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Pensieve header: Will it work with an imaginary integrand? (Maybe, but not here).

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Groningen-240530"];

pdf
Preliminaries
pdf
in[-1:=  Once[<< KnotTheory  ; << Rot.m];
pdf
Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.
pdf
Loading Rot.m from http://drorbn.net/AP/Talks/Groningen-240530 to compute rotation numbers.
pdf
in[-]:= CFlw_. & E] :=CF[w] CF /@ &;
CF[& List] :=CF /@ &;
CF[£_] := Module[{vs, ps, c},
vs =Cases[&, (X|p|&|n) , o] U{X, P, €};
Total[CoefficientRules[Expand[£], vs] /. (ps_-c_) = Factor[c] (Timeseevs™)] ]|;
pdf
Integration
pdf
mi-1= E/:E[A_]JE[B_] :=E[A+B];
pdf

in[-]:=  $mw = Identity; (« hacks in pink x)
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pdf
mn[-]:= Unprotect [Integrate];
Jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, Z0, Z, A, DZ, FZ, a, b},
n = Lengthevs; LO=L /. e » 0;
Q = Table[ (-yspap,vspop LO) /. Thread[vs » @] /. (p|X) -0, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
Z =170 =CF@$x[L +Vvs.Q.vs /2]; G=Inverse[Q];
Dza_ o= avs|[a]] Z; Dza_,b_ ‘= avs[[b]] DZ,;
1 n n
FZ := CF@$7r[— > >"6la, bl (DZ,,, + DZ, DZy) ];
2 a=1b=1
A
FixedPoint[(Z = 70 +j Fz du] &, z];
(”]
PowerExpand@Factor [~ A™?] E[CF[Z /. A » 1 /. Thread[vs - 0]]] ];
Protect[Integrate];
pdf
The Right-Handed Trefoil
pdf

in[-]:= K =Mirror@Knot[3, 1]; Features[K]

pdf
KnotTheory: Loading precomputed data in PD4Knots'.
Out[«]=
pdf
Features[7, C4[-1] Xq,5[1] X5,7[1] X6,2[1]]
pdf
mil= L[Xi 5 [S_11 :=T2E][

Xi (Pi+1 = Pi) + X5 (Pjs1 - P5) + (Ts = 1) Xi (Pi+1 = Pjs1) +
(€572) x (xi (pi-py) ((T°-1) xipj+2(-%x;p;)) +1)]
L[C; [0]] :=E[Xi (Pisa-Pi)];
LIC; [1]] 1= T2 E[x; (Pia-pi) +€ (ca+ 2 X p) ]
LIC; [-1]] := T2 E[x; (Praa-pi) +€ (c3+caxip?)];
L[K ] := CF[L/@Features[K][2]]
vs[K_ ] := Joine@e Table[{pi, Xi}, {i, Features[K][1]}]
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pdf
in[-1:= {vs[K], L[K]}
Out[«]=
pdf
{{pl) X1, P25 X2, P35, X3, P4, X4, Ps, X5, Pes Xes P7, X7}J
1 1 ) 1 » 2
TE[EG (3+2c¢c3) ~p1Xg+TpaXxg+ (1-T) P6X1+£ (-1+T) €P1P5X1+£ (1-T) eps X3 -p2aXa+
P3 X2 -P3X3+TpaXs+ (1-T) P8X3+£ (-1+T) €P3P7X§+£ (1-T) €pJ X5 - PaXa+PsXg+
€ Cq Pj Xz — Ps Xs + P X5 — € P1 Ps X1 X5 + € P2 X1 Xs + (1~ T) P3 Xg — Pg Xg + T P7 Xg + € P3 X2 Xg -
1 1
€P2P6X2X6+£ (1-T) €P§X§+E (-1+T) epzpexé*P7X7+p8X7*€P3P7X3X7+€P§X3X7H
pdf

i1 $m = Normal[# +0[e]?] &; JL[K] d (vs@K)

