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Pensieve header: Proof of invariance of $\rho_2$ using integration techniques; continues pen-
sieve://Talks/Groningen-240530.

Initialization

in[-]1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Beijing-2407"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Beijing-2407 to compute rotation numbers.

Initialization

in[-]:= CCF[& ] ExpandDenominator @ExpandNumerator@Together[£];
CCF[& ] Factor[&];
CF[w . & E] := CF[w] CF /@ &;
CF[& List] :=CF /@ &;
CF[&. ] := Module[{vs = Cases[&, (x|p|n) , @] U{X, P, €}, ps, ¢},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;

The Basic Feynman Ring

nl-]:= S={X, X , ¥, Z};
A,y [f_ 1 :=(8x,,f) /. Thread[S - 0];
6y ,y =XVY;
f =0:=f===0;
EVys 1istse[f_] ¢= CF[f /. Thread[vs -» 0] ]
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The eSeries Feynman Ring

In[-]:= 8 = {X, Ys 2, 6, X 5, P 5 X, P };
qx ,y [ser_eSeries] := (0x,yser[1]) /. Thread[S -» 0];
ex_,y_ =Xy
eSeries /: D[ser_eSeries, vs___] :=D[#, vs] & /@ser;
eSeries /: Plus[ss___eSeries] /; Length[{ss}] > 1 := Module[{1l = Min[Length /@ {ss}]1},
eSeries @@ Total[Take[Listee #, 1] & /@ {ss}]]
eSeries /: t_ +ser_eSeries := MapAt[ (# +t) &, ser, 1];
eSeries /: s1_cSeries x s2_eSeries := eSeries @@ Table[
Sum[si[ii +1] s2kk - ii + 1], {ii, @, kk}], {kk, @, Min[Lengthe@s1, Length@s2] -1}];
eSeries /: c_ * ser_eSeries := (c #) & /@ser;
ser_cSeries = @ := Andee ((# ===0) & /@ser);
eSeries /: Integrate[ser eSeries, pars_ ] := eSeries @@ (Integrate[#, pars] & /@ser);
eSeries /: EVys ;isto[Ser_eSeries] := ser /. Thread[vs - 0] ;
CF[ser_eSeries] := CF /@ser;

Integration

Using Picard Iteration!

1= E/:E[A_]E[B ] :=E[A+B]

m[-1:= E[sd_SeriesData] /; (Listeesd)[{1, 2, 4, 6}] === {e, 0, O, 1} :=
E [eSeries @@ PadRight [sd[3], sd[5], 0]]

Following a program in Projects/FullDoPeGDO/Engine.nb, we write Z, = ¥ Z[m] A™.
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in[-]:=  Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_]d(vs_List) := Module[{n, Q, A, G, a, b, my m1, $m}, Clear[Z];

n = Lengthevs;

Q Table[quﬂa]],vs[[b]] [L]: {aJ n}) {b: n]’];

If[ (A = CFeDet[-0Q]) == @, Message[Integrate::sing]; Return[]];
G = CF[-Inverse[Q] / 2];

Z[] =Z[@] = CF[L -Sum[Q[a, b]] evs|[a]],vs|[b]]: {a, n}, {bJ n}yl/2];
Z[m_, a_] :=2Z[m, a] = CFe@D[Z[m], vs[al]l;

Z[m ,a ,b 1 /;a<b:=Z[m, a, b] =CFeD[Z[m, a], vs[bT];
Z[m_,a ,b 1 /;a>b:=2Z[m, b, al;

For[$m =m=0, m=s< 2%m, ++m,
Z[m+1] = CF@Sum[Sum[If[G[[a, b] ===, 0,
G[a, b]

(Z[m, a, b] + Sum[Z[ml, a] Z[m-m1, b], {ml, O, m}])],
m+1

{a, n}], b, n}];
If[! (Z[m+1] =@), $m=m+1; Z[] += Z[m+1]];

s

PowerExpande@Factor [~ A™2] E[CF[EV,s,o[Z[1]1]1]

s

Protect [Integrate];

Inl-]:= jm[- ux?/2+1&x] d{x)

Out[e]=
&
=[]
N
1 ab
Inf-]:= L= == {Xg, Xz}-(b )-{Xn X2} + {€1, €2} .{X1, X2};
2 c
Z12 = JIE[L] d{X1, X2}
Out[~]=

E [ c&l-2b&; &ra sl ]
2 (7b2+a c)

v-b%+ac

Inf- i {21 - J-]E[L] d{x.}, 212 == jZldl{xz}}

Out[e]=

(—b2+ac> x3 ﬁ n Xy (-bé&1ta &) }
2a 2a a

{ Va

E[-
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Integration of eSeries

Inf-]:= jE[-x2/2+ex3/6+0[e]13] d{x}

Out[«]=
5 5 1105
E{eSer‘ies[O, 0, —,0, —,0, —,
24 16 1152

The p, Integrand

565

N |
128

)

