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Introducing the g-Casimir w to all orders and expressing and computing the
invariant in terms of it.

Pensieve header: By Roland, June 20, 2020.
In[+]:= Once[<< KnotTheory  ];

Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.
Read more at http://katlas.org/wiki/KnotTheory.

m-1=  PP_=Identity; $k =0; y=1; h=1;

The “Speedy” Engine

Internal Utilities

Canonical Form:

m-j=  CCF[&.] := ExpandDenominator@ExpandNumerator@Together[
Expand[£] //. - e~ » e /. - » eI ];
CF[& List] :=CF /e &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[& ] := Module[
{vs = cases|[s, (y|b|t|a|w|x|r)|B|t|a|w|§)_,oo]U
{y, b, t, a, w, X, 1, B, T, &, w, £} },
Total[CoefficientRules [Expand[£], vs] /. (ps_ - c_) =» CCF[c] (Timeseevs™)]
]

CF[&s E] :=CF/@&; CF[E;, [&s 1] :=CF/@E,,[55] ;5

The Kronecker 6:
Inf]= K& /: Ké; ,; :=1If[1===73,1,0];
Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e-*? p:
mep= E/:E[LI_, Q1 ,P1 ]=E[L2_ ,Q2 ,P2 ] :=
CF[L1 == L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] == @] ;

E/:E[L1 ,Ql ,P1 1E[L2 ,Q2 ,P2 ] :=KE[L1+L2,Q1+Q2, P1xP2];
E[L ,Q ,P ls :=E[L, Q, Series[NormaleP, {e, 0, $R}1];

Zip and Bind

Variables and their duals:
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In[«]:= {t*, b*, y*, a*, w*, x*, z*} = {z, B, n, a, w, §, §};
{t*s B*» ", ", w*, &, &*} = {t, b, y, a, w, X, z}; (u_i_)* t= (U*) s

Upper to lower and lower to Upper:

In[e]:= U2l = {BQ’:' > @ PRYbi BP: iy @ PRYD, T’i’:' > e PBt
TP-* = @ PRY, 3’(’{:’ > eP YY) AP PV, Q’f:' > el Y, QP s ef “’};
12U = {ec_. b +d_. . BEC/(TIY) ed’ @+ b+d_. ., g-c/(BY) ed,
e’-* ti +d_. . T{c/h ed, e’-* t+d . . T—c/h ed,

P a; +d_. . ‘ﬂ({'/y ed, et-* a+d_. . ﬂc/y ed,

C_.wi +d_. +d_.

e = Qf e?, e ¢ > Q° e,

ezs_ .y eExpand@&};

Derivatives in the presence of exponentiated variables:

njp=  Dp[f ] :=0pf-ByBdsf; Dp, [f 1 :=08pf-R¥yBids f;
De[f_ 1 :=0tf-ATOrf5 Dy, [f ] :=0y,f-0aT;orf;
Do[f_ 1 := 8uf +¥ AOnf5 Do, [f ] i=0a,f+¥Ridaf;
Dy[f_1 :=08u,f+ Q8af; Dy, [f_] :=0uf+ Qi 0 f;
Dy [f 1 :=0vf; D ,e3[f 1 :=F; Dy[f 1 :=15 Dy ,n tntegery [f_1 :=Dy[Dgy,n-13 [F11;
Dy vist,is 3y [F_1 :=Dusy [DL[F113

Finite Zips:

Inf+]:= collect[sd SeriesData, & ] := MapAt[collect[#, ] &, sd, 3];
collect[& , £ ] := Collect[s, £1;
Zip [P_] :=P;
Zip, [Ps_List] := Zips /@Ps;
Zip(s o y[P_]1 :=
(collect[P // Zip(sys &1 /v f_. &% o (D, ay [F1)) /. £* >0 /.
((¢* /. {b>B,t>T,a>a, w->0}) >1)

QZip implements the “Q-level zips” on E(L, Q, P) = €-*? P(€). Such zips regard the L variables as scalars.

