
Condition s an oftn-used fast-Locompute criterion fo  Kn 10 be ibered.

If Conjecture 19 is true then the condition in it is another fast-to-compute eriterion for a
knot to be fibered, and this criterion is sometimes stronger than the Alexander condition.
For example, both the Comway and the Kinoshita-Terasaka knots are not fibered yet. their
Alexander polynomial is 1, which is monic. In both cases the coeffi ? in 0 is not an
integor miphe of 1 (s Section 33). s he condition in Conjecture 19 would detet that
these two knots are not fibered.

6. STORIES, CONJECTURES, AND DREAMS

There is a storyteller in each of us, who wants to tell a coherent story, with a beginning
a middle, and an end. Unfortunately of us, the © story isn’t that neat. Calling the content

5 | of the first few sections of this paper “the middle”,

FIGURE 5.3. The invariant © of the
fibered knot 1 nown as. the
(~2.3,7) pretzel knot, and of the fibered
knot 7. For the first, s(K) > 0 and the
bar code visibly matches with the top row
of the QR code (though our screens and
printers and eyes may not be good enough
to detect minor shading differences, so a
visual inspection may not be enough). For
the second, wice the degree of A s iy
greater than the degree of f, so s(K) =

FiGURE 6.1. A long version of the rotational

yial oot KS from [Kag) It bas X o

(L6, (-1,2.0,(1,0.9) (-1,7,5),(1,10.9)
; 0.0.1.0.-1,0.0,1.0,0).

we are quite unsure about the beginning
and the end. The “beginning” can be construed to mean “the thought process that lead us
here”. But that process was too long and roundabout to be given in full here (though much

it can be gleancd by reading this section). What's worse, we believe that ultimately, our
peculiar thought process will be replaced by much more solid foundations and motivations,
perhaps along the lines of Dreams 35 and 36. But this solid foundation is not available yet,

if we are working hard to expose it. As for the end of the story, it is clearly in the

future

Hence this section is a bit sketchy and disorganized. Those facts that we already ko
hose conjectnes we believe i, an the drcarms we dream, re here in Some fandom order
But the narrative is lacking

Many of the statements below continue a theme from Section 5.2, that 0 shares many of
the propertics of A, and sometimes sharpens them.

Conjecture 20. 0 fas hexagonal ~'/mm:‘h7/ That is, for any knot K, 0(K) is invariant
under the substitutions (T, — ) (¢the QR code is insariant under efection
about a horizonal fine”), and (Ty — TVTo, Ty~ T5) (“the QR code is invariant under
neflection about the line of slope 30°)

The Alexander polynomial A is invariant under a simpler symmetry, T — 7~
rather difficult to deduce the symmetry of A from the formula in this paper, Equation (2)
(though it is possible; once notational differences are overcome, the proof is e.g. in [CF,
Chapter IX)). Instead, the standrd proot metry of A uses the Seifert surface
formula for A (c.g. [Li, Chapter 6]). We expect that Conjecture 20 will be proven as soon
as a Seifert (onm\la is fonnd for 0. See Dream 35 below.

A rotational virtual knot is a virtual knot diagram [Kan2] whose edges” are marked with
‘Totation numbers” ¢, modulo the same moves as in Figure 4.3.” Clearly, © extends to long
rotational virtual knots, and the proof of the Main Theorem, Theorem 1, extends nearly
verbatim®. Yet as shown below, on the long rotational virtual knot KS of Figure 6.1 (and
indeed, on almost any other long rotational virtual knot which is not a classical knot), the
hexagonal symmetry of § fails. So something non-local must happen within any proof of
Conecture 20

5= (({-1, 1, 6), (-1, 2,4}, (1,9, 3), (-1, 7, 5), {1, 16, 8},
0,0,1,0,-1,0,0,1,0,0)};
PolyPlot(s(KS), Inagesize - Tiny]

Conjecture 21. If K denotes the mirror image of a knot K., then 0(K)

H(K)

Conjecture 22. If ~K denotes the reverse of a knot I (namely, I taken with the opposite
orientation), then 0(~K) = 0(K)

Fact 23. 0y(K) is additive under the connected sum operation of knots: fo(Ki#k) =
00(K2) + 06(K.,). Equivalently, using the known multiplicativity of
OKF#K,) = 0K (Ko ) DK ) Ag(K) + 00K, ) A1 (K1) oK) As(K7).