82825

19675

3072

Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

In[«]:= 8 = {X_, p_};

als_s 15 J_1 3= X (Pisr = Pi) + X5 (Pjea=P5) + (T° - 1) Xi (Pisa-Pjua) s

3

96

/

s
rafs_, i, j_] ==; (i (Pi-py) ((T°-1) xips+2 (1-p;x;)) -1);

ra[1, i_: ..7_] ‘=

(-6piXi +6p;X; -3 (-1+3T) p;p; X2 +3 (-1+3T) p2x2+4 (-1+T) pZp;x} -
2(-1+T) (5+T) p;p3x3+2 (-1+T) (3+T) p3x3 +18p; p; X; X; - 18 p% x; X; -

2024-06-02 05:45:21

Gp%pjxﬁxjws (2+T) pipﬁx%xj—6(1+T) pzx%xj—6p1p§x1x§+6p§xix§.)/12;

ra[-1,1i_, J_1 :=

(-6T*pix; +6T2p;X; +3 (=3+T) Tpip;x;-3(-3+T)Tpixl-4(-1+T) Tp2p;x}+

2(-1+T) (1+5T) p;pix;-2(-1+T) (1+3T) p3x3+18T p;p; x; X; -
18 T2 p2x; X; -6 T2pip; X2 x;+6T (1+2T) p; p2 X5 X; -

6T (1+T) pixix;-6T p; pix; x5 +6 T2 pix; x3) / (127T%);

Yilo s R.1 =90 (1/2-X:pr) ;5
200 5 R_1 = -0? ppxp / 2;

L[Xi 5 [s_11 :=T'2E[q[s, i, j1+eri[s, i, j] +€*ry[s, i, j]1 +0[e]*];
LIC [2.1] := T2 E[-X, (Pr - Pra1) +€¥1[2, k] + €2 ¥2[0, k] +0[€]?];

LK ] := (27) FeatureslI ¢y £ /@ Features [K][2]];

VS[K ] := Unionee Table[{pi, Xi}, {i, Features[K][1]}]

pdf
nf-1- €2ra[l, i, 1

Out[e]=
pdf

1

2(-1+T) (5+T) pspix3+2 (-1+T) (3+T) p]x; + 18 p; pj X X3 - 18 pJ X3 Xy -

6p§pjx§xj+6 (2+T) pipﬁxixj—6 (1+T) p?xixj—6pip§xix§+6p§xix§)
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pdf
Inf-]- €2 ry[-1, i, j]

Out[«]=
pdf
1 2 2 2 2 2,2 2 3
26 (—6T pi Xi +6T pjXx;+3 (—3+T)Tpipjxi—B(—3+T)ijxi—4(—1+T)Tpipjxi+
12T
2.3 3.3 2 2 .2
2 (-1+T) (1+5T) pipjxi—Z(—1+T) (1+3T) pjxi+18T pipjxixj—18T Pj Xi Xj -
6T2pipsXixy+6T (1+2T) pspXsxy-6T (1+T) p3x§ x5- 6T p; pixs x5 +67T%p3 x; x5
pdf
- €2 ya[e, il
Out[«]=
pdf
1

-—etelpixs
2

in[-]:= Features[Knot[3, 1]]

KnotTheory: Loading precomputed data in PD4Knots'.

out[e]=
Features[7, C4[-1] X3,6[-1] X5,1[-1] X7,3[-1]]
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1= L[Knot[3, 1]]