<P(Zi, {j)ec+niz"+yj§j+q;z'{j> =g <P(Zi, éfj)ecﬂlizz'
zi—q (2 +yk)

- izk.y, . : .
e (0.0 + 1))
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In[+]:= QZipyss 1ist@E[L_, Q , P_] := Module[{;‘, z, zs, ¢, ys, ns, qt, zrule, Zrule, out},
zs = Table[Z*, {&, £5}1;
c=CF[Q /. Alternatives ee (<5 zs) - 0];
ys = CF@Table[o. (0 /. Alternatives @@ zs - @), {&, &5}];
ns = CFeTable[d, (0 /. Alternatives @e is » @), {z, z5}];
qt = CFeInverse@Table[KS,, ¢+ - 8,,:Q, {&, &5}, {z, z5}];
zrule = Thread[zs » CF[qt. (zs+ys)]1];
Zrule = Thread[¢s » &5 +ns.qt];
CF /@ E[L, c+ns.qt.ys, Det[qt] Zips [P /. (zruleUgrule)]] |;

LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips regard all of Pe? as a single”P”. Here
the Z’sare b and aand the {’sare Sand a.

In[]:= LZipA"S_List@]E [L_,Q ,P_] :=
Module[{&, z, zs, Zs, ¢, ys, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
(*Print["LZip"];*)
zs = Table[Z*, {&, ¢5}1;
Zs=2s /. {b>B, t>T, a-» A, w->Q};
= L /. Alternatives ee (;’s U zs) - 0 /. Alternatives @@ Zs - 1;
ys = Table[d, (L /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee ¢s - @), {z, 25}];
1t = Inverse@Table[KS, ¢ - 0,,:L, {&, &5}, {Z, z5}];
zrule = Thread[zs -» 1t. (zs+ys)];
Zrule = Join[zrule, zrule /.
r_Rules ((U=r[a] /. {b>B,t>T, a4, w>0Q}) > (U/. V21 /.r//.120))];
frule = Thread[Zs » &5 +ns.1t];
Q1 =Q/. (ZruleUZgrule);
EEQ[ps___1 := EEQ[ps] =
(CF[@ ™ Drhread(zs, ps131 [€¥'] ] /- {Alternatives eezs » @, Alternatives @@ Zs - 1});
CFeE [c +ns.lt.ys, Q1 /. {Alternatives @@ zs » 0, AlternativeseeZs - 1},
Det[1t] (Zips[(EQeezs) (P /. (zruleUgrule))] /.
Derivative[ps___][EQI[___] = EEQ[ps] /. _EQ-1) ]];

nep= TZipg 1ist@E[L_, Q_, P_] := Module[{Z, z, zs, Zs, C, ¥S, NS,
1t, zrule, Zrule, Zrule, Q1, EEQ, EQ, Lnew = L, Qnew = Q, Pnew = P},
zrule = Table[Z* -» Coefficient[L, £], {&, £5}1;
(*Print["Tzip"];*)
Zrule = Table[Z -» O, {&, &5}1;
Lnew = L /. U2l /. zrule /. Zrule;
Qnew = Q /. U21 /. zrule /. Erule; (x=*)
Pnew =P /. U21 /. zrule /. Erule;
CFe (E[Lnew, Qnew, Pnew] //. 12U)

];
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Inf+ ]:= Bi[L_s R ] :=LR;
Biis__y[L_E, R_E] := Module[{n},
Times |
L/.Table[(v:b|B|t|T|a|w|X|y); Vieis {i, {is}}],
R/.Table[(viB|T|a|A|w]|Q|&|N)i-> Vi, {1, {i5}}]
] // TZipjoineeTable[{cmei},{i,(is}}] // LZ1iPJoineeTable[{wrei,Breisanei}s (i, {is}}1 7/

QZipjoineeTable [ {EmeisYnei}s (is{is}}] ]3 (%)
Bis___ [L_J R_] .= B{is} [L, R];

E morphisms with domain and range.

In[«]:= Bis_List []Edl_-ﬂ'l_ [L1_,Q1_,P1_], Ed2 sr2_ [L2_, Q2_, P2_]] :=
]E(dlUComplement[dz,is])-»(rzUComplement[rl,is]) @@B;; []E [le Ql) Pl] > E [LZJ QZJ PZ] ]3
Eq1 or1 [L1_, Q1_, P1_] // Eaz 5r2 [L2_, Q2_, P2_] :=
Brlndz []Edl-ﬂ'l [L1) QIJ Pl] > Edosr2 [LZ, QZJ P2] ]3
Ed1 »r1_ [L1_,Q1_,P1_] = Ed2 »r2_ [L2_, Q2_, P2_] ":=
(d1 = d2) A (r1 =r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Ed1_sr1_ [L1_, Q1_, P1_] Eaz sr2_ [L2_, Q2_, P2_] ":=
E (d1yd2) -» (r1Ur2) @@ (]E [L1, Q1, PI] E[L2, Q2, P2] )S
]Eer [L_) Q_: P_]$k7 o= ]Edr@@]E[L.' Q, P]$k3
E_[& __][i_] := {S}[1D;

