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Pensieve header: Experimentsin 2026: Alternative integrands for $\theta$.

Initialization

(Alt) Inf]:=

SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"] ;
Once[<< "IType (SimplifiedFormatting) .m"];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

Minor utilities

(Alt) Inf ]:=

CCF[& ] ExpandDenominator @ ExpandNumerator@Together[£];

CCF[& ] Factor[£];

CF[& List] :=CF /@ &;

CF[& _eSeries] :=CF /@Take[&, $k +1];

CF[& ] :=Module[{F}, ExpandeCollect[&, e | (p| x| x| &|8) , F] /. F~CCF];
CF[& E] :=CF /@ &;

CF[Es, [&s___ 1] :=CF/@E,,[55];

(Alt) Inf]:=
L; [K_]1 :=CF[L£; /@Features[K][2]]
vs[K_] :=Flatten@Table[{p,,i, X,,i}, {v, 3}, {i, Features[K][1]}]

(Alt) In[]:=

{p*, x*, n*, £} = {m, &, p, X};
(vs_List)* := (v > V*) /@vs;

(Ui )" i= (W) i3
(Alt) Inf]:=
HL[& ] := Style[&, Background -» If[TrueQes, [, M]1];

g2px and px2g
Modified from pensieve://Talks/Geneva-2408/DataConversions.nb
(Alt) Inf]:=
g2px[& ] := CF@Module[{)}, Expand[& /. {gi ,; = ApiX;}] /. {)Lk—' »1/k1}]
gv2px[&_ ] := CF@Module[ {1}, Expand[& /. {8, ,i ,; = A, Py,iX,,5}] /- {A’i—- »>1/k1}]

(Alt) Inf]:=
Zip,[5.] := &5
Zip, . 061 := (Collect[s // Zip sy, &] /. f . &%+ (DIF, {£*, d}])) /. ¥ >0
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(Alt) Inf ]:=

px2g[&_] := CFeModule[{ps, xs, Q, a, B},

ps = Union[Cases[&, p , ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* x0" gpo2y,xer21» {PO, PS}, {X@, x5}1;
Expand [Zip,. . [& €] ]

]

pxv2g[&_ ] := CFeModule[{ps, xs, Q, @, B},

ps = Union[Cases[&, p_, ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* X0" gpep2y,xer21,per3n,xer3rs (P> PS}, {X@, xs}];

Expand [Zippsts [5 eQ] /+8a,p,i,j_ »Ifla===2, 8a,i,j, 0]]
]

gRules

From pensieve://Talks/MonteVerita-2604/Theta.nb
(Alt) Inf .=
8R. i, = {
8is > 8j s +06jss Big T Birg+ (1-T°) g5+ 6ips
8o T 8ui+8uis Ba g »Baj+ (1-T°) 8ui + 8ajes
8y js P 8vistOiss By is ¥ T, 8yirs + (1 - Ti) 8vj s+ 6ip,
8 ai* T, 8rai+8aivs By a j* > Braj + (1 = Tf,) 8vai + 045t

}

8R; :={8i,s P 8i*,s*+0i,55 8a,i* > 8a,i *0a,i}

Inverse gRules written locally:
(Alt) Inf]:=
igR. 1,5 = {
85,5 »85,5-85,55 Bir,s T Bis- (T7-1) gjos-T7 8ip,
8o ,i T (8a,ir =6u,i*) s Ba i 8ayir = (1-T°) 8ayi = 64,50
8,55 2 B8v,5,8 = 64,85 Bv,its T, Bris— (T -1) 8rjos - T, 6igs

_s s
gv_,a_,i > Ty (gv,a,i’ - 6:1,1") ] gv_,a_,j o> gy_,a,j+ - (1 - Ty) gv,a,i - 5ar_,_"1'+

The Base Lagrangian

From pensieve://Talks/Rank2.nb.

