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Pensieve header: Experimentsin 2026: Alternative integrands for $\theta$.
Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"];
Once[<< "IType (SimplifiedFormatting) .m"];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

Minor utilities

in[-]:= CCF[&_] := ExpandDenominator @ExpandNumerator@Together[&];
CCF[&_ ] := Factor[&];
CF[& List] :=CF /@ &;
CF[& eSeries] :=CF /@Take[&, $k +1];
CF[&.] :=Module|[{F}, ExpandeCollect[&, e | (p|x |7 |E|8) , F] /. F-CCF];
CF[& E] :=CF /e &;
CF[E., [&s___1]:=CF/@E,,[&5];

1= Li [K_] :=CF[L; /@Features[K][2]]
vs[K_] :=Flatten@Table[{p,,i, X,,i}, {v, 3}, {i, Features[K][1]}]

inf-]:= {p*y X*, 7*, €'} = {;, &, p, X};
(vs_List)* := (v > V") /@vs;

(“_n'ﬁ)* t= (UY) 45
ml-1:= HL[& ] := Style[&, Background -» If[TrueQes, [, H]1];

g2px and px2g

Modified from pensieve://Talks/Geneva-2408/DataConversions.nb

mi1-  g2px[&£_] := CFeModule[{2}, Expand[& /. {gi ,; » ApP:iX;}] /. {)Lk—‘ »1/k1}]
gv2px[&_ ] := CF@Module[ {1}, Expand[& /. {8, ,i ,; = A, Py,iX,,5}] /- {A’i—- »>1/k1}]

inf-]:=  Zip [&.] 1= &5
Zip. 161 := (Collect[& // Zip py, &] /. f . &% (DIf, {£*, d}])) /. C* >0
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mi-1=  px2g[&_] := CF@Module[{ps, xs, Q, a, B},

ps =Union[Cases[&, p , ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* X0 gpopay,xer21s {POs PS}, {XO, XS}];

Expand [Zip,. . [& e°]]

]

pxv2g[&_ ] := CFeModule[{ps, xs, Q, @, B},

ps =Union[Cases[&, p_, ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* X0 gpor21,xer21,por31,xer31» {POs PS}, {X@, xs}1;
Expand [Zip,. . [& eQ] !+ Ba,s i, Ifla===8, 8a,i,j5 01]

]

gRules

From pensieve://Talks/MonteVerita-2604/Theta.nb

1= gRg i 5 = {
8is D 8itp+0iss Bip T 8ivp + (1 - TS) 8i s +06is,
8a it T €ai + Onity 8ua j*t > 8aj + (1 - TS) 8ai + 645t
8 s P Brjrs+Siss Byis W T Brins+ (1-T) Byjos+ Sigs
8 ai* T, 8rai+8aivs By o j* > Braj + (1 = Tsy) 8rai + 045t

}

8R; :=1{8i,s 2 8i,s+6i,55 Ba ,i* > Ba,i* 6a,i}

Inverse gRules written locally:

mio1- igRe ;o5 oi={
85,5 8,5 =65,55 8ir,a BT Big- (T7-1)8j5-T" 614,
€. ,iT 7 (8a,i* = 64,i) s Bu i Buyj - (1 = Ts) 8a,i=6a,i
8 ,i.s P80, =65,55 By, it,s BT Bris- (T7-1) 8,505 =T 81,

-s s
gv_,a_,i Ead Ty (gv,a,'i‘ - éa,f) ) gv_,a_,j Ead g)/,a,j+ - (1 - Ty) gv,a,i = 6a,j+

The Base Lagrangian

From pensieve://Talks/Rank2.nb.

pdf
n[-]= T3=TyTy; 1 T :=1i+1;
$r=
(cFeNormal[# +0[e]?] /. {mis =B m, X;c =B Xy, pis »Bpi}/.eB~/;b<0-0/.
B->1) &;
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-l La[Xi 3 [S_11 :=T§1E[CF@P1us[

