
Pensieve header:  The rank 2 mod $\epsilon^2$ invariant using integration techniques; continues  
Rank2.nb at pensieve://Talks/Beijing-2407/ and UC4A2.nb and Theta.nb at pensieve://Projects/High-
erRank/.

Initialization

I n [ ] : = SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Geneva-2408"];

Once[<< IType.m];

I n [ ] : =

p d f

T3 = T1 T2; i_+ := i + 1;

$π = CF@Normal# + O[ϵ]2 /. πis__  B-1 πis, xis__  B-1 xis, pis__  B pis /.

ϵ Bb_ /; b < 0  0 /. B  1 &;

I n [ ] : =

p d f

vsi_ := Sequence[p1,i, p2,i, p3,i, x1,i, x2,i, x3,i];

ℱ[is__] := [Sum[πν,i pν,i, {i, {is}}, {ν, 3}]];

ℒ[K_] := CF[ℒ /@ Features[K]〚2〛];

vs[K_] := Union @@ Table[{vsi}, {i, Features[K]〚1〛}]

The Lagrangian 
t e x

\needspace{30mm}
{\bf\red The Lagrangian.}

e x e c

nb2tex$PDFWidth *= 1.25;

I n [ ] : =

p d f

ℒ[Xi_,j_[s_]] := T3
s
CF@Plus


ν=1

3
xνi (pνi+ - pνi) + xνj (pνj+ - pνj) + Tν

s
- 1 xνi (pνi+ - pνj+),

T1
s
- 1 p3j x1i T2

s x2i - x2j,

ϵ s T3
s
- 1 p1j (p2i - p2j) x3i  T2

s
- 1,

ϵ s 1 / 2 + T2
s p1i p2j x1i x2i - p1i p2j x1i x2j - p3i x3i - T2

s
- 1 p2j p3i x2i x3i +

T3
s
- 1 p2j p3j x2i x3i + 2 p2j p3i x2j x3i + p1i p3j x1i x3j - p2i p3j x2i x3j - T2

s p2j p3j x2i x3j +

T1
s
- 1 p1j x1i T2

2 s p2j x2i - T2
s p2j x2j - T2

s
+ 1 T3

s
- 1 p3j x3i + T2

s p3j x3j +

T3
s
- 1 p3j x3i 1 - T2

s p1i x1i + p2i x2j + T2
s
- 2 p2j x2j  T2

s
- 1
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I n [ ] : = CFPlus


ν=1

3
xνi (pνi+ - pνi) + xνj (pνj+ - pνj) + Tν

s
- 1 xνi (pνi+ - pνj+),

-1 + T1
s
 p3,j x1,i T2

s x2,i - x2,j,

ϵ

1

-1 + T2
s
s -1 + (T1 T2)

s
 p1,j (p2,i - p2,j) x3,i ,

ϵ

s

2
+ s T2

s p1,i p2,j x1,i x2,i +
s (-1 + T1

s
) T2

2 s p1,j p2,j x1,i x2,i

-1 + T2
s

- s p1,i p2,j x1,i x2,j -

s (-1 + T1
s
) T2

s p1,j p2,j x1,i x2,j

-1 + T2
s

- s p3,i x3,i +
s (-1 + T3

s
) p3,j x3,i

-1 + T2
s

-

s T2
s
(-1 + T3

s
) p1,i p3,j x1,i x3,i

-1 + T2
s

-

s (-1 + T1
s
) (1 + T2

s
) (-1 + T3

s
) p1,j p3,j x1,i x3,i

-1 + T2
s

- s -1 + T2
s
 p2,j p3,i x2,i x3,i + s -1 + T3

s
 p2,j p3,j x2,i x3,i +

2 s p2,j p3,i x2,j x3,i +
s (-1 + T3

s
) p2,i p3,j x2,j x3,i

-1 + T2
s

+

s (-2 + T2
s
) (-1 + T3

s
) p2,j p3,j x2,j x3,i

-1 + T2
s

+ s p1,i p3,j x1,i x3,j +

s (-1 + T1
s
) T2

s p1,j p3,j x1,i x3,j

-1 + T2
s

- s p2,i p3,j x2,i x3,j - s T2
s p2,j p3,j x2,i x3,j  - ℒ[Xi,j[s]]〚2, 1〛

Ou t [ ] =

0

I n [ ] : =

p d f

ℒ[Ci_[φ_]] := T3
φ


ν=1

3
xνi (pνi+ - pνi) + ϵ φ (p3i x3i - 1 / 2)

e x e c

nb2tex$PDFWidth /= 1.25;