(Alt) Inf]:=
pdf

T3=T1T2; 'i_+ :='i+1;

$r =

(CF@Nor‘mal[#+0[e]2] /. {7ris__ B s, Xis B Xis, Pis :»Bpis} /.eB~/;b<00/.
B-)l) &;
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(Alt) Inf ]:=
L1[X;,; [s_1] :=T; E[CFePlus|
Zs:l (xvi (Pvir = Pvi) + Xy 5 (ij* - ij) + (Tf/ - 1) Xyi (Pvi+ = ij*) ) )
(Ti = 1) P3;j X1i (T§ X2i = ij) )
es (T3-1) p1j (P2i - P25) Xa:/ (T3 -1),
€5 (1/2+T;pai P2j Xai Xai = Pri P2j Xai X5 = P3i Xai = (T3 - 1) Paj Pai Xai Xai +
(T3 - 1) P2y P3j Xai X3 + 2 P2j P3i X2j Xai + P1i P3j Xai X3;j = P2i P3j Xzi X3j = T3 Paj P3j Xzi X3j +
( (Ti = 1) P1j X1i (T§S P2;j X2i - T3 P2j X25 - (T§ + 1) (T§ = 1) P3j X3i + T3 P3j ij) +
(T5-1) p3j Xai (1= T3 Pri Xai + Pai Xa5 + (T3 - 2) P2y X25)) / (T3-1)) ] ]
L30C 1011 =TS E[DT Xyt (Pyis = Pyi) +€ ¢ (P3iXsi - 1/2) |
inf-]:= $.L = Ly;
The Trefoil

in[-]:= K=Mirror@Knot[3, 1]; Features[K]

KnotTheory: Loading precomputed data in PD4Knots'.

out[e]=
Features[7, C4[-1] Xq,5[1] X3,7[1] X6,2[1]]

inl-1:= {vs[K], $L[K]}
Out[e]=
{{P1,1; X1,15 P1,25 X1,25 P1,35 X1,35 P1,45 X1,45 P1,5, X1,5, P1,65 X1,65 P1,7>
X1,75 P2,15 X2,15 P2,25 X2,25 P2,35 X2,35 P2,45 X2,45 P2,5, X2,5, P2,65 X2,65 P2,75 X2,7,
P3,15 X3,15 P3,25 X3,25 P3,35 X3,35 P3,4» X3,45 P3,5, X3,5, P3,65 X3,65 P3,75 X3,7}>
2
T3 E [2 € - P1,1 X1,1 + T1 P11 Xg,1 + (1 - T1) P1,5° X1,1 — P1,2 X1,2 + P1,2° X1,2 — P1,3 X1,3 + T1 P1,3" X1,3 +
(1-T1) pP1,7 X1,3 — P1,4 X1,4 + P1,4* X1,4 = P1,5 X1,5 + P1,5* X1,5 = P1,6 X1,6 + (1 = T1) P1,2* X1,6 +
T1P1,6° X1,6 — P1,7 X1,7 + P1,7* X1,7 = P2,1 X2,1 + T2 P2,1- X2,1 + (1 = T3) P25+ X2,1 + € T2 P1,1 P2,5 X1,1 X2,1 +

€ (-1+T1) T3p1,5 Pa,s X1,1 X2,1

+ (=1+T1) Tap3,s X1,1 X2,1 ~ P2,2 X2,2 + P2,2¢ X2,2 —

—1+T2
€ (-1+T1) T2p1,2 P2,2 X1,6 X2,2
- €P1,6 P2,2 X1,6 X2,2 + (1 =T1) P3,2 X1,6 X2,2 — P2,3 X2,3 +
*1+T2
2
€ (-1+T1) T3 P1,7 P2,7 X1,3 X2,3
Tap2,3 X2,3+ (1 -Ty) Pa,7+ Xz,3+ € Tp P1,3 P2,7 X1,3 X2,3 + +

—1+T2

(=1 +Ty) Tap3,7X1,3X2,3 - P2,4X2,4+P2,4" X2,4 — P2,5 X2,5 + P2,5° X2,5 — € P1,1 P2,5 X1,1 X2,5 —
€ (-1+T1) T2 p1,5P2,5 X1,1 X2,5