Z;l (Xvi (Pvic = Pvi) +Xv5 (Pvje = Pyvs) *+ (T5 - 1) Xyi (Pvis = Pvj*) ) s
(T1-1) psjxai (T3 X2i - Xa5) 5
es (T3-1) p1j (P2i - P25) Xa:/ (T3 -1),
€S (1 /2 + T3 P1i P2j X1i X2i - P1i P25 X1i X257 = P3i X3i - (T; = 1) P2;j P3i X2i X3i +
(T§ = 1) P2 P3j X2i X3i + 2 P25 P3i X27 X31 + P1i P3j X11 X35 = P2i P3j X2i X37 = T3 P2j P3j Xai X35 +
((T1-1) pajxas (T§S P2j Xai = T3 P25 Xa5 = (T3 +1) (T3 -1) p3j Xz + T3 P3j X35) +
(T3-1) p3jXsi (1= T3 Pai Xai + Pai X5 + (T3 - 2) P2j Xa5) ) / (12-1)) ] ]

3
L10C [0.11 :=TEE[D" i (Pvis =Pyi) +€ ¢ (P3i Xsi=1/2) |

in[-1:= $L =Ly}
The Trefoil

in[-1:= K =Mirror@Knot[3, 1]; Features[K]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=

Features[7, C4[-1] Xq,5[1] X3,7[1] Xe,2[1]]

iml-1= {vs[K], $L[K]}
out[e]=
{{pl,l: X1,15 P1,25 X1,25 P1,35 X1,35 P1,45 X1,45 P1,55 X1,55 P1,65 X1,65 P1,7>
X1,75 P2,15 X2,15 P2,25 X2,25 P2,35 X2,35 P2,45 X2,45 P2,5, X2,5, P2,65 X2,65 P2,75 X2,7,
P3,15 X3,15 P3,25 X3,25 P3,35 X3,3, P3,4, X3,45 P3,5, X3,5, P3,65 X3,65 P3,75 X3,7}>
T3E [2 € - P1,1 X1,1+ T1P1,1- Xa,1+ (1 -T1) P1,5s- X1,1 — P1,2 X1,2 + P1,2 X1,2 — P1,3 X1,3 + T1 P1,3* Xq,3 +
(1 -T1) P1,7* X1,3 — P1,4 X1,4 + P1,4" X1,4 = P1,5 X1,5 + P1,5" X1,5 — P1,6 X1,6 + (1~ T1) P1,2* X1,6 +
T1P1,6° X1,6 — P1,7 X1,7 + P1,7* X1,7 — P2,1 X2,1 + T2 P2,1- X2,1 + (1 - T3) P25+ X2,1 + € T2 P1,1 P2,5 X1,1 X2,1 +
e (-1+Tq) T% P1,s P2,5 X1,1 X2,1
-1+T,

€ (-1+Tq1) Tap1,2P2,2X1,6 X2,2

*1+T2

+ (=1+Ty) Tap3,s X1,1 X2,1 ~ P2,2 X2,2 + P2,2* X2,2 —

- €P1,6 P2,2X1,6 X2,2 + (1 -T1) P3,2 X1,6 X2,2 — P2,3 X2,3 +

€ (-1+Ty) T3p1,7 P2,7 X1,3 X2,3

*1+T2

T2 P2,3 X2,3+ (1-Ta) P2,7+ X2,3 + € T2 P1,3 P2,7 X1,3 X2,3 +

(=1 +Ty) Tap3,7X1,3X2,3 - P2,4aX2,4+P2,4" X2,4 — P2,5 X2,5 + P2,5° X2,5 — € P1,1 P2,5 X1,1 X2,5 —
€ (-1+T1) T2p1,5 P2,5 X1,1 X2,5

—1+T2

+ (1 -T1) p3,5 X1,1 X2,5 - P2,6 X2,6 + (1 - T2) P2,2° X2,6 +

2
€ (-1+Ty1) T3p1,2P2,2 X1,6 X2,6
T2 P2,6' X2,6 + . +€T2P1,6P2,2X1,6 X2,6 + (=1 +T1) T2 P3,2X1,6X2,6 ~
14T,

€ (-1+Ty) Tap1,7P2,7 X1,3 X2,7

P2,7 X2,7 + P2,7+ X2,7 — € P1,3 P2,7 X1,3 X2,7 —

*1+T2
€ (-1+T3) p1,5P2,1X3,1 € (-1+T3) p1,5P2,5 X3,1
(1-T1) p3,7 X1,3X2,7 + - -
—1+T2 —1+T2
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€ (-1+T3) p3,s5 X3,1
P3,1 X3,1 -~ € P3,1 X3,1 + 1.1 +T3P3,1- X3,1+ (1-T3) p3,s- X3,1 -
T