Reidemeister 3 
t e x

{\bf\red Reidemeister 3.}

I n [ ] : =

p d f

Shortlhs =  ℱ[i, j, k] ℒ /@ (Xi,j[1] Xi+,k[1] Xj+,k+[1]) {vsi, vsj, vsk, vsi+, vsj+, vsk+}

Ou t [ ] / / S ho r t =
pd f

T1
3 T2

3


3 ϵ

2
+ T1

2 p1,2+i π1,i - (-1 + T1) T1 p1,2+j π1,i +150

I n [ ] : =

p d f

rhs =  ℱ[i, j, k] ℒ /@ (Xj,k[1] Xi,k+[1] Xi+,j+[1]) {vsi, vsj, vsk, vsi+, vsj+, vsk+}; lhs  rhs

Ou t [ ] =
p d f

True

The Trefoil   
t e x

\needspace{25mm}
\parpic[r]{\includegraphics[width=0.6in]{../Beijing-2407/Trefoil.jpg}}
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{\bf\red The Trefoil.}

I n [ ] : =

p d f

K = Knot[3, 1];  ℒ[K]  vs[K]

pdf

KnotTheory: Loading precomputed data in PD4Knots`.

Ou t [ ] =
p d f

-

 T1
2 T2

2 -
ϵ 1-T1+T1

2-T2-T1
3 T2+T2

2+T1
4 T2

2-T1 T2
3-T1

4 T2
3+T1

2 T2
4-T1

3 T2
4+T1

4 T2
4

1-T1+T1
2 1-T2+T2

2 1-T1 T2+T1
2 T2

2


1 - T1 + T1
2 1 - T2 + T2

2 1 - T1 T2 + T1
2 T2

2

I n [ ] : = -

 T1
2 T2

2
-

ϵ 1-T1+T1
2
-T2-T1

3 T2+T2
2
+T1

4 T2
2
-T1 T2

3
-T1

4 T2
3
+T1

2 T2
4
-T1

3 T2
4
+T1

4 T2
4


1-T1+T1
2
 1-T2+T2

2
 1-T1 T2+T1

2 T2
2




1 - T1 + T1
2
 1 - T2 + T2

2
 1 - T1 T2 + T1

2 T2
2


Ou t [ ] =

-

 T1
2 T2

2 -
ϵ 1-T1+T1

2-T2-T1
3 T2+T2

2+T1
4 T2

2-T1 T2
3-T1

4 T2
3+T1

2 T2
4-T1

3 T2
4+T1

4 T2
4

1-T1+T1
2 1-T2+T2

2 1-T1 T2+T1
2 T2

2


1 - T1 + T1
2 1 - T2 + T2

2 1 - T1 T2 + T1
2 T2

2

Invariance Under Reidemeister 2b

   Territory: (x p)(i j)+, xi j.

I n [ ] : = lhs =  ℱ[i, j] ℒ /@ (Xi,j[1] Xi+1,j+1[-1]) {vsi, vsj, vsi+, vsj+}

rhs =  ℱ[i, j] ℒ /@ (Ci[0] Ci+1[0] Cj[0] Cj+1[0]) {vsi, vsj, vsi+, vsj+};

lhs  rhs

Ou t [ ] =

[p1,2+i π1,i + p1,2+j π1,j + p2,2+i π2,i + p2,2+j π2,j + p3,2+i π3,i + p3,2+j π3,j]

Ou t [ ] =

True

Invariance Under R2c
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I n [ ] : = lhs =  ℱ[i, j] ℒ /@ (Xi+1,j[1] Xi,j+2[-1] Cj+1[1]) {vsi, vsj, vsi+, vsj+, vsj+2}

rhs =  ℱ[i, j] ℒ /@ (Ci[0] Ci+1[0] Cj[0] Cj+1[1] Cj+2[0]) {vsi, vsj, vsi+, vsj+, vsj+2};

lhs  rhs

Ou t [ ] =

- T1 T2 
ϵ

2
+ p1,2+i π1,i + p1,3+j π1,j + p2,2+i π2,i + p2,3+j π2,j + p3,2+i π3,i + p3,3+j π3,j + ϵ p3,3+j π3,j