+ (1 -T1) p3,s X1,1 X2,5 - P2,6 X2,6 + (1 - T2) P2,2° X2,6 +

—1+T2
2
€ (-1+T1) T5pP1,2 P2,2 X1,6 X2,6

T2 P2,6' X2,6 + +€T2Pp1,6 P2,2X1,6 X2,6 + (=1 +T1) T2 pP3,2X1,6X2,6 -

—1+T2

€ (=1+Ty1) Tap1,7P2,7 X1,3 X2,7
P2,7 X2,7 + P2,7* X2,7 = € P1,3 P2,7 X1,3 X2,7 — +
*1 +T2
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€ (-1+T3) p1,5P2,1X3,1 € (-1+T3) p1,5P2,5 X3,1
(1-T1) p3,7 X1,3 X2,7 + - -
—1+T2 —1+T2

€ (-1+T3) p3,5 X3,1
P3,1X3,1 — €P3,1X3,1 + +T3Pp3,1+ X3,1 + (1 -T3) p3,5- X3,1 -
—1+T2
€Ty (-1+T3) p1,1P3,5X1,1X3,1 € (-1+T1) (1+T3) (-1+T3) p1,5P3,5 X1,1 X3,1
- +
*1+T2 *1+T2
€ (1-Ta) p2,5 P3,1 X2,1X3,1 +€ (=1 +T3) P2,5P3,5X2,1X3,1 +2 € Pa,5P3,1Xa,5X3,1 +
€ (-1+T3) p2,1P3,5X2,5X3,1 € (-2+T) (-1+T3) pa,5P3,5X2,5X3,1
+ - P3,2 X3,2 +
*1+T2 *1+T2
€ (=1 +T1) T2 p1,2 P3,2 X1,6 X3,2

P3,2* X3,2 + 1.1 +€P1,6 P3,2 X1,6 X3,2 — € T2 P2,2 P3,2 X2,6 X3,2 —
“1+T,

€ (-1+T3) p1,7P2,3X3,3 € (-1+T3) p1,7P2,7 X3,3
€ P2,6 P3,2 X2,6 X3,2 + - =~ P3,3 X3,3 - € P3,3X3,3+
-1+T, -1+T,
€ (-1+T3) p3,7 X3,3 €Ty (-1+T3) p1,3P3,7 X1,3 X3,3
+ T3 P33+ X3,3+ (1 -T3) p3,7+ X3,3 - -
—1+T2 —1+T2
€ (-1+Tq) (1+Ty) (-1+T3) p1,7P3,7 X1,3 X3,3

*1+T2

+€ (1-T3z) p2,7 P3,3 X2,3 X3,3 +

€ (-1+T3) pa2,3P3,7 X2,7 X3,3

€ (-1+T3) p2,7P3,7X2,3X3,3+2€ P2,7P3,3X2,7X3,3+ 1.7 +
“1+T,

€ (=2+T3) (-1+T3) p2,7P3,7 X2,7 X3,3

—1+T2

= P3,4 X3,4 — € P3,4 X3,4 + P3,4* X3,4 — P3,5 X3,5 +

€ (-1+Tyq) T2 p1,5P3,5 X1,1 X3,5
P3,5+ X3,5 + € P1,1 P3,5 X1,1 X3,5 + - € P2,1 P3,5 X2,1 X3,5 -
*1 +T2
€ (-1+T3) p1,2P2,2X3,6 € (-1+T3) P1,2P2,6 X3,6
+ +