E[A]

Inf+]:= Eg- [4 ] :=CFe
Module[{L, A0 = Limit[4, € > @]}, Ea-[L =20 /. (n|y|€E|X)_ -0, 20-L, e "], /. 12U]

“Define” Code

Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Inf+]-= SetAttributes [Define, HoldAll];
Define[def_, defs__] := (Define[def]; Define[defs];);
Define[op_;; =6_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [

SD [0Pnisp, $k_Integers Block[{i, j, k}, OPisp,$k = &3 OPnis,$k] ]
SD[OpispJ Op{is},$k]5 SD[Opsis__J Op{sis}]3
1 /. {SD - SetDelayed,
isp» {is} /. {i»1i_,j-»>Jj_, k->k_},
nis -» {is} /. {i-»1ii, j-» jj, k » kk},
nisp » {is} /. {i»ii_, j-» jj_, k> kk_}

3111
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Symmetric Algebra Objects

1= SMi L5 sk i= Egigyagry [Be (Bi+ Bj) + Xk (Ti+T5) +ak (i +a5) +Yr (Ni +715) + X (§i+E&5) 15
SAi 45,k = Egiy,(4,k) [Bl (bj + bk) + T (tj + tk) +a; (a5 +ag) +ni (Y5 +Yr) +&i (X5 +Xg) ] 8
SSi :=E(ijsqiy[-Bibi-titi-a;ai-niy:i - & Xil;

se;i :=E;,i3[0];
sni = Egiy,[015
np= o SOi L5 i=Egiyagy [Bi by + Tity +ai aj +ni Yy + §i X515

Sri_-)j_)k_)[—_)m_ .= E{i}-){j,k,L,m} [/31 bk +Tq tk +aid+1;i yJ + §i xm] 5

Booting Up QU
Inf]:= Define[aoi,i = E(ijsj; [@ i + X5 §i], boiLg = Egiy,g53 [b5Bi + Y5 nil]
. -1
Inf]:= Deflne[ami,j_,k = E(i,j}-{k} [ (ai + a5) ag + (.ﬂj Ei+ §J) Xk] 9

bm; 5.k = Eqi,j)-(k} [ (Bi + Bj) by + (Tli +e P le) yk] ]

Three types of inverses appear below!

Ris the inverse of Rin the algebraB®A.

Pis the inverse of R as a quadratic form, like how an element of V*® VV* can be the inverse of an element
of VY'®V.

aSis the inverse of a$ as an operator form, like how an element of V*®V can be the inverse of another
elementof V*@V.

st (1-eve2)* (hy;xg)k
= k (1_ekyeb) ]’
Ri,j = CF@E(y,(i,j)[-Bajbi, ~AXjy; /B, 1+ If[$k = 0, 0, (R(1,5y,8x-1) sk [3] -
(((Rei,33,0) sk Ra,2 (Ry3,a3,9k-1) k) // (bmi,a.samyo.;) /7 (bmg,s.iamg,alj)) [31]],
Pi,j = Ei,jyoqy [Biaj /By ni §5/ A, 1+ If[$k = 0, O, (P(i,jy,6k-1) 9k [3] -
(R,2 /7 ((Pq1,3y,0) sk (Pi,2),9k-1)$k)) [3111]

In[»]:= De'Fine[Ri,j = ]E{}-){i,j} [ﬁ aj b; +

n - Define[aS; = (aci,2Ru,i) // P12,
aSi = E(i).i) [-ai iy, =Xi A; i, 1+ If[$k =0, 0, (aS(i},sk-1)sk[3] -
((@Scar0)sc 77 a8i /7 (@Sgsy,sea) s6) [31]]]

(was aS; = R;j~Bj~P;)).

Inf+]= Define[bsi =boi,1Ri,» // @Sy // P12,
bS; = boi,1Ri,2 // @Sy // P12,
aliLj,k = (R1,5R2,k) 7/ bmy 2,3 // P34,
bAiLj,k = (Ry,aRe,2) // amy,2,3 // Pi3]
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(was bS;=R;1~B1~aS;~By~P;1, bS;=R;1~B1~aS; ~B1~P;1).