Oddly, Fact 23 is easier to prove than Conjectures 21 and 22
Proof Skeich. The Fy mations in Equation (6) are clearly additive, and so is the
part of the Fy summation in which ¢ and c; fall within the same component. It remains
to consider the case where ¢y and ¢, fall within different comp 1 that case, the

¥ 11io s, within the definition of F in (4) vanishes becans drive forward,
and either gij,, oF g3y, measures traffic going backwards.

a]

Conjecture 24. # dominates the Rozansky-Overbay invariant py [Rozl, Roz2, Roz3, Ov],
also discussed by us in [BV1]. In fact, py = ~0lr, 1,1

Conjecture 25. 6 is equal fo the “two-loop polynomial” studied extensively by Ohtsuki [Oh2),
continuing Rozansky, Garoufalidis, and Kricker [GR, Rozl, Roz2, Roz3, K],

Discussion 26. People who are already familiar with “the loop expansion” may consider
the above conjecture an “explanation” of 0. We differ. An elementary construction ought to
have a simple explanation, and the loop expansion is too con 1 md to be that
Be it as it may, Obtsuki [0h2] shows that Ct»uyccnlrc 25 implies Conjectures 15, 20,
well as Fact 23. Conjecture 25 rdict the bebavious o 0 vades
Whitchead doubles asin [Gor] and under ablng operations as n [on3]

Next, let us briefly sketch some key points from [BN2, BV2
obtain poly-time comp

. where we explain how to
able knot invariants from certain Lic algebraic constructions.

Flgnoring “virtual crossings”. See [3DV, Section 4

“This definition is slghtly diffecent than the orginalin K3 bt the equivalence s sy to show

SThe only cxception s that some of the cocficints of § may bo hlf integers, as (D) — ¢(D) may be
i for a rotational virtual kot dingeais

Discussion 27. Let g be a semi-simple Lic algebra, let b be its upper Borel subalgebra, and
let  be its Cartan subalgebra. Then b has a Lie bracket # and, as the dual of the lower Borel
subalgebra, it also has a cobracket 4. It turns out that g ean be recovered from the triple
(b, 3,6 in fact, g* = 9@ ~ D(b, 3,), where D denotes the Manin double construction”.
We now set g/ = D(b, 5, d), where ¢ is a formal “small” parameter. The family g is a
I-parameter family of Lic algebras all defined on the same underlying vector space b@b®

e s invertible then g7 is independent of and i shvays jsomarplic (0.° = of. Yetate=0,
07 is solvable, and as the name “solvable” computations in g can be “solved”
Mcaning, can be caied out licienly i clowe fore

Hence in [BN2, BV2], mostly in the case where . we use standard techniques to
quantioe the niversal enveloping elgsbea t(g;) and e It 1o defne a al quantum
invariant™ Z2 (in the sense of [Laxv, Oh1]). We then expand Z8 near where it's casy; namely.

a power seties around ¢ = 0. Tn the case of and almost certainly in general, we
write Z8 = pexp (L, p3¢!) and find that we can interpret the g5 as polynomials in as
‘many variables as the rank of g. It turns out that determined by the Alexander

ak
polvumnml and the g are always computable in polynomial time (with polynomials whose |3

exponents and coffiints et wors s grovs bigger and g et more conplicated)

x papers and talks [BV1, BU, B] carry ont the above procedure i the case where
P calling the resuling miants py, for d > 1. They e the same as gy . of
Section 5

Following some preliminary work by Schaveling [Sch], in the summer of 2024 we've set out
to find good formulas for pif*. Tracing Discussion 27 seemed technically hard, so instead, we
extracted from the procedure the of the formulas we could expect o get and, m.d
Then we found tho inveriant 8 by the method of wdetermined coeffcents asisted by so
difficult-to-formulate intuition (more in C o). T onr formas or § arose

from our expectations for pi®, and yet we r.m not proved that they are equall

Conjecture 28. Up to conventions and normalizations, § = pi*

Comment 20. Using the techmiques of (33, BV] we expect 1o be able © prove a genus
bound for i, simila to the bound in Conjecture 18, Thus we cxpect that Conjecture 28
will imply Conjecture 15

