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Pensieve header: Experiments in 2026: Alternative integrands for $\rho_15.
Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"];
Once[<< "IType (SimplifiedFormatting) .m"];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

Minor utilities

m[-]:= CCF[&_] ExpandDenominator @ ExpandNumerator@Together[£];
CCF[& ] Factor[&];
CF[& List] :=CF /@ &;
CF[& eSeries] :=CF /@Take[&, $k +1];
CF[&.] :=Module|[{F}, ExpandeCollect[&, e | (p|x |7 |E|8) , F] /. F-CCF];
CF[& E] :=CF /e &;
CF[E., [&s___1]:=CF/@E,,[&5];

ml-=  Li [K_] :=CF[L; /@Features[K][2]]
Vvs[K_] :=Joinee Table[{pi, Xi}, {1, Features[K][1]}]

inf-]= {p*s X*, 7, £} = {;, &, P, X};
(vs_List)* := (v > V*) /@vs;

(u_n'__)* t= (UY) 45
ml-1:= HL[& ] := Style[&, Background -» If[TrueQes, [, H]1];

g2px and px2g

Modified from pensieve://Talks/Geneva-2408/DataConversions.nb

mi 1= g2px[&_] := CF@Module[{1}, Expand[& /. {g: ,; = Apix;}]1 /. {A* »1/k1}]
gv2px[& ] := CF@Module[{A}, Expand[& /. {8, ,i ,; A, Py,iXy,5}]1 /. {A’i—- :—>1/k!}]

inf-]:=  Zip [&.] 1= &5
Zip(. . 3[6.1 i= (Collect[& // Zipipy, &] /. f_. &% » (DIf, {&*, d}])) /. 2" >0
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mi-1=  px2g[&_] := CF@Module[{ps, xs, Q, a, B},
ps =Union[Cases[&, p , ©]]; xs =Union[Cases[&, X , =]];

Q = Sum[p@* X0 gpopay,xer21s {POs PS}, {XO, XS}];
Expand [Zip,. . [& e°]]

]

pxv2g[&_ ] := CFeModule[{ps, xs, Q, @, B},

ps =Union[Cases[&, p_, ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* X0 gpor21,xer21,por31,xer31» {POs PS}, {X@, xs}1;
Expand [Zip,. . [& eQ] !+ Ba,s i, Ifla===8, 8a,i,j5 01]

]

gRules
From pensieve://Talks/MonteVerita-2604/Theta.nb

1= gRg i 5 = {
8is D 8itp+0iss Bip T 8ivp + (1 -T ) 8i s +06is,
8a it T €ai + Onity 8ua j*t > 8aj + (1 - TS) 8ai + 645t
8 s P Brjrs+Siss Byis W T Brins+ (1-T) Byjos+ Sigs

g)/_af_'i.+ i Ti 8vai + Saivy gv_af_j+ D 8raj + (1 - Tf/) Brai * ‘5aj+

8R; :=1{8i,s 2 8i,s+6i,55 Ba ,i* > Ba,i* 6a,i}
Inverse gRules written locally:

mio1- igRe ;o5 oi={
85,5 8,5 =65,55 8ir,a BT Big- (T7-1)8j5-T" 614,
€. ,iT 7 (8a,i* = 64,i) s Bu i Buyj - (1 = Ts) 8a,i=6a,i
8 ,i.s P80, =65,55 By, it,s BT Bris- (T7-1) 8,505 =T 81,

-s s
gv_,a_,i Ead Ty (gv,a,'i‘ - éa,f) ) gv_,a_,j Ead g)/,a,j+ - (1 - Ty) gv,a,i = 6a,j+

}
The Base Lagrangian

From pensieve://Talks/Bonn-2505.

mil= LalXi L5 [s_11:=T2E]
Xi (Pi+1 = Pi) + X5 (Pjs1 = Pj) + (TS -1) Xi (Pi+1 = Pjs1) +
(e5/2) x (xi (pi-p5) ((T°-1) xipj+2(1-x;p;)) -1)]
/2 1
L10€ [¢.1] :=T?E[x; (Pia-pi) +e ¢ (; -x; pi)]