€Ty (-1+T3) p1,1P3,5X1,1X3,1 € (-1+T1) (1+Tp) (-1+T3) p1,5P3,5 X1,1 X3,1
- +

—1+T2 —1+T2

€ (1-T3) p2,5 P3,1 X2,1X3,1+€ (-1 +T3) p2,5 P3,5 X2,1 X3,1 + 2 € Pa,5 P3,1 X2,5 X3,1 +

€ (-1+T3) P2,1P3,5X2,5X3,1 € (=2+T32) (-1+T3) p2,5P3,5 X2,5 X3,1
+ —P3,2 X3,2 +
—1+T2 —1+T2

€ (-1+Ty1) T2p1,2P3,2 X1,6 X3,2
P3,2- X3,2 + 1.1 + € P1,6 P3,2 X1,6 X3,2 — € T2 P2,2 P3,2 X2,6 X3,2 —
1+,

€ (-1+T3) p1,7P2,3%X3,3 € (-1+T3) p1,7 P2,7 X3,3
€ P2,6 P3,2 X2,6 X3,2 + - - P3,3 X3,3 - €P3,3X3,3+
—1+T2 —1+T2
€ (-1+T3) p3,7X3,3 €Ty (-1 +T3) p1,3P3,7 X1,3 X3,3
+ T3 p3,3+ X3,3+ (1 -T3) p3,7- X3,3 - -
71+T2 *1+T2
€ (-1+T1) (1+T) (-1+T3) p1,7P3,7 X1,3 X3,3

—1+T2

+€ (1-T;) p2,7 P3,3X2,3 X3,3 +

€ (-1+T3) p2,3P3,7 X2,7 X3,3
€ (=1+T3) p2,7P3,7X2,3 X3,3+2€P2,7P3,3X2,7X3,3+ 1.1 +
14T,

€ (-2+T3) (-1+T3) p2,7P3,7 X2,7 X3,3

~ P3,4 X3,4 — € P3,4 X3,4 + P3,4* X3,4 — P3,5 X3,5 +

*1+T2
€ (=1+Ty1) T2p1,5P3,s X1,1 X3,5
P3,s5 X3,5 + € P1,1 P3,5 X1,1 X3,5 + - € P2,1 P3,5 X2,1 X3,5 -
-1 +T2
€ (-1+T3) p1,2P2,2X3,6 € (-1+T3) P1,2P2,6 X3,6
€ Tz P2,5 P3,5 X2,1 X3,5 - + +
*1+T2 *1+T2

€ (-1+T3) p3,2X3,6
-1 +T2

€ (-1+T1) (1+T2) (-1+T3) p1,2P3,2X1,6X%3,6 € T2 (-1+T3) Pp1,6P3,2X1,6X3,6
- +

—1+T2 —1+T2

€ (-2+T3) (-1+T3) p2,2P3,2X2,2X3,6 € (-1+T3) pa,6P3,2X2,2X3,6
+ +2€P2,2P3,6 X2,2 X3,6 +
-1+T, -1+T,

- P3,6 X3,6 — € P3,6 X3,6 + (1 -T3) P3,2: X3,6 + T3 P3,6* X3,6 —

€ (=1+T3) p2,2P3,2X2,6 X3,6 + € (1 -T2) P2,2 P3,6 X2,6 X3,6 — P3,7 X3,7 + P3,7* X3,7 +

€ (-1+T1) T2p1,7P3,7 X1,3 X3,7
€ P1,3 P3,7 X1,3 X3,7 + 1.1 — €P2,3P3,7X2,3X3,7 - € T2 P2,7P3,7 X2,3 X3,7”
“1+T,

In[]:= j$L[K] d vs [K]

Out[~]=
IT2T2E { € (1-Ty+T3-To-T3 To+T3+T T5-Ty T3-T1 T3+T3 T3-T3 T3+T71 T3) ]
172 (1-Ti+T2) (1-Tp+T2) (1-Ty TpoT2 T2
(1-Ty+T]) (1-To+T3) (1-Te T+ T7T3)
mi= Flis__1 :=E[Sum[r, i py,i, {1, {is}}, {v, 3}1];

1
vs; :=Sequence[p; i, P2,is P3,is X1,i» X2,i5 X3,i]3
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-+