The Drinfel’d double:

In+]:= De-Fine[
dm;, .k = ((STi-»4,4,1,1 // abys1,2 // abysn,3 // E3) (SYj-»-1,-1,-4,-4 /7 bA, a1, 5 /) bA-z-»-z,-3)) //

(P-1,3P-3,1.amy, 4. bmg, 5.) |

Infe]:= Define[doi_,j = a0jij bcj__,j,
de; = sej, dni = sni,
dS; = SYi,1,1,2,2 // (b51 352) // dmy;1,;,
dS; = SYiu1,1,2,2 // (bS1353) // dmy,,

da; gk = (bAi—>3,1 aAi-»z,4) // (dm3,4—>k dm1,2->j) ]

Inf+]:= De'Fine[Ci = E(j5i) [9, e, Bl/2 e—heai/2]$k,
G = E(}5¢i) [0; o, BEI/Z eheai/z]sk,
Kinki = (R1;3 Ez) // dm1,2->1 // dm1’3_,i,
Kinki = (ﬁ1,3 C2) // dm1,2—>1 // dml,S—»i]

Note.t=-€a+ybandb=t/y+e€aly

nop-  Define[b2t; = Eqiy,qiy[aiai+B:i (€ai+ti) /y+Eixi+niyi],
t2b; = E(iyoqiy [ @i+ Ti (€@ +wbi) + Ei xs +miyi] ]

The t-Tensors

Inf+]:= De-Fine[tRi,j =Ri,y// (b2ti b2tj) N
tRi,5 = Ry,j // (b2ts b2ty) ,
tms, 5. = ((t2bs t2bs) /7 dmy, 5. // b2ty ),
tC; = (€4 // b2ty ),
tC; = (Ei // bZti):
tKink; = Kink; // b2t; ,
tKink; = Kink; // b2t; ,
tAiLg,k = t2b; // dAs .5, // (b2t b2ty),
tS; = t2b; // dS; // b2ty ]

Use the central variable w = % ra+ ﬁ
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In[«]:=

In[«]:=

Out[=]=

In[«]:=

Out[=]=

Out[=]=

In[«]:=

Out[=]=

Out[]=

Out[~]=

Out[]=

Out[~]=

-1 i y.x.
a2w;_ = Egy,y[titi+a (— + Wi ), (e -1) S+ £iXi + N1 Yis 1]
2 1-T;
1 (1-ev)
W2a; = E(i},i) ['Ci ti+ (ai + ;] Wi, 1— Vi Xi+&i Xi +NiYi, 1]
-T;

E (51,53 [0, @5 Xi Y5 - X5Yi] // wmj 5,
ELk [0, 0, 1]
Up to some notational annoyance the kink is exp(tw)

tKink; // a2w;
tKink; // a2w;

t.
E{)ﬁ(i}[—f-#tiwi, 0, +O[€11}

A
t.
E)oi) [?l—tiwi, 0, \Ti +0[el?]

The R-matrix becomes complicated! | also rescaling x by xnew = (1 - T)1xold will help

tRi’j // 32Wj_ // aZWj
ﬁi,j // a2w; // a2wj
W2aj // wW2aj // tmg .k // a2wy

tC; // a2w;
Ei // a2w;
t; 1*Ti ijj
E{-i,5) [——1+tiwj, Xy Yi+ ¥, 1+0[e]?]
2 -1+ Ty
ti XjYi -1+T5) X355
E(ig [ — - tiwg, - + ( ) ,1+07e]?]
2 Ti -Ti+ T3 Ty

E(i,§)-(k} [tk Ti+tk T + Wk Wi + Wk Wi, Yk i + Yk 17§ + Xk €1 + (1*Tk> nj &i+ Xk &5, 1+0[€}1]

E(yoi) [0: 0, \VTi +0[€Jl}

L+0[e}1}

Ty

Eysiiy [@: 9,

So let’s define the newly found building blocks independently: (recall T = exp(-t) so the annoying - 5 in

the L partis really Sqrt[T] in the P part.)
(not quite sure | did the rescaling correctly (why would it not be T;?))
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Define |
WRi,j = Eyogi, ) [tiWss (1-Ti) X5yi- (1-Ti) X3y5, Sart[Til],
- -(1-T; XjYi+ 1-T; Yij X5 1
WR3,5 = Eq)oei,5) [~ i Wss ( ) ( ) s ]
T; Sqrt[Ti]
WwC; = E(,¢i) [0, 0, Sqrt[Ti]],
— 1
WCi = ]E(}_,(i) [0, 0, —],
Sqrt[T;]