$L="Ly;
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The Trefoil

in[-]:= K=Mirror@Knot[3, 1]; Features[K]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[7, C4[-1] Xq,5[1] X3,7[1] X6,2[1]]

inf-1= {vs[K], $L[K]}
Out[«]=
{{Ph X1, P25 X25 P35 X3, Pas Xas Pss X5, Pes Xes P75 X715

1
TE[—2€+ (—1+€) p1X1+Tp2X1—€p5X1+ (1—T) p6X1+£ (—1+T) €p1p5Xi—

(-1+T) epix] -PaXa+P3Xy+ (-1+€) p3Xa+TpaXs-—€prXs+ (1-T) pgxz+

iy

2026-07-09 13:16:06

(-1+T) epspsX3-— (-1+T) €pix5+ (~1+€) PaXq+PsXa-PsXs + Pg Xs — € Py Ps Xy X5 +

PEXyXs —€PaXe+ (1-T) p3Xe+ (~1+€) psXe + T Py Xg + € P3 X2 X6 — € P2 Po X2 Xg —

NIRRT R
N

1
(-1+T) €P§Xé+£ (-1+T) €PzPng*P7X7+P8X7*€P3P7X3X7+€P§X3X7H

Inf-]:= $7 = Nor‘mal[#+0[e]2] &; J$L[K] d vs [K]

Out[«]=
, (-1+T)% (1+T%) €
N T]E[_ (1-T412)2 }
1-T+T?
Z‘—H—
7:+
1

inf-]:= 1hs = jIE[J'l 75 Pi] $L/@ (Xi42,1[1] Ciya[1]) A{Xi5 Pis Xis1s Pis1s Xis2s Pis2}

rhs = jE[i 75 pi] $L/@ (C3[0] C3,1[0] C5,2[0]) dA{Xis Pis Xis1s Pir1s Xis2s Pis2}s

lhs ==rhs //HL
Out[«]=

-1 E[1p3.i 7]

Out[e]=
True
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(

Rir

inf-]:= 1hs = jE[i 7 pil $L/@ (Xi,342[21] Ciua[-1]) d{Xis Pis Xir1s Pis1s Xis2s Pis2}

rhs = jIE[J'l 7 pi] $L/@ (C5[0] C5,1[0] C4,2[0]) d{Xis Pis Xiras Pir1s Xir2s Pis2}s

lhs ==rhs // HL

Out[«]=
-1 E[1p3.i7]
Out[«]=
True
o
- Territory: (X | p)i > Xij-
R2b
Y
in[-]:= 1hs = jIE [d7 ps+17m5p5] $L/@ (Xi,5[1] Xiwg, 42 [-21) d{Xi5 X5, Pis Pis> Xis1s> Xjs1s Pis1s Pjs1l}
rhs =
le[i 7 p; + Aty pj] $L/@ (C5[0] C5,1[0] C5[0] C5.1[01) d{Xis X5, Pis Pjs Xis1s Xj:15 Piszs Pis1l}s
lhs ==rhs // HL
Out[«]=
E[1 Pa.i 7 + 1 Parj 7T5]
Out[«]=
True
—
(R VA
J
— \j
| i+ ++
AR
S .
1
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in[-1:= 1lhs = JE [i7; ps + 3715 p4] $L/@ (Xih1,5[2] Xi,4+2[-1] G442 [1])
d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pys1s Xj425 Pjs2}
rhs = JE [i7; p; + 475 p4] $£L/@ (C3[0] C5,1[0] C5[0] C4,1[1] C4,2[0])

d{Xis X5 Pis Pjs Xis1s Xji1s Pis1s Pja1s Xju2s Pje2l}s
lhs ==rhs // HL

Out[e]=
€
~i AT ]E[*; +1Pi i -1 (-1+€) Pasj ﬂj}
Out[e]=
True
i top variables
middle variables
k bottom variables

inf-]:= CF[$L /@ (Xi,5[1] Xiva,k [1] Xji1,ke2[11) ]

Out[«]=
-I-3/2

3e 1 5 1 5 5
E —7—piXi+€piXi+Tp1+iXi—€pjXi+ (1-T) p1+in+£ (-1+T) €Pipjxi+£ (1-T) epjXj-