Out[~]=
pdf
. € (-3+2T+3T2-4T%+3T442C3-4TC3+6 T2 ¢3-4 T2 342 T* c3+4 ¢4
1TE [ 5
2 (1-T+72)
1-T+T2
pdf
Invariance Under Reidemeister 3
/SN AR A top variables AR 7 AR A
middle variables
bottom variables
pdf

in[-]:= 1hs = J-(IE[J'1 T Ppi+ iy py+imepk] £/@ (Xi,5[2] Xiva,k[1] Xju1,k:2[211))
d{Pis Pjs Pxs Xis Xjs Xks Pi+1s Pje1s Pkeis Xiels Xje1s Xks1}s
rhs = J.(IE: [irypi +a7m5pj+LmPr] £/@ (X5,k[1] Xi,ke1[1] Xiia,4+2[21))

d{Pis> Pjs> Pks Xis Xj5 Xks Pi+1s Pje1s Pkels Xisls Xju1s Xks1l}s
lhs == rhs

Out[]=
pdf

True
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pdf
in[-1:= 1hs
Out[«]=
pdf
3/2 3¢ ., .2 . -
T“E —7 + 1T 9Pppi Ty —21 T €primg—1 (-1+T) Tpypjm+1T (-1+3T) € P24j Ti -
. . 1 3 , 1 3_ 2 2
1(-1+T) p2+k7Ti+2]lT€p2+k7Ti*£ (-1+T) T €p2+ip2+jﬂi+£ (=1+T) T"ep3475 -
1 2 2 2 , 1 2 2
E (71+T)T ep2+ip2+kﬂi+£ (71+T) Tep2+jp2+k7ri+5 (71+T)T€p2+k7Ti+]'lTp2+j7ij
21Te p2+j7Tj7]'l (71+T) p2+k7Tj+]'l (71+3T) €p2+k7rj+T3€p2+ip2+jﬁiﬁj—T3ep§+jﬂiﬂj—
(-1+T) TP€paii Pok T 7§ + (~1+ )2 TepyyPok ity + (1 +T) Tepl, 7y -
1
5 (-1+T) Tepa; p2+k7T§+£ (=1+T) Tepd 715+ 1 Pauk 7k — 2 1 € Paui 7T + T2 € Paui Pauk T 7Tk -
(=1+T) Tepaj P2+k7Ti7Tk*T€P§+k7Ti7Tk+T€P2+j P2.k 7Ty Tk~ T € P§+k7Tj Tt
Invariance Under Reidemeister 2b
[++ /»/++
- Territory: (x | p)gj» Xi|j-
Nt Al
R2b
Y
in[-]:= 1lhs = fE[i 7 pi+ L5 P51 L£/7@ (Xi,5021] Xiva,je1[-21]) d{Xis Xj5 Pis Pjs Xis1s Xje1s Pisis Pje1l}
rhs =
le[J'l 7t Py + 1ty pj] L/@ (C3[0] C4,1[0] C5[0] C4,1[0]1) d{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pjeal}s
lhs == rhs
Out[]=
E[1 po.i i + 1 P2y 7T5]
Out[]=

True

Invariance Under R2c

. ._+_'_
it )t
nooEt
AN
S .
1
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in[-]:= 1hs = J-JE[J'I 7t Pi + 475 P51 £/7@ (Xiea,§[1] X4, 5.2[-1] G4, [1])
A {Xis Xj5 Pis Pjs Xis1s Xju1s Pisls Pje1s Xju25 Pje2}
rhs = J.E[J'l 7t pi + 17ty p5] £/@ (C;[0] C4,1[0] C5[0] Cy4,1[1] C4.2[0])

d{xi, Xjs Pis Pjs Xis1s Xj+1s Pis1s Pje1s Xj+2, pj+2}3

lhs == rhs
Out[«]=
i (-1+T)e (1+4¢3) p3.§7
*]’l'\/?]E{G (C1+2C2)+].lp2+j_ﬁj_* -
T
(-1+T)%ecyps,yri 2 (-1+T) € cap3.57mry ,
+1 P3,5 75 +4 1 € Cp P3.§ 775 + — € Cy P35 7T
T? T
Out[]=

i (-1+T)e (1+4¢C) p3.§7mi
—i\/?]E{G (C1+2Cp) + 1 Ppyi sty — -
T
(-1+T)?ecapiyrg . 2 (-1+T) € cap3,ymimy ,
2 +]lp3+j7Tj+4]l€C2p3+j 75 + T _€C2p3+j7Tj ==
T

) . . . 2 2
-1 \/?E[e (€1 +2¢Cy) +1p2+iﬂi+1p3+jﬂj+416c2p3+jﬂj—ec2p3+jﬂj}

Invariance Under R1l

2'—%—#

inf-]:= 1hs = J-E[J'l 73 Pi] £/@ (Xih2,i[1] Ciya[1]) d{Xis Pis Xiv1s Pis1s Xis2s Pis2}

rhs = J-E[J'l 7tipil £/@ (C;[0] C4,1[0] C3,2[0]) d{Xis Pis Xisis Pisls Xis2s Pis2}s