Out[«]=
1
128 7/ T2
. P3Xa (-1+T) psX; (=1+T) p2Xs
]E[eSer‘leS[—plxl+p2X1—p2X2+ + —P3X3+PaX3—PgXg+PsXy+—""""T -
T T T
Pe Xs (-1+T) paxy Ps X7 (-1+T) paPs X3
PsXs+ ——— ~PeXe +P7Xe + ————————— ~PrXg+ ———, 1-PaXg+PeXgt ———————— -
T T 2T
(-1+T) pZx3 X (-1+T) p2x2  (-1+T) pypsx?
—_ tPaXg+P1Xs - PsXs - Py Xy Xs + Py Ps Xg X5 - + +
2T 2T 2T
R R (-1+T) p3x3  (-1+T) p3p7 X3
P2 Pe X2 Xe — Pg X2 X + P3 X7 = P7 X7 = P3 X3 X7 + P3 P7 X3 X7 = +
2T 2T
1 PeXa (-3+T)paPeX3 (-3+T)psx3 (-1+T)pjpsx;
*7p2X2+ + - - +
2 2 aT aT 3T
(-1+T) (1+5T) papex; (-1+T) (1+3T)pgx3 paXs P1Xs PsXs 3
- - + - —*p1X1X5+
6 T? 6T? 2 2 2
3 1., 1, (-3+T)p2x2  (-3+T)pipsx2 (1+T)p3xyx2
— P1Ps X1 X5 + — P71 X1 X5 = — Py Ps5 Xg X5 — + - +
2 2 4T 4T 2T
(1+2T) p2psxgx2 1 s, (F14T) (1+3T)pixa  (-1+T) (1+5T) pjpsxz
= — P1Ps X1 X5 — + -
2T 2 6T 6T
(-1+T) p1pixi 3 , ., (1+2T) py p2 X3 xe
—Jr*prGXZ)(fops)(ZXG**pszXzXGJr -
3T 2 2 2T
(1+T)pixixe 1 , o, 1 . p3xs prxg 3, 3 s
—**pzpe;Xsz**PstXs*i* **P3X3X7+*P3P7X3X7+*P3X3X7*
2T 2 2 2 2 2 2 2
1, (=3+T)p3x5  (=3+T)papsx5  (1+T)p3xaxs (1+2T) pipsxsXj
— P3 P7 X3 X7 - + - + -
2 4T 4T 2T 2T
1 , 5, (F14T) (1+3T)p3x3  (-1+T) (1+5T)pip;x5  (-1+T) psp?x;
— P3P7 X3 X7 - + - ]]
2 6T 6T 3T
in[-]:= vs[Knot[3, 1]]
Out[«]=

{P1s P25 P35> Pas Pss Pes P75 X1, X2, X3, Xa, X5, Xg, X7}

1= K = Knot[3, 1]; JL[K] d (vseK)

out[e]=

(-1+T)2 (14T7) T2 (1-4T24T4) } }

vefeserien]
1 esSeries |0, (1-1+12)2 2 (1-T+12)*

12877 (1-T+T?)
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Invariance Under Reidemeister 3

inf-]:= 1hs = j(lE [7ts Pi + 75 P5 + 7 Pkl £ /@ (Xi,5[21] Xiua, 1k [1] Xj41,k42 [1]))
d{Pis> Pjs> Pks Pi+1s Pjs1s Pks1s Xis Xjs Xks Xis1s Xj:15 Xks1l}
rhs = j(]E [7t; pi + 775 P5 + 7k Pk] £ /7@ (X5, [1] Xi,k+2[2] Xisa,5.2[11))

d{Pis> Pis> Pks Pi+1s Pje1s Pks1s Xis Xj5 Xks Xis1s X415 Xks1l}3
lhs == rhs
Out[e]=

E [656?165 [Tz P2:i7i = (=1 +T) Tpog7mi+ (1 =T) poyk i + T Paey 75 + (1= T) Pk 74 + Pask Tk

3 5 1 3 , 1 3.2 2
—£+T P2+j7Ti+TP2+k7Ti+£ (-1+T) T P2+iP2+j7Ti—£ (=1+T) T7p3,5 75 +

1 2 , 1 2 , 1 2 2

E (-1+T) T P2+1P2+kﬂi*£ (=1+T)°Tpay p2+k7Ti’£ (=1+T) Tpay7ti—Tpajmy+
(-1+42T) pak 71y~ T2 Pavi Paeg 71y 715 + T° Pij 77y + (=1 +T) T2 Pari Pask 7T 74 -

1 1
(*1+T)2Tp2+j p2+k7Ti7Tj7 (*1+T) Tp§+k7TiJTj+£ (71+T) Tp2+j p2+k7T§*£ (*1+T) Tp§+k7T§,

2 2 2
2P0k Tk = T Posi Posk 7 Tk + (=1 +T) TPog Pork 7 7Tk + T Poy 7 Tk = T Pavj Pask 715 Tk + T P,k 755 ks

1, 1 1., » 1, 2 2
_ET P2+j7Ti—£TP2+k7Ti—:1T (-1+3T) p2+iP2+j7Ti+ZT (=3+5T) p3,5 75 -

1, , 1 2
ZT (-1+3T) F’2+iPZ+k7Ti+:1 (=1+T) T (-1+5T) pa.j P2k 71§ +

3
i-

1
T (-3+5T) pai-— (-1+T) T°p3.; pauj n§+g (-1+T) T* (-1+4T) pp,s P34 70

[N

5
(-1+T) T* (-1+3T) p3. i -— (-1+T) T4p§+ip2+kni+g(—1+T>2T3p2+ip2+jp2+knif

[

1
(-1+T)2T? (~144T) p5ypacri+— (~1+T) T2 (=1+4T) pos Pl 71} -

1

(-1+T)°T (-1+4T) pajPo i -— (-1+T) T (-1+3T7) p§+k/‘r§+£Tp2+j 5+

kR
(o))

5 1
(1-4T) paok 7ty + 5 T2 Paui P2 i 714 *£T3 Pij T3 Ty - 5 T? (-3 +5T) Paei Pak 7T 7§ +