1
inf-]:= lhs = Jf[i] $.L/@ (Xi42,1[1] C5,1[1]) A{VSi, VSi+, VSi,p}

rhs = ~fﬂ“[i] $.L£/@ (C;[0] C4,1[0] C4,2[0]) d{VSi, VSi+, VSi,2};

lhs ==rhs //HL
1

Rlr

in[-]:= 1hs = jﬂ"[i] $L/@ (Xi,1+2[1] Ci,2[-1]) d{VvSi, VSi+, VSi,p}

rhs = jﬂ’[i] $.L/@ (C;[0] C4,1[0] C4,2[0]) d{VSi, VSi+, VSi,2};

1lhs == rhs // HL
Out[«]=
~1E[P1,3+i 71,1 + P2,3+1 72,1 + P3,3+1 713, 1]

Out[e]=
True

[++ / Vo

Territory: (x | p)g) jys Xij-

A

inf-]:= 1hs = Jf[i, 1%L /@ (Xi,5[1] Xis1,5.2[-1]) d{Vss, VSj, VSi+, VSj+}

rhs = jﬂi, j] $£ /@ (C1[@] C1,1[0] C;5[@] C1,1[0]) A{VSi, VSy, VSies VS )3

lhs == rhs // HL
Out[e]=

E[P1,241 71,1 + P1,245 711,75 + P2,2+1 72,1 + P2,2+5 7T2,5 + P3,2+1 713,i + P3,2+5 73,5 ]

Out[e]=
True
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In[«]:=

Out[e]=

Out[«]=

In[«]:=

2026-07-10 20:48:43

-+
J
— \]
y+
I K
R /U
S .
1
lhs = jf[i: J1$L/@ (Xisa1,5[1] Xi,542[-1] C4,2[1]) A {VSi, VS§, VSi+, VSj+, VS4,2}

rhs = jﬂ"[i: jl1$L£ /@ (C;[0] C4,1[0] C5[0] C5,1[1] C4,2[@]) A{VS;, VSj, VSi+, VSj+, VSj,2};5

lhs ==rhs // HL

€
~iTi T E [* +P1,2+1 71,4 + P1,3+3 711, + P2,2+1 72,1 + P2,3+5 72,5 + P3,241 713,i + P3,3+5 713, + € P3,3.+5 713,

True

top variables

middle variables

bottom variables
Shor‘t[lhs = J‘(F[i.v j: k] $L/e (Xi,j [1] Xi+1,k[1] Xj+1,k+1[1] )) d{vsi, VSj, VSky VSi+, VSj+, Vsk*}]

rhs = j(T[i, Js k1 $L£/@ (X5,k[1] Xi,ks2[1] Xiua,4.2[1])) A {VSi, VS, VSk, VSj+, VS5, VSi+};

lhs ==rhs // HL

Out[~]//Short=

Out[e]=

3.3 3e
Ti TZIE[f + <<153>>
2

True

N

Swt
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Infe]:= Shor‘t[lhs =

Jﬂ"[i, 31 $L/@ (Xi41,5:2[1] Ci[-1] C5[-1] C4,2[1] Cy,2[1]) A {VSsi, VSj, VSir, VSj+, VSi,2, V5j+2}]
rhs =

jf[i, j1$L£/@ (Xi41,442[1]1 C3[0] C45[0] C;,2[0] C4,2[0]) d{VS;, VSj, VSi+, VS4+, VSi,p, VS4,2};
lhs == rhs // HL

Out[-]//Short=
€

Ty <1>»> «<1>»> E|— +Typg,34i 71,1 + (1-Tq) P1,3+j 7T1,i + P1,3+5 71,5 + <<33>> + € <<4>> T3 i1 wc1o
2

€ (-1+Tq) <<3> 7354

- € T3 P2,3.1 P3,3:+9 72,1 73,5 — € P2,3+ P3,3+j 72,1 713, j
-1+ Tz

out[e]=
True

The pPush Lagrangian

In[-]:= pPushLoc__ [&.]1 :=82px[px28[&] /. 8Rioc /- {64 ,0 21, 65,50, 65,1 >0} /. a T a+l];

1= {pPushg ; 5[x; pi1, PPush;[x;psi]}
Out[«]=
{1+ T°priXi+ (1=T%) prij Xy, 1+ Prag X3}

i 1= Lppush[Xi 5 [S_11 := T2 CF@E [Plus|
Xi (Pi+1 = Pi) + X5 (Pjs1 = Pj) + (TS = 1) Xi (Pi+1 = Pje1) »
pPush, ; ;[ (e€5/2) x (x: (Pi-P;) ((T7-1) xip;j+2 (1-x;p;)) -1)]
1]
Lopusn[Ci [ 1] := T E [Xi (Pi+1 - Pi) + pPush; [6 @ (g - Xy Pi) ”

