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Pensieve header: The rank 2 mod $\epsilon”2$ invariant using integration techniques - further experi-
ments in 2026.

Initialization

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"1];
Once[<< "IType (SimplifiedFormatting) .m"];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.

Read more at http://katlas.org/wiki/KnotTheory.
Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

in[-]= T3=TyTp; 1 " :=14+1;
$r =
(cFeNormal[# +0[€]?] /. {mis »B i, Xic »B™ X, pis »Bpi;} /. €B~/;b<0-0/.
B->1) &;

pdf

In[]:

ps; :=Sequence[p; i, Pz,i, P3,il;

Xs; :=Sequence[Xy i, Xz,is X3,i];

vs; :=Sequence[ps;, Xs;];

Flis__]:=E[Sum[7m, ;py,i> {1, {is}}, {v, 3}11;
L[K_ ] :=CF[L /@Features[K][2]];

VS[K_] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSz

Out[«]=
Sequence [p1,7, P2,75 P3,75 X1,75 X2,75 X3,7]

The Lagrangian

tex

\needspace{30mm}
{\bf\red The Lagrangian.}

exec

nb2tex$PDFWidth = 1.25;
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pdf

nl1= L[Xi,j [S_1] := TglE[CF@plus[

2:1 (Xvi (Pvic = Pvi) + X5 (Pvje = Pvs) + (T5 - 1) Xyi (Pvis = Pvj) ) s
(T1-1) paj xai (T3 X2i - X25)
es (T3-1) p1j (P2i - P25) Xa:/ (T3 -1),
€s (1 /2 + T3 P1i P2j X1i X2i - P1i P25 X1i X257 = P3i X3i - (Ti = 1) P2;j P3i X2i X3 +
(T§ = 1) P25 P37 X2i X3i + 2 P2 P3i X2 X3i + P1i P3j X1i X35 = P2i P35 X2i X35 = T3 P25 P37 Xai X35 +
((T3-1) pojXai (T3° P2j Xai = T3 P2y Xaj = (T3 +1) (T5-1) paj Xa; + T3 3y X35) +
(T5-1) p3j Xai (1= T3 Pri Xai + Pai Xa5 + (T3 - 2) P2y X25)) / (T3-1)) ] ]

pdf

3
nre ZIC [0 11 :=TEE[ DT Xyt (Puis =Pvi) +€ ¢ (P3iXai-1/2) ]

exec

nb2tex$PDFWidth /= 1.25;

Reidemeister 3 - Fourier

tex

{\bf\red Reidemeister 3.}
pdf
o1~ Short[Lhs = Jf[i, 35 K1 £/@ (Xe,5[1] Xer,k [1] Xy [11) @ (VS5 VS5, VSy, VSi5 VS5, Vs ) ]

Out[~]//Short=
pdf

3e
T3 T;E[T +Tip1,20i,i- (-1+T1) Ty P1,2+j 7T1,i + <<150>>

pdf
in[-]:= rhs = jﬁ"[i, Js k1 £/@ (X4,k[1] Xi,k [1] Xi¢,4+ [1]) d{VSi, VS§, VS, VSi+, VS4+, VSi+}; lhs = rhs
Out[«]=

pdf
True

Reidemeister 3 - staggered integration
{\bf\red Reidemeister 3.}

In[+]:= Short[lhs = jL /@ (X3,5[1] Xi+,k [1] Xj+,10 [1]) A{XS35, XS5, XSk, VSic, VSje, VSkrs PSiees PSyres psw}]

Out[-]//Short=
E [ 3e }

2

LRSS
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in[-]:= rhs = JL /@ (X5, [1] Xi,i- [1] Xi+,5+ [1]) d{XS5, XS5, XSk, VSi+s VSjs VSis PSir+s PSyres PSie+ }3

1lhs == rhs
Out[«]=
True

The Trefoil

tex

\needspace{25mm}
\parpic[rl{\includegraphics[width=0.6in]{../Beijing-2407/Trefoil.jpg}}
{\bf\red The Trefoil.}
pdf
m[-]:= K=Knot[3, 17; JL[K] d vs [K]

pdf
KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
pdf

iT2T2E { € (1-Ty+Ti-To-T3 Tou T3+ T3-Ty T3-T§ T34TF T3-T3 T3+T1 T3) ]
1125~

(1-Ty+T3) (1-To+T3) (1-Ty T+T3 T3)

(1-Ty+T3) (1-To+T3) (1-TyTo + TET5)

Invariance Under Reidemeister 2b

Territory: (x | p)g) jy> Xij-

- 1hs = j,r[i, 31 £ /@ (Xi,511] Xis1,501 [-11) A{VSi, VS5, VSi, VS )

rhs = ~fﬂ“[i, jl £ /@ (C;[0] Ci,1[0] Cj[0] C5,1[0]) d{VSi, VSj, VSi+, VSj+};

1hs == rhs
Out[~]=
E[P1,241 71,1 + P1,2+5 711,75 + P2,2+i 12,1 + P2,2+5 7T2,5 + P3,2+1 713,1 + P3,2+5 73,5 ]