—1+T2 —1+T2

€ T2 P2,5 P3,5 X2,1 X3,5 -

€ (-1+T3) p3,2X3,6
—1 +T2

€ (-1+T1) (L+Ty) (-1+T3) p1,2P3,2X1,6X3,6 € T2 (-1+T3) P1,6P3,2X1,6 X3,6
- +

*1+T2 *1+T2
€ (=2+T3) (-1+T3) p2,2P3,2X2,2X3,6 € (-1+T3) Pa,6P3,2X2,2X3,6
+ +2€P2,2P3,6X2,2X3,6 +
—1+T2 —1+T2

- P3,6 X3,6 — €P3,6 X3,6 + (1~ T3) P32+ X3,6 + T3 P3,6* X3,6 —

€ (-1 +T3) p2,2P3,2X2,6 X3,6 +€ (1 -T2) P2,2 P3,6 X2,6 X3,6 — P3,7 X3,7 + P3,7* X3,7 +

€ (-1+T1) T2p1,7P3,7 X1,3 X3,7
€ P1,3 P3,7 X1,3 X3,7 + 1.7 - €P2,3P3,7X2,3X3,7 - € T2 P2,7P3,7X2,3 X3,7”
“1+T,

In[-]:= j$L[K] d vs [K]

Out[e]=

1-Ty+T3-To-T3 To+T34T3 T5-Ty T3-T1 T3+T3 T5-T3 T5+T1 T3) ]

iT2T2E { el
172 (1-T2+T2) (1-ToeT3) (1-Ty Tp+T2 T3)

(1—T1+T%> (1—T2+T§) (1—T1T2+T§T§>
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(Alt) Inf ]:=

In[«]:=

Out[e]=

Out[«]=

Flis__1:=E[Sum[n, ;py,i, {i, {is}}, {v, 3}11;

vs; :=Sequence[p; i, P2,is P3,is X1,is X2,i5 X3,i]3

i—l—F

1
lhs = jf'[l] $L /@ (Xi+2,i[1] Ci,1[1]) d{vsi, VSi+, VSi,2}

rhs = jf[i] $L£/@ (C;[0] C;,1[0] C4,,[0]) Ad{VS;, VSi+, VSji,2};

lhs ==rhs //HL
~1E[P1,3+i 71,1 + P2,3+i 72,1 + P3,3+i 713, ]

True

D

Rlr

in[-]:= 1lhs = ~I‘ﬂ‘"[i] $L/@ (Xi,i.2[1] Cipa [-1]) A {VSi, VSi+, VSi,a}

Out[«]=

Out[«]=

rhs = ~J-5"'[i] $L£/@ (C;[0] C;.1[0] C4,2[0]) Ad{Vs;, VSi+, VSj.a}s

1lhs == rhs // HL

~1E[P1,3+1 71,1 + P2,3+1 72,1 + P3,3+1 713,1]

Territory: (X | p)g > Xij-
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in[-1:= 1hs = Jf[i: jl1$L£/@ (Xi,5[1] Xiua,j.2[-11) d{vsi, VSj, VSj+, VS4+}

rhs = jﬂ"[i, jl1$L£/e (C;[0] C4,1[0] C5[@] C5,1[0]) A{VSi, VS5, VSi+, VS5 };

lhs ==rhs // HL

Out[«]=
E[P1,2+1 71,1 + P1,245 711,75 * P2,2+i 7T2,i + P2,2+5 7T2,5 + P3,2+1 713,1 + P3,2+5 73,5 ]
Out[e]=
True
p i
—
-t
I L
s
~
S .
1

in[-]:= lhs = jf[i: jl1$L£/@ (Xiu1,5[2] Xi,5.2[-1] C4,2[1]) d{VSi, VSj, VSji+, VS4+, VS4,}

rhs = jf[i, j1$L£/@ (C;[0] Ci,1[0] C5[0] C5,1[1] C5.2[0]) d{VSi, VS4, VSi+, VS4+, VSj.2};

lhs ==rhs // HL

Out[e]=
€
-1T1 T E [E +P1,2+1 71,1 + P1,345 71,5 + P2,241 72,1 + P2,345 72,5 + P3,2+1 713,i + P3,3+5 713, + € P3,3+5 73, j
Out[«]=
True
H l_'_'_ -_+_+_ .
k i top variables

middle variables

bottom variables
In[]:= Short[lhs = j(f[i: Js k1 $L/@ (X3,5[2] Xir1,k [1] Xju1,k42[1]1)) A{VSi, VSj, VSks VSi+, VSje, VSk*}]

rhs = j(T[i, Js k1 $L£/@ (X5,k[1] Xi,ks2[1] Xia,4.2[1])) A {VSi, VS, VSk, VSi+, VS5, VS+};

lhs ==rhs // HL

https://drorbn.net/AcademicPensieve/Talks/Bonn-2505/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Bonn-2505: ThetaAlternativelntegrands-Alt.nb 2026-07-10 20:48:36