Ou t [ ] =

True

Invariance Under R1l

I n [ ] : = lhs =  ℱ[i] ℒ /@ (Xi+2,i[1] Ci+1[1]) {vsi, vsi+, vsi+2}

rhs =  ℱ[i] ℒ /@ (Ci[0] Ci+1[0] Ci+2[0]) {vsi, vsi+, vsi+2};

lhs  rhs

Ou t [ ] =

- [p1,3+i π1,i + p2,3+i π2,i + p3,3+i π3,i]

Ou t [ ] =

True

Invariance Under R1r
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I n [ ] : = lhs =  ℱ[i] ℒ /@ (Xi,i+2[1] Ci+1[-1]) {vsi, vsi+, vsi+2}

rhs =  ℱ[i] ℒ /@ (Ci[0] Ci+1[0] Ci+2[0]) {vsi, vsi+, vsi+2};

lhs  rhs

Ou t [ ] =

- [p1,3+i π1,i + p2,3+i π2,i + p3,3+i π3,i]

Ou t [ ] =

True

Invariance Under Sw
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I n [ ] : = lhs =

 ℱ[i, j] ℒ /@ (Xi+1,j+1[1] Ci[-1] Cj[-1] Ci+2[1] Cj+2[1]) {vsi, vsj, vsi+, vsj+, vsi+2, vsj+2}

rhs =

 ℱ[i, j] ℒ /@ (Xi+1,j+1[1] Ci[0] Cj[0] Ci+2[0] Cj+2[0]) {vsi, vsj, vsi+, vsj+, vsi+2, vsj+2};

lhs  rhs

Ou t [ ] =

T1 T2 
ϵ

2
+ T1 p1,3+i π1,i + (1 - T1) p1,3+j π1,i + p1,3+j π1,j +

T2 p2,3+i π2,i - ϵ T2 p2,3+i π2,i + (1 - T2) p2,3+j π2,i + ϵ T1 T2 p1,3+i p2,3+j π1,i π2,i +

ϵ (-1 + T1) T2 p1,3+j p2,3+j π1,i π2,i

-1 + T2
+ (-1 + T1) T2 p3,3+j π1,i π2,i + p2,3+j π2,j + ϵ p2,3+j π2,j -

ϵ T1 p1,3+i p2,3+j π1,i π2,j -
ϵ (-1 + T1) p1,3+j p2,3+j π1,i π2,j

-1 + T2
+ (1 - T1) p3,3+j π1,i π2,j +

ϵ T2 (-1 + T1 T2) p1,3+j p2,3+i π3,i

-1 + T2
-
ϵ T2 (-1 + T1 T2) p1,3+j p2,3+j π3,i

-1 + T2
+ T1 T2 p3,3+i π3,i +

ϵ T1 T2 p3,3+i π3,i + (1 - T1 T2) p3,3+j π3,i -
ϵ T2 (-1 + T1 T2) p3,3+j π3,i

-1 + T2
-

ϵ T1 T2 (-1 + T1 T2) p1,3+i p3,3+j π1,i π3,i

-1 + T2
+
ϵ (-1 + T1) T2 (-1 + T1 T2) p1,3+j p3,3+j π1,i π3,i

-1 + T2
-

ϵ T1 (-1 + T2) T2 p2,3+j p3,3+i π2,i π3,i + ϵ T2 (-1 + T1 T2) p2,3+j p3,3+j π2,i π3,i +

2 ϵ T1 T2 p2,3+j p3,3+i π2,j π3,i +
ϵ T2 (-1 + T1 T2) p2,3+i p3,3+j π2,j π3,i

-1 + T2
-

ϵ (-1 + 2 T2) (-1 + T1 T2) p2,3+j p3,3+j π2,j π3,i

-1 + T2
+ p3,3+j π3,j + ϵ T1 p1,3+i p3,3+j π1,i π3,j +

ϵ (-1 + T1) p1,3+j p3,3+j π1,i π3,j

-1 + T2
- ϵ T2 p2,3+i p3,3+j π2,i π3,j - ϵ p2,3+j p3,3+j π2,i π3,j

Ou t [ ] =

True
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