W5 ok = Efi, 3ok} [tk Ti+ T Tj+Wewi+WeWj, YeNi+YkNj+Xe&i+NjEi+Xe&j, 1+ 0[611]

Almost matching I calculus
Checking Reidemeister 1: (it is satisfied up to an overall factor of e*~")

il }= WR1,2 WC3 // Wy, 3,1 // Wy 5,
WRy,2 WC3 // WMy 3,1 // Wiy 5,
WR1,2 WC3 // Wiy 3,5 // Wiy, 1,1
WR1,> WC3 // WMy 3,5 // Wiz, 1,1

Out[«]= E{)%(l} [tl wy, O, 1+0[€}1}

Out[«]= E{)%(l} tiw, O, 1+O[€]1]

[_
Out[«]= E{)%(l} [—tl Wy, O, 1+O[€]1]
[

Out[«]= E{)%(l} tiw, O, 1+0[€}1}

Checking Reidemeister 2:

In[»]:= WR]__‘Z m3,4 // WMy 351 // WMz 4.2

Out[+]= E{}ﬁ{llz} [0, 0, 1+O[€}1]

Checking Reidemeister 3:
inf-1= (WR1,2 WRg,3WRs 6 // WMy 4,1 // WMy 5,5 // WM3 6,3) =
(WR2,3WR1 6 WRg,5 // WMy 4,9 // WMy, 5,5 // W3 6,3)

outf-]= True

Trefoil knot

Infe ]:= (WR5,1 WRz,6 WR7,3WCyq // Wiy 5,1 // WMy 3,0 // Wiy g1 // WMy 5,1 // WMy 6,1 // Wm1,7->1)
L

Out[«]= E{)ﬁ(l} [3t1W1, 0, ————
1-T,+ T2

+0[e]?]

Let’s look at the productin I calculus style. Caution: variables y and € are in use, use g and e instead.
Taking the opposite product gives I calc. Provided the matrix A of " calculus is written as A=1+Q, where
Qs the quadratic

actually used in Gaussian calculus.

First let’s check out the crossings wR; ; and Wl,z turn into the I' calc values for the crossings. Except for
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the annoying? Sqrt[T] factor.
but that’s ok.

n-j= Table[Coefficient [wRy >[21, yi X51, {i, {1, 2}}, {J, {1, 2}}] + IdentityMatrix[2] //
FullSimplify // MatrixForm
Table[Coefficient [WRy,2[2], ¥i %3], {i, {1, 2}}, {j, {1, 2}}] + IdentityMatrix[2] //
FullSimplify // Expand // MatrixForm

Oult[ » J//MatrixForm=
11-T
o n)
Out[ » J//MatrixForm=
11-%
Ty

1
0 =
Ta

3 (*and scalar Omegax)

[Eo o

m-1= (*We start with the matrix *)A = [

S Q
A )

mn-= (*Now form the relevant Q =A-Ix)
Q= {Vas Vbs Vs}- (A— IdentityMatrix[3]) «{Xa, Xp, Xs} // Expand

outf']= ~XaVYa+OXaYa+BXpYa+OXsYa+EXaVb-XbYb+OXpYb+EXsYb+ P XaVYs+ ¥ XpYs—XsYs+ = Xs Vs

mi-1= (*Compute the product in the Gaussian way but OPPOSITE=x)
ProdResult = E(}_,{a’b,s} [0, Q, Omega] // Wy 5c

1

-1+
(XcYe—8Xc Y~ BXcYc+8BXc Y~ O Xc Y~ €EXsYc+BEXsYc~ OO Xs Y~ P XcYs +Bd X Ys -
Omega 1

ofel?]

+
-1+

Out[=]= E{}Q(CJS) [0,

AYXcYs +XsYs = BXsYs ~EXsYs + BEXs Ys ~O Y Xs Ys) 5, —

m-}= (*Extract the resulting newQx)
NewQ = Table[Coefficient[ProdResult[2], y: X1, {i, {c, S}}, {j, {c, S}}1;
NewQ // MatrixForm;
(*Form the newA = NewQ+Ix)
NewA = NewQ + IdentityMatrix[2] // FullSimplify;
NewA // MatrixForm (xet voila, the golden standard comes out.x)

Oult[ » J//MatrixForm=

ad 56
- e - —
g -1+3 -1+3
oA g ey
-1+ -1+
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