$-C = LpPush 5

inf-1= $L[Xi,5[811

$LICi[e]]
Out[«]=
s/2 S € s s s s s 2
T E|-— -piXi + T PpraiXg + (1 -T7) pr,yXs + ST €p1,Xi +— ST (=1+T7) € p1,i P1,j X -
2 2
s s 2 2 s s 2
;ST (=1+T) €p1,9X5 ~PjXj+P1:jXj ~SEPLjXj =~ ST €P1.i P1j Xi X3 + ST € P75 Xi X5
Out[e]=

0/2 €
T E|- 5 —€QP1iXi+ (—Pi+P1ii) Xy
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In[«]:=

Out[«]=

Out[«]=

In[«]:=

Out[«]=

Collect[$L[Xi,5[s]]1[2, 11, €]
Collect[$L[Ci[¢]][2, 11, €]

“Pi X + T2 Prii Xi + (1= T%) Praj Xi — Pj X4 + P1.j Xj +
S 1 , 1 2 2
€|-—+sTpryXs+— sT° (-1+T°) p1+ip1+jxiffsT5(71+Ts)p1+jxif
2 2 2

S s .2
S P1+5 X5 = S T7 P14i P14g Xi X5 + S T7 P14 Xi X4

®
(=Pi+P1si) Xi + € —; — O P1.i Xi
The Trefoil
K = MirroreKnot[3, 1]; {vs[K], $L£[K]}
{{Ph X15 P25 X25 P35 X3, Pas Xa, Pss X5, Pes Xes P75 X7},

1
T]E[—e—plx1+Tp2x1+ (1-T) p6x1+Tep6x1+£ (—1+T)Tep2p6xi— (-1+T) Tepéxi—

NP

1
P2 X2 +P3Xa-€P3Xy-P3X3+TpsgXz+ (1-T) P8X3+T€p8X3+£ (-1+T) TepapgXs -

(-1 +T) Tepg X5 —PaXa+PsXaq+EPsXa—Ps Xs + Pg X5 — € Pg X5 — T € Py P X1 X5 +

€Pg X1 Xs+ (1-T) p3xe+TepPsXs—PsXe+ TPy Xe+TEPSXaXg— TEP3P7 Xy X —

Nl R AN R

(-1+T) TEP%"%*; (-1+T) T€P3P7Xé*P7X7+P8X7*€P8X7*T€P4P8X3X7+T€P§X3X7H

Inf-]:= $7 = Nor-mal[#+0[e]2] &; J$L[K] d vs [K]

Out[e]=

, (-1+T)% (1+T%) €
ILT]E[7 (1—T+T2)2 }
1-T+T?
Z‘—H—
7:+
1
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in[-]:= 1lhs = Jm[i 7 Pi] $L/@ (Xiu2,i [1] Ci4a[1]) A{Xi, Pis Xis1s Pis1s Xis2s Pis2}

rhs = jIE[J'l 7 p;] $L/@ (C5[0] C5,1[0] C4,2[0]) d{Xi, Pis> Xir1s Piris Xir2s Pis2}3

lhs ==rhs //HL

Out[«]=
-1 E[1p3,i 7]
Out[e]=
True
-

Rir

inf-]:= 1hs = jE[i 73 pil $L/@ (Xi,342[2] Ciua[-1]) Ad{Xis Pis Xir1s Pis1s Xis2s Pis2}

rhs = jIE[J'l 7 pi] $L/@ (C5[0] C5,1[0] C4,2[0]1) d{Xis Pis Xir1s Pir1s Xirzs Pis2}s

lhs ==rhs // HL
Out[e]=
-1E [1 P3.i Ni]

Out[«]=
True

i s

Territory: (x | p)g) jys Xij-

N

in[-]:= 1hs = JIE[J'l 75 Ps + L 7r5 P35 $L/@ (Xi,5[1] Xiva,5+2[-11) A{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pjs1}

rhs

jE[i 7y pi + ity pj] $L/@ (C5[0] C4,1[0] C5[0] C5,2[0]) A{Xis X5 Pis Pjs Xisis Xjs1s Pisis Pjsl}s

lhs ==rhs // HL
Out[e]=
E[1 Pa.i 7T + 1 Parj 7T5]

Out[«]=
True
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In[«]:=
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