1
P1ii X141 + € P1oi X1oi + T Posi X141 — € P Xaai + (1= T) Prok Xaoi + E (-1+T) €priPu X, +

N R

2,2 2
(1-T) €Pi X145 = Pj X§ + P14§ X5 =~ € Pi Pj Xi X5 + € P§ Xi X§ = P14§ X145 + € P14j X145 + T P2+j X145 -

1 1
€ P1ik X145 + (1= T) Park X145 +£ (=1+T) €p1+§ P1:k Xi,j +£ (1-T) € pi, Xij = Pk Xk + P14k Xk —

2 2
€ P1+i Pk X141 Xk + € P X141 Xk = P1sk X1:k + P2+k X124k — € P14§ P1+k X145 X214k + € P1,k X145 X214k
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In[«]:=

Out[e]=

Out[«]=

lhs = J(]E [4 75 ps + 5 7m5 Py + 57t pe] $L/7@ (Xi,5[1] Xiwa,k [1] Xju1,k+1[11))
d{Pis Pjs Pks Xis Xjs Xks Pis1s Pje1s Pke1s Xisis Xje1s Xka1}
rhs = J(E [ir; ps + 475 p5 + A pr] $L /@ (X4, [1] Xi,iea [1] Xiva,542[11))

d{Pis Pjs Pks Xis Xj5 Xks Pis1s Pjs1s Pkels Xisls Xju1s Xke1}s
lhs ==rhs // HL

T32E 3 i T2 i (-1+T) T i T2 i (-1+T i T
- 5 + LT Py M =1 (=14T) Tpaj i +1T €P2ymti -1 (-1+T) posk 7t +1TE Pk 7Ty -

1 1
(-1+T) T € paui P2 n§+£ (-1+T) T’ e p3,; rr%—; (-1+T) T € paui Pauk 715 +

(=1+T) Tepas p2+k7T§+£ (=1+T) Teps, 75+ 1 Pauk Mk — 2 1 € Pauic 7 + T2 € Paui Pauk 7T Tk -

2 2
(=1 +T) TeP2:jP2ik 7Ti Tk = T € Py 7 Tk + T € Parg Pask 71§ 7 = T € Po.y 715 7Tk

True

Swt 3

in[-]:= lhs = le [i7; p;+L7myp;] $L/@ (Xiua,j.2[1] Ci[-1] C5[-1] Cy,2[1] C4,2[1])

out[«]=

Out[e]=

d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pje1s Xie2s Pis2s Xj:25 Pys2}
rhs = le [i7y ps + & 7m5p4] $L /@ (Xi41,542[1] C5[0] C4[0] C4,,[0] C5,2[0])

d{Xi> Xj5 Pis> Pj> Xi+1s Xj:+15 Pis1s Pj+1s Xis2s Pic2s Xj:25 Pjs2}s
lhs ==rhs // HL

€
VTE[-= +iTpsim+i (1-T+Te) pagm-— (-1+T) Tepsipa;ri+
2

N R

N

(71+T) Te p§+j 7T§ -1 (71+€) p3+j 7T5 +Te P3:i p3+j Tt 705 -Te p;j SIS

True

The pPush Lagrangian

In[«]:=

pPushLoc__ [&.]1 :=82px[px28[&] /. 8Rioc / {64 ,0 21, 65,50, 65,1 >0} /. a s a+l];
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iml-1= {pPushg ; 5[X; pi], PPush;[x;p;]}
Out[e]=
{1+ T°praiXi+ (1=T%) proj Xy, 1+ Prag X3}

1= Lppush [Xi 5 [5_11 := T2 CF@E [Plus|
Xi (Pi+1 = Pi) + X5 (Pjs1 - Pj) + (Ts = 1) Xi (Pi+1 = Pje1) »
pPush, ; ;[ (e5/2) x (xi (Pi-P;) ((T7-1) xip;j+2 (1-x;p;)) -1)]
1]
1
Lppush [Ci [@_ 1] t= T2 E [Xi (Pi+1 - Pi) + pPush; [6 @ (; - X Pi) H

$-£ = -['pPush 5

inf-1= $L[Xy,5[11]