Discussion 30. People who arc versed with Lic algebras and their antations ey con
sider the above an “explanation” of 6, and may be looking forward e detailed
exposition of g3 We differ, for the same reasons as in Discussion 26. We expect the eventun
“origin story” of 6 to be simpler and more natural. [Em)

Discussion 31. Secing that the coproduct of the quantized algebras of Discussion 27 corre-
spon to strand doubling, and also noting Ohtsuki’s (013], we expect that there should e
cabling and satellite formulas for all the invariants of the type p5, and in particular for €.
particular, it should not be possible to increase the separation power of © by pre-composing
it with cabling or satellite operations.

W are wnsure about naming. D is akio known as “the Drinfeld double” construction for Lic bialgcbras
(a5 opposed to Hopf algebras). Yot when Drinfeld frst rofers to this construction in (D]
Lie bialgebras, he repeatedly nismes it after Manin (under the lesscl
providing  reference. Our choice is to nse “Manin double” when doubling L
double” shen doubling a Hopf algcbea, as we found no indication that. Manin knew about the atter process.

Discussion 32. It is the basis of the theory of “Feynman diagrams™, and hence it is cx-
tremely wel known in the physics communiy, tht perurbed Guussan integras, when
comergent, can hv (umputml (as asymptotic series) efficiently n

(see e [Pol]). Physiiss use this routinely in it dimensions: et the ite dimensional
ot s o ot o ol

f AL oY e "Zz F),

(20)

re @ is a nou- dewem» quadratic on W Pisa ~me\l|»| perturbation, C is some
m.m,m invol the dets of Q. the summation Y, is over “Feynman
dingans” of com))loxl(\ n, and F o 5(r; s o procodurt, which e b apecfed i fll
do it here, which assigns to every Feynman diagram F an algebraic sum
which i iself dcpmrb. only on the cocfficients of P and the entries of the inverse of
one may take the right-hand-side of Equation (20) to be the definition of the
left-hand-side, especially if the left-hand-side is not convergent, or does not make sense for
me other reason. Namely, one may set

ey

Y E(F), (21)
7
The result is an integration theory defined on perturbed Gaussians in fully algebraic terms,
s which shares some of the properties of “ordinary” ntegation, such s bavin . verson
O Fubint's theoren. I a sens. 1 ists do: path integrals don't quite make
Sens, o mstead they axs dfmed sing Feynman dingrame and the ight-hand-side of Equ
tion (21). Another example is the “Arhus integral” of [BGRT], where the integral n itsef
is dingrammatic, as is the output of the integration procedure.

Fact 83. Ther is a perturbed Goussian Jormuda for 6. Morc ]wvrm‘h/, one can assign a
G-dimensional Buclideon space R with coordinates pre,pr, s Tics Fas e 10 each e ¢ of
a knot dmgmm D and then form Ree = o space ahous dimension s  tines the
number of cd can then form a “Lagrangian” Lp = Qp+¢Pp by summing over
Ul the erosinge of D otal contribtions tha must only e varables asocited wih the
Jour edges around each crossings, and adding @ “correction” which is a sum over the edges ¢
of D of terms that depend only on the rotation number of ¢ and on the variables in BY, such

that
R O
/. - AAA;

and such that the Feynman diagram cxpansion of the left-hand-side of the above cquation
becomes precisely formula (6) for 0. See more about all this in [BNG].

expley) + O(e?),

Comment 34. Tn fact, Fact 33 is what we initially predicted based on Discussion 27, along
ith some further information about the “shape” of Pp. We used the method of unde-
termined coefficients to find precise formulas for Pp, and then the technique of Feynman
diagrams to derive our main formula, Equation 6

Dream 35. There is a “Seifert formula” for ©. More precisely, let K be a knot, let X be
@ Seifert surface for K, let H = Hy(S;R), and let GH denote H & H & H & H & H & H.
Let Qs denote 3 copies of the standard Seifert form on H @ H, taken with parameters T;
Ty, and Ty so Qs is a quadmatic on 6H. We dream that there o “perturbation term” Py

@ polynomial function on GH defined in terms of some low degree finite type invariants of
warious knotted gruphs formed by representatives of classes in H (also taking account of their
intersections), such that

If this dream is true, it will probably prove Conjectures 18, 20, 21, and 22 much as the
Seifert formula for A can be used to prove the genus bound provided by A and its basic
symmetry properties

We note the relationship between this dream and [Oh2.