Short [lhs =

jf[i, j1$L/@ (Xii1,5+1[21] Ci[-1] C5[-1] C4,2[1] C4,2[1]) A{VSi, VSj, VSj+, VSj+, VSi,a, V5j+2}]
rhs =

jﬂ‘"[i; j1$L£/@ (Xi41,442[1]1 C5[0] C45[0] C4,2[0] C4,2[0]) d{VS;, VSj, VSi+, VS4+, VSi,p, VS4,2};

lhs ==rhs // HL

The pPush Lagrangian

(Alt) Inf]:=
) pPush[v . E[L_]] := Module[{B, L1, Q, PO, Pla, P1b, 60},
L1 = CoefficientRules[BL /. {p.s = BPass Xop =B Xus}, {€, B}];
{w,Q={0,1} /. L1, PO ={@, @} /. L1, Pla={1, 2} /. L1, Plb= {1, 1} /. L1};
0 = CF[
pxv2g|
CF[ (PO /. Thread[{s, i, j} » {s0, 10, jO}]) (Pla /. Thread[{s, i, j} » {s1, i1, j1}])
11 /. 8Rso 10,50 / - BRs1,i1,51 /+ {631,10 | Sje,i1 | 811,50 = @5 Sin,ie | 551,50 > B}
];
61 = List @@ Factor[gv2px[60 /. B -»0]];
{Y0 = Times @@ Select[©1, FreeQ[sl | il | j1]],
Y1l = Times @@ Select[61, FreeQ[sO | i@ | jO]]};
Times @@ o1 == YO Y1;
gv2px[Coefficient[60, B] /. {s@ | sl-»s, i0 |il>1i, jOo | jl- j}]
B
pPush@.£; [X; 5[s]]
(Alt) Outf]=
S (-1+T3) (1+T3) (-1+ (TyT2)®) p1,149 P3,145 X1,1 X3,1
-1+T5

(Alt) Inf]:=

pPushLoc__ [&.]1 :=82px[px28[&] /. 8Rioc / {64 ,0 21, 65,50, 65,1 >0} /. a T a+l];
1= {pPushg ; y[x: pil, PPush;[x;p;il}

Out[«]=
{1+T°priXi+ (1=T%) proj Xy, 1+ Prag X3}
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(Alt) In[]:=
Lopush [Xi_,; [5_1] :=T/?CFeE [Plus|
Xi (Pis1 = Pi) + X5 (Pjua-P5) + (T°=1) Xi (Pisa - Pya1) s
pPush, ; ;[(es/2) x (xi (pi-p;) ((T°-1) xip;j+2(1-x;p;)) -1)]
]]
/2 1
Lopush [Ci [¢ 1] :=T'°E [Xi (Pi.1 - Pi) + PpPush; [G @ (; - X Pi) ”

$-£ = -['pPush 5

inf-1:= $L[Xy,5[8]11]
$L[Ci[e]]

Out[e]=

Se 1
T°'?E —7 “PiXi +TpriXs + (1-T%) prajXi +5T° €pryg Xi+£ ST® (-1+T%) €Pp1.i P1+g x5 -

S S 2 2 s s 2
EST (-1+T7) ephjxi—pjxj+p1+jxj—sep1+jxj—sT €P1+iP1j Xi X5+ ST € P14 Xi X5