$L[Ci[1]]
Out[«]=
€ 2
\/?]E[—; “PiXi +TPriXi+ (1-T) progxi+Te€E P1+in+£ (=1+T) TePp1.iP14j Xi -
1 5 ) 2
5 (=1+T) TePL§Xi—PjXj+P1jXj—€P1:j X5 =T EP1i P1oj Xi X5+ TEPL 5 Xi X5
out[e]=
€
\EE[—; - €P1+i X+ (=Pi+ P1si) X4
The Trefoil

in[-]:= K=Mirror@Knot[3, 1]; {vs[K], $L[K]}

Out[e]=

{pl) X1, P25 X2, P35 X3, Pas Xa, Pss X5, Pes X6 P75 X7})

1
T]E[—e—p1X1+Tp2x1+ (1-T)peXy +TepgXa+— (-1+T) TepapeXao—— (-1+T) Tepz x2 -
2

NP

1
P2 X2 +P3Xa-€P3Xa-P3Xz3+TpgXz+ (1-T) P8X3+T€P8X3+£ (-1+T) TepapsgX5 -

(-1 +T) Tepg X5 —PaXas+PsXq+EPsXs—PsXs + Pg X5 — € Pg X5 — T € Py P X1 X5 +

epex1Xs+ (1-T) p3xe+TepPsXs—PsXe+ TPy Xe+TEPSXaXg—TEP3P7 Xy X —

NI R AN R

1
(-1+T) Tep§x§+5 (-1+T) Tep3p7x§—p7x7+p8x7—ep8x7—Tep4p8x3x7+Tep§x3x7”

i1 $7 = Normal[# +0[e]®] &; J$L[K] d vs [K]
out[e]=
iTE [7 (-1+4T)2 (1+T:) € }
(1-T+7%)

1-T+T2
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-+

7
inf-]:= 1hs = JE[i 75 Pi] $L/@ (Xi42,1[1] Ciya[1]) A{Xi5 Pis Xis1s Pis1s Xis2s Pis2l}

rhs = jE [j'ﬂi pl] $-[' /e (cl [0] ci+1[0] ci+2 [0]) dl{xi.' Pis> Xii1s Pi+1s Xis2s Pi+2}5

lhs ==rhs //HL

Out[e]=
-1 E[1p3.i 7]
Out[e]=
True
-

Rir

inf-1:= 1hs = JE[i 7 pi] $L/@ (Xi,142[1] Ciua[-11) A{Xi5 Pis Xis1s Pis1s Xis2s Pis2}

rhs = jIE[J'l 7 p;] $L /@ (C5[0] C3,1[0] C4,2[0]) d{Xi, Pis> Xir1s Piris Xir2s Pis2}3

lhs ==rhs // HL
Out[e]=
~1E[1 p3qTy]

out[«]=
True

i

Territory: (X | p)ij> Xij-
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in[-1:= 1lhs

JE[i 7y Py + 2ty p3] $L/@ (Xi,5[2] Xiua,522[-11) A{Xis X455 Pis Pjs Xis1s Xje1s Pis1s Pjeal}

rhs =

jIE[J'l 73 pi + Lryp3] $L /@ (C3[0] Ci,1[0] C5[0] C5,2[0]1) A{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pjsals

lhs ==rhs // HL

Out[e]=
E[1 p2.i i + 1 Pasj 7T5]
out[«]=
True
F
J
y+
I ‘ r
. Yy,
S .
(3

in[-]:= 1hs = IE [L7; ps +37m5p3] $L/@ (Xio1,5[2] Xi,5.2[-2] C442[1])
d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pys1s Xj425 Pjs2}
rhs = ﬁE [47; py + 47y py] $£/@ (C1[@] Ci,1[0] C45[0] Cy,1[1] Cy.2[0])

d{Xi> Xj5 Pis> Pjs> Xis1s Xj+1s Pi+1s Py+1s Xg425 Pjs2}3
lhs == rhs // HL

out[«]=

. e . . .
-1 \EE[*E +1p2+i7ri+]lp3+j7rj*1€p3+jﬂj]