+0(e).

Theorem 4.4]

Dream 36. All the invariants from Discussion 27 have Seifert formulas in the style of
Drgam 5. In oct, there ot 0 be o charucteriation of those Lagrangians Ly for which
a knot invariant, and there may be a construction of all those Lagrangians which is
ntrinsc 10 fopolay and docs not iy on the heory of e algebras

1f & knot K is ribbon then for some g it has a Seifert
surface ¥ of genns g such that g of the generators of Hy (%)
can be represented by a g-component unlink (see the hint
on the right, and see further details in [Kaul, Chapter VIII]
orin [Ba, Section 3.4]). This implies that the Seifert matrix

M of ¥ has the form . which implies that the determinant of M, the Alexander

A B
polynomial A, satisfies the Fox-Milnor condition:
Theorem 37 (Fox and Miluor, [FA]).
mial f(T) such that & = f(T)f(T~")
Dream 38. Dream 55, along with the fact that half the homology of a Seifert surface of
ribbon knot can be represented by an unlink, will imply that 6 takes a special form on ribbon
knots, giving us stronger poers to detect knots that are not ribbon.

If K is a ribbon knot, then there exists some polyno-

O can be
ection 1 go

Discussion 39. In this paper we concentrated on knots, yet at least partial
‘generalized also to links. Indeed, the definitions in Section 2 and the proof in ¢
throngh provided the matr 4 i imvertible: nanel. provided the Alexander polynonil &
ero (for knots, this is always the case), and provided we choose one component of
the link to cut open.

e programs of Section il for minor reasons, and a f s in [BV3, ThetadLinks nb]
Some results are in 2. Preliminary testing using these programs suggests that the
rsulting imvariant is independent of the choce of he cnt component, bt we did not prove
that

8 =0, one may contemplate replacing G - adjugate n
matrix of codimension 1 minors, which satisf adj(4) = det(A)1)."* Some preliminary
teting is oo in [BV3, ThetadLinks.ub]. e replaced with adj(4), its equivalence
i the g-rules (Equations (8) and (9)) breaks, and so we have no proof of invariance. We
may attempt to fix that in a future work, but it is not done et

4" by th atrix adj(4) of A (the

Sinilar “adjugate” reasoning shows that § is always divisible by AG(T)A® () AR (T3), where

FIGURE 6.2 © for al the prime fnks with up to 9 crossings, u to relectons and
h arbitrary choices of strand orientations. Empty boxes correspond to links for which

We note that the loop expansion of Conjecture 2
to links, We also note hat the soiable approsimation tehiaye of Dy
predict such an extension, and in fact, it predicts more: that much like the Gassner repre-
sentation [Gas] and the multi-variable Alckander polvmoni) (e [Kav, Chaptes 7)), there
shonld be a multi-variable version of © which would be a polynomial in 2m variables when
evaluated on an m-component link. We did not attempt to find explicit formulas for th
multi-variable 6

does ot predict that © should extend
ssion 2

loes.

Ever since Khovanov homology [Kh, BN1] it is almost mandatory to ask abont anything,
“does it categorify?”. © is not exempt:

Question 40. Is there a categorification of 67 Is there a finite triply-gr
whose Euler characteristic is # and whose homology is invariant?

aded chain complex

We note that 6 is a neighbor of A (indeed they live together within ©), and that A is
categorified by knot Floer homology [0S, Ma, Ju]. Thus one may wonder if a categorification
of @ will end up a neighbor of Floer knot homology. This applics even more to a possible
ation of g

Question 41. Is there a categorification of A - gu? Is there a finite doubly-graded chain
complex whose Euler characteristic is A - g and whose homology is a relative invariant in
the sense of Theorem 97

A

The latter scems likely: A G is, after all, a minor of a matrix whose determinant
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