Out[e]=

©/2 ip
T E|- N — €@ P1.iXi+ (—Pi+P1ii) Xy

in[-]:= Collect[$.L[X;,5[s1102, 11, €]
Collect[$L[C;i[e]]102, 1], €]
out[«]=
“Pi X3 + T2 Prai Xi + (L=T%) P1ij Xi — P X4 + P1og X5 +

S

S 1 5 s 2 1 s s 2 2
€|l-—+sT p1jXi+— ST (-1+T) p1,iP1jXg—-— ST (—1+T)p1+jx
2 2 2

i-

S s 2
S P1+3 X§ =S T7 P14i P14g Xi X5 + S T7 P15 Xi X5
Out[«]=

(=Pi +P1+i) Xi +€ | —— = ©P1.i X1

NS

The Trefoil

in[-]:= K=Mirror@Knot[3, 1]; {vs[K], $L[K]}
Out[e]=

{pl) X1 P25 X2, P35 X3, Pas Xa, Pss X5, Pes Xes P75 X7})

1
T]E[—e—p1X1+Tp2X1+ (1-T)peXy+TepeXa+— (-1+T) TepapeXa—— (-1+T) Tepz x2 -
2

NP

P2 X2 +P3Xa-€P3Xa-P3Xz3+TpgXz+ (1-T) P8X3+T€P8X3+£ (-1+T) TepapsgX; -

(-1 +T) Tepg X5 —PaXa+PsXq+EPsXg—Ps Xs + Pg X5 — € Pg X5 — T € Py P X1 X5 +

epgXx1Xs+ (1-T) p3xe+TepPsXs—PsXe+ TPy Xe+TEP3XaXg—TEP3P7 Xy X —

NI R AN e

1
(-1+T) Tep§x§+£ (-1+T) Tep3p7xé—p7x7+p8x7—ep8x7—Tep4p8x3x7+Tep§x3x7”
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inf-]:= $r = Normal[#+0[e]2] &; j$L[K] d vs [K]

Out[«]=
. (-1+T)? (1+T2) €
. T]E[_ (1-T+12)2 }
1-T+T2
Z'-H-
’i+
1

in[-]:= 1lhs = jIE[J'l 75 Pil $L/@ (Xiu2,i[1] Ci42[1]) A{Xi5 Pis Xis1s Pis1s Xis2s Pis2}

rhs = JIE[J'l 7 p;] $L /@ (C5[0] C3,1[0] C4,2[0]) d{Xi, Pis> Xir1s Piris Xis2s Pis2}3

lhs ==rhs //HL

Out[e]=
-1E[1P3i7i]
out[e]=
True
-

Rir

in[-]:= 1lhs = Jm[i 75 Pil $L/@ (Xi,342[21] Ciua[-1]) A{Xis Pis Xiv1s Pis1s Xis2s Pis2}

rhs = jIE[J'l 7 pi] $L/@ (C5[0] C5,1[0] C4,2[0]) d{Xi, Pis> Xir1s Piris Xir2s Pis2}3

lhs ==rhs // HL
Out[«]=

-1 E[1p3,i 7]

Territory: (X | p)g jy» Xij-
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in[-1:= 1lhs

JE[i 7y Py + 2ty p3] $L/@ (Xi,5[2] Xiua,522[-11) A{Xis X455 Pis Pjs Xis1s Xje1s Pis1s Pjeal}

rhs =

jIE[J'l 73 pi + Lryp3] $L /@ (C3[0] Ci,1[0] C5[0] C5,2[0]1) A{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pjsals

lhs ==rhs // HL

Out[e]=
E[1 p2.i i + 1 Pasj 7T5]
out[«]=
True
F
J
y+
I ‘ r
. Yy,
S .
(3

in[-]:= 1hs = IE [L7; ps +37m5p3] $L/@ (Xio1,5[2] Xi,5.2[-2] C442[1])
d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pys1s Xj425 Pjs2}
rhs = ﬁE [47; py + 47y py] $£/@ (C1[@] Ci,1[0] C45[0] Cy,1[1] Cy.2[0])

d{Xi> Xj5 Pis> Pjs> Xis1s Xj+1s Pi+1s Py+1s Xg425 Pjs2}3
lhs == rhs // HL

out[«]=

. e . . .
-1 \EE[*E +1p2+i7ri+]lp3+j7rj*1€p3+jﬂj]