Out[e]=
True

top variables

middle variables

bottom variables
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inf-]:= $L /@ (Xi,5[1] Xisa,k [1] Xjuz,ke2[1])

Out[«]=

3e
T/ E *? -PpiXi+TpriXg+ (1-T) P1+in+T€P1+in+£ (-1+T) Te P1+iP1+jX§*
(-1+T) Tepd,yxi-priXees + TPai X + (1-T) ProXayg + T € Prog Xaui +

1
(-1+T) TePpaiPrkXas _E (-1+7T) Teps, X1, = P5§ Xj + P14j X§ — € P14§ X§ -

1

2

1

2

TepriiPjXiXy+Te Pij Xi X = P14j X149 + T P2eg X145 + (1= T) Pork X145 + T € Pouk X149 +

1 2 1 2 2

E (=1+T) TeEPajPak X145 - ; (=1+T) Te Pk Xij — P Xk + Prok Xk = € Prak Xk = T € P2oi Prok X144 Xk +
T

€ P2 X141 Xk — P1ok X1k + P2+k X1k — € Pask X1,k ~ T € P2+j P2ik X14§ X1:k + T € P35k X1.9 X1+k
pdf
in[-]:= lhs = j(lE [L7sps +d7m5p5+ 37 Pl $L/@ (Xi,5[1] Xiva,k [1] Xju1,k:2[11))
d{Pis> Pis> Pks Xis Xj5 Xks Pis1s Pjs1s Pke1s Xis1s X415 Xks1l}
rhs = J(]E [4 75 ps + 5 7m5 Py + 1 7me p] $L /7@ (X5, [1] X, k02 [1] Xisa,5+1[21]))

d{pi, pj) Pks Xis Xjs Xks Pi+1s pj+1: Pr+1s Xir1s Xj+1s Xk+1}5
lhs ==rhs // HL

Out[«]=
pdf
3/2 3¢ - .2 . .
T E|-—+1T P ti-1 (-1+T) Tpajgmi+1T €pPagmi—1 (-1+T) P 7ti+1TEPk7Ti-
2
1 3 2 3 2 o, 1 2 2
5 (-1+T) T €p2+ip2+j7Ti+£ (-1+T) T €p2+j7Ti*£ (=1+T) T° € P2vi P2k 75 +
1 2 > 2. .
E (-1+T)°TepagPok Mg +— (-1+T) Tepy (5 +1Tpogmy—1TeEPagmy-
1 (-1+T) p2+k7Tj+]'l (-1+2T) € P2.+k 7T +T3ep2+i P2:j 7T17Tj7T3€p§+j Ty Ty -
(-1+T) TP epaiPak it + (-1 +T)2TE€PagPak 7T 73 + (-1 +T) Te p3, s 7y -
1
> (-1+T) T6P2+jpz+kﬂ§+£ (=1+T) Teps, 715+ 1 Pa /M — 2 1 € Pau 7 + T2 € Paui Park 713 Tk -
(=1+T) Tepay p2+k7Ti7Tk_T€p§+k7Ti7Tk+T€p2+jp2+k7Tj7Tk_T€p§+k7Tj7Tk
Out[e]=
pdf

True

__\
Swt Y
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in[-]:= 1lhs = JE [i7; ps + 4715 p4] $£L/@ (Xiu1,5:2[21] Ci[-1] C5[-1] C4,5[1] C442[1])

Out[e]=

Out[e]=

d{Xis Xj5 Pis Pjs Xi+1s Xj+1s Pi+1s Pje1s Xie2s Pisc2s Xj:25 Pje2}
rhs = JE [i7; ps + 4715 p4] $L /@ (Xi41,5.2[1] C5[0] C4[0] C4,,[0] C4,2[0]1)

d{Xi> Xj5 Pis> Pjs Xis1s Xj+15 Pis1s Pj+1s Xis2s Pis2s Xj:25 Pjs2}s
lhs == rhs // HL

€ 1
WE[—?NpMni—ﬂ (-14T) P2y + A TEPag -~ (-1+T) Tepaspay i+

2 2 . . 2
(-1+T) Tep3, 715 +1P3.5775-1€P3.5715+TEP3.i P3sqg 7Ti 75 = T € P34 711 75

NP

True
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