Out[e]=
True

https://drorbn.net/AcademicPensieve/Talks/Bonn-2505/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Bonn-2505: Rank2Experiments-260708.nb 2026-07-08 15:06:59

Invariance Under R2c

. '-’_|_
it )t
et
A AN
S .
1

in[-]:= 1hs = j?’[i, 31 £/@ (Xisa,5[1] Xi,542[-1] G442 [1]) d{VSi, VSj, VSi+, VS4+, VS4,2}

rhs = jf[i: jl £/@ (C;[0] Ci,1[0] Cj[0] C5.1[1] C4,2[@]) A {VSi, VS, VSi+, VSj*, VSj.2};
lhs == rhs

Out[«]=
€

-1Ti T E [; +P1,241 711, + P1,345 77,5 + P2,241 12,1 + P2,349 72,5 + P3,2+1 73,1 + P3,345 /13,5 + € P3,3.j 713,

Out[e]=
True

Invariance Under R1l

’i'H'

’

in[-]:= 1hs = jﬂ"[i] £ /@ (Xi.42,i[1] Ci,1[1]) d{VvSsi, VSi+, VSi,2}

rhs = jf[i] L/@(C;[0] C4,1[0] C3,,[0]) d{vsi, VSi+, VSis2};

1lhs == rhs
Out[e]=
~1E[P1,3+i 71,i + P2,3+i 72,1 + P3,341 /13,1 ]

Out[e]=
True

Invariance Under R1r

(

Rir
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in[-1:= 1hs = Jf[i] L/@ (Xi,i4+2[1] Ci,1[-1]) d{vsj, VSj+, VSi,2}

rhs = jﬂ"[i] L/@ (C;[0] Ci,1[0] Ci,,[0]) Ad{Vsi, VSi+, VSi,2};

1lhs == rhs
Out[«]=
—1 E[P1,3+d 71,1 + P2,3+1 72,1 + P3,3+1 /13,1

Out[e]=
True

Invariance Under Sw

L
Swt )
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in[-]:= 1lhs =

J-T[i: J1 £/@ (Xi41,5+2[11 Ci[-1] C5[-11 C4,2[1] C4,2[1]) d{VSs, VS4, VS, VS4+, VSi,2, VS5.2}

rhs = jf[ix j1 £/@ (Xi.1,5.1[1] C31[0] C5[@] C4,2[0] C4,2[@]) A{VSi, VSj, VSi+, VSj+s VSji.a, VSj,al}s

1lhs == rhs
Out[e]=
T, T, IE[

€
E +T1P1,304 711,41 + (L =T1) P1,3:9 71,1 + P1,345 77,5 + T2 P2,3+1 72,1 — € Ta P2,34i 72,1 + (1= T2) P2,3.4 72,1 +

€ (=1+Ty1) Ty P1,3.5 P2,3+9 71,1 T2,
€ T1 Ty p1,3.1 P2,345 71,1 72,i + 1.1 + (=1 +Ty) Ty P3,3.9 71,1 72,i +
“14T,

€ (=1+T1) P1,3+5 P2,3+j /11,1 12,5
P2,3.5 72,5 + € P2,3+5 72,5 — € T1 P1,3+1 P2,3+§ 71,1 72,5 — 1.7 +
“1+T,

€Ty (-1 +T1T2) P1,3+5P2,3+1 73,1 € T2 (=1 +T1T2) P13 P2,345 73,1
(1-T1) P3,349 71,1 7T2,5 + - +
—1+T2 —1+T2

€Ty (-1+T1T3) P3,3.5 713,
T1 T2 p3,3.1 73,1 + € T1 Ta P3,3.1 73,1 + (1 =Ty T2) P3,3.9 73,1 - 1.1 -
.

€T1To (-1 +T1T3) P1,3.1 P3,3:9 71,1 73,5 € (=1+T1) To (-1 +T1T3) P1,3.9 P3,3+5 71,1 /13,1
4 _

*1+T2 *1+T2

€Ty (-1+T2) T2P2,3+9P3,3+1 72,1 73,1 + € T2 (=1 +T1T2) P2,3.9 P3,3.5 12,1 /13,1 +
€Ty (-1+T1T2) P2,3:1 P3,345 12,5 /13,1
2e€ Ty Ty P2,3.5 P3,341 /12,5 73,1 + -
-1 +T2

€ (-1+2T3) (-1+T1T2) P2,3.9 P3,3+9 72,5 /13,1

+P3,3.9 73,5 + € T1 P1,3.1 P3,3+5 7T1,i /13,5 +
-1 +T2

€ (=1+T1) P1,3+5 P3,3+j /11,1 /13,5

—1+T2

- €T3 P2,3:1 P3,345 72,1 713, — € P2,3+j P3,3+j 12,1 /13,5

Out[e]=
True

https://drorbn.net/AcademicPensieve/Talks/Bonn-2505/#MathematicaNotebooks