Out[e]=
True

top variables

middle variables

bottom variables
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inf-]:= $L /@ (Xi,5[1] Xisa,k [1] Xjuz,ke2[1])

Out[«]=

pdf

In[«]:=

Out[«]=
pdf

Out[e]=
pdf

3e
T/ E *? -PpiXi+TpriXg+ (1-T) P1+in+T€P1+in+£ (-1+T) Te P1+iP1+jX§*
(-1+T) Tepd,yxi-priXees + TPai X + (1-T) ProXayg + T € Prog Xaui +

1
(-1+T) TePpaiPrkXas _E (-1+7T) Teps, X1, = P5§ Xj + P14j X§ — € P14§ X§ -

1

2

1

2

TepriiPjXiXy+Te Pij Xi X = P14j X149 + T P2eg X145 + (1= T) Pork X145 + T € Pouk X149 +

1 2 1 2 2

E (=1+T) TeEPajPak X145 - ; (=1+T) Te Pk Xij — P Xk + Prok Xk = € Prak Xk = T € P2oi Prok X144 Xk +
T

2 2
€ PI.k X1+i Xk = P1+k X1+k + P24k X1k = € P2+k X1+k = T € P2.j P2+k X145 X124k + T € P3¢ X145 X14k

lhs = j(lE [L7sps +d7m5p5+ 37 Pl $L/@ (Xi,5[1] Xiva,k [1] Xju1,k:2[11))
d{pi, pj: Prs Xis Xjs Xk Pi+1s pj+1: Pi+1s Xis1s Xj+1s Xk+1}
rhs = J(E [i75ps + 475 pj+ 3 7m Pl $L/7@ (X5, [1] X, k2 [1] Xiya,5:2[11))

d{pi, pj) Pks Xis Xjs Xks Pi+1s pj+1: Pr+1s Xir1s Xj+1s Xk+1}5
lhs ==rhs // HL

3e
T2 E Y i TP pog s -1 (<14 T) Tpagrmy+ i TP epogms -1 (-1 +T) ook rms + 1 TE Pouk 713 -

1
(-1+T) T>€pai P2y s +5 (-1+T) T ep; 7@75 (-1+T) T2 € pa.i Pauk T2 +

“1+T) TP €pai Pok T 7y + (-1 + )2 TepyyPak ity + (-1 +T) Tepd, iy -

2

(
1 2 2 . . 2
5 (-1+T) T€p2+jp2+kﬂj+£ (=1+T) Tepoy 7§+ L P2k k=21 €EPok Tk + T € Paei Pask 7i Tk =

2 2
(=1+T) TepajPak i Tk = T € Poy Wi T + T € Payg Pask 7§ 7Tk = T € Py 715 Tk

True

__\
Swt Y
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in[-1:= 1hs = JE [d7; p; +17m5p5] $L/@ (Xiua,5.2[1] Ci[-1] C5[-1] Cy,2[1] C442[1])
d{Xis Xj5 Pis Pjs Xi+1s Xj+1s Pi+1s Pje1s Xie2s Pisc2s Xj:25 Pje2}
rhs = JE [i7; ps + 4715 p4] $L /@ (Xi41,5.2[1] C5[0] C4[0] C4,,[0] C4,2[0]1)

d{Xi> Xj5 Pis> Pjs Xis1s Xj+15 Pis1s Pj+1s Xis2s Pis2s Xj:25 Pjs2}s
lhs == rhs // HL

Out[e]=
S ) ) 1 )
WE[—E FATPsm b (10T Py i+ ATEPagm o (-10T) TEPsaPay i+
1 2 2 . . 2
E (-1+T) Tep3, 715 +1P3.5775-1€P3.5715+TEP3.i P3sqg 7Ti 75 = T € P34 711 75
Out[e]=
True
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