1lhs == rhs
Out[«]=
) € (2T+T2+2T2C1+4C2) . 1e (T+4C2) P3.i 7Ti €C2p§+iﬂ2
—1]E[ + 1 P3,i T+ - ]
212 T2 T
Out[e]=
. €(2T+T?+2T?c1+4c,) . ie (T+4Cy) pimy  €Cyply o
—Jl]E[ +1 P37+ - ] = -1E[1P3.i 7]
212 T2 T

Invariance Under R1r
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Rlr

in[-1:= lhs = IE[i i Ppil £/@ (Xi,342[1] Cipa[-1]) A{Xis Pis Xis1s Pi+1s Xiv2s Pis2}

rhs = JE[i 7ti pil £/@ (C5[0] C4,1[0] Ci,2[0]) d{Xis Pis Xisis Pis1s Xis2s Pis2}s

1lhs == rhs

Out[«]=

—Ji]E[f €(-1+2C3+4Cy) +ipsim+iTe (-1+4cy) p3+iﬂi—T2€c4p§+iﬂ%]
2

Out[«]=

1
-m[f € (-1+2Cs3+4¢Ca) +ipsimi+iTe (-1+4cq) p3+iﬂi—T26c4p§+iH§] - _iE[1Pps.;7i]
2

in[-]:= (lhs =rhs) /. {c5 » 0}

Out[e]=

1
7]1]E[* E(-1+2C3+4¢Cy) +1p3,imi+1Te (-1+4c¢y) p3+ini—Tzec4p§+iﬂ§] = -1E[1P3,i’Ti]
2

Invariance Under Sw

__\
Swt 3
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in[-]:= lhs = jE[i 75 pi + L7ty Pl L/@ (Xiea,5+2[11 Ci[-1] C5[-1] C4,2[1] C4,2[1])
A{Xis X5 Pis Pjs Xis1s Xju1s Pis1s Pje1s Xiv2s Pis2s Xj+2s Pje2}
rhs = J.]E[j_ 7i pi + 175 P51 £/@ (Xih1,5.2[1] C3[@] C5[0] Ci,2[0] C5,2[0])

dl{xi: xj: Pi» pj: Xi+1s xj+1: Pi+1s pj+1: Xi+25 Pi+2s Xj+2: pj+2}3

lhs == rhs
Out[«]=
1
\E]E[fe(—1+4c1+8c2+4c3+8c4)+JlTp3+i7ri+JiTe(—1+4c2+4c4) P3.i 7Ty -
2
]l(f1+T) p3+j7Tj_72]'l€(*T*2C2+2TC2f2C4+2TC4> p3+j7Tj_
2 2 2 1 2
T e <C2+C4) p3+iﬂi+£ (—1+T) Te (—1+4C4) p3+ip3+j7-(i_
1 2 2 . .
— (-1+T) e (-T-2C+2TCr-2C4+2TCy) P35 713 +1 P35+ 1€ (-1+4Cy+4Cq) P3.j775+
2
T€p3+ip3+j7Ti7Tj+€(*T*2C2+2TC2) p§+j7Ti7Tj+€(*C2*C4) p;r]f(%
Out[e]=

xﬁE[l

- € (*1+4C1+8C2+4C3+8C4) +]IlTp3+i7Ti+]IlT€ (*1+4C2+4C4) P3.i 7T
2
i(-1+T) p3+j7'(i—2]i€ (-T-2C+2TCr-2Ca+2TCy) P35 7T =

2 2 2 } 2
T e (Ca+Cq) P33 71§ + 5 (=1+T) Te (-1+4cy) p3.i P37

1

— (-1+T) e (-T-2¢+2TC-2C4+2TCq) P5y7i+1ipsuyry+ie (-1+4C+4¢q) Pagriy+
2

T

€P3,iP3.j i +eE (-T-2C,+2TcCy) pij T3y + € (-Cp - Cy) pij ]T%] ==
€ 1
\EE{—*+11TP3+17T1—11T€P3+17T1—
2

1(-1+T)p3gmi+2iTepsym-— (-1+T) Tepsipsqgrm+

1
5 (-1+T) Te P;j 7+ 1ip3.gty-1€epPag i+ TEPsiPagming-Te Pij Niﬂj}
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