1 1
(-1+T) T (-3+7T) payy p2+k7TiTrj+£T (-5+7T) p§+k7riﬂj+£T5 P31 Pa.j I3 74 —

(-1+T) T* P35 Pauk 73 714 +

N R

1
T (-1+4T) ppi P nﬁnj+£T4 (-1+37T) p3.ymimy-

(-1+T) T> (-5+4T) paui Paeg P2k T3 71y — — (-1 +T) T2 (1-5T+3T?) p3 5 ppuy 7ty +

N R

(-1+T) T (-1+4T) pri Py 7y -— (~1+T)2T (~1+4T) parj P 73 715 -

NIRPRNIRPNIRPNIRPNIRPRNIRPOOIRPOAOIRPOATIR, DR
N

1 1
(-1+T) T (-1+3T) p;knﬁnj-ZT (-5+7T) p2+jp2+k7r§+ZT (=7+9T) p3, 75+
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1
T* Pa.i P3.5 71 715 - B THp3. g -2 (=14 T) T2 pous Paug Pauk 713 715 +

1
(-1+T) T? (-1+4T) p3; p2+knin§+£ (=1+T) T2 (-1 +3T) paui Pooy 71 715 -

(-1+T) T (1-5T+3T?) poypd,y 71 715 -

2 (-1+T) T (-1+3T) p3,, 713 715 -

J

A RNIRNIRNIR
NP

1
(-1+T) T?p3 5 p2+kn§+g (<14T) T (-1+4T) paj P 7T -

2 (-1+T) T (-1+3T) p3, 71 +

J

[ =

5 1
2p2+k7Tk+£T2 P2.i p2+k7Ti7Tk—£T (=5+7T) paj p2+k7Ti7Tk—£Tp§+k7Ti7Tk+

1 1
ET“pii Pok 7T 7k =2 (=1 +T) T pai Paey P2+kﬁiﬂk+£ (-1+T) T2 (-1+3T) p3,4 Pauk 7T 7Tk -

E 2 W2 2 } a2 2 } 3 2
2T (-1+4T) p2+1p2+kﬁiﬂk+2 (-1+T) T (-1+4T) P2.j p2+k7Ti7Tk+2T(—1+3T) P2,k 7T Tk +

7
E T P2, P2+k 71§ 7k — E T P37 7k + 3 T2 Pai Parg Park i 71§ T~ T2 (=1 +37T) p%q P2k TTi 71§ Tk =

T2 (-1+37T) paus Poa a7 M+ T (1=5T+37T2) paoyypo,y 7ty 715 e+ T (=1 +3T) p3y 7ty 715 7 +

1 1 1 1
£T2p§+j pMnﬁrrk—;T (-1+4T) paj Pikﬂ%ﬁsz (-1+3T) p;kn%nw;szmpiknmﬁ—
1 2 2 15 2 2 2 15 2
= (=1+T) TP2aij Pouk 7T T = = T P24 7 T+ = T P24 Pooi 755 M = = T PaLi 75 7TkH
2 2 2 2
Out[]=
True

Invariance Under Reidemeister 2b

ot M

Territory: (x | p)gjy» Xi|j-

R2b

Y
in[-]:= lhs = J-]E[ﬂi Pi+75P5] £/@ (Xi,5[1] Xiv1,5:1[-11) d{Xi5 Xj5 Pis> Pjs> Xis1s Xj+1s Pis1s Pj+1}

rhs = J.]E[”i pi +75p5] £/@ (Ci[0] C3,1[0] C5[0] C4.1[0]) A {Xis Xj5 Pis Pjs Xisis Xji1s Pisis Pjs1l}s

1lhs == rhs

Oout[-]=
E[eSeries[py.i /i + Pa.j 75, 0, 0]]

Oout[-]=
True

Invariance Under R2c
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In[«]:=

out[e]=

out[e]=

In[«]:=

Out[e]=

Out[e]=

. .—+_'_
it )t
| \\j
ot o
£, yY,
S .
7

1lhs = IE [7t; pi + 775 P51 £/@ (Xiu1,5[2] Xi,5.2[-1] C5,2[1])
d{Xis Xj5 Pis> Pjs Xis1s Xjs15 Pis1s Pjs1s Xj:25 Pje2}
rhs = jE[ﬂi Pi+75p5] £L/@ (Ci[0] C3,1[0] C5[0] C4.1[1] Cy,2[0])

d{Xi> X5 Pis Pjs Xi+1s Xj+15 Pis1s Pje1s Xji25 Pjs2}3
lhs == rhs

. _ 1 1
-1 T E[eSeries | py.s i + Ps.g 715, S P D Pay ] |
True

Invariance Under R1l

i—i—k

7 1

lhs = jE[ﬂi Pil £/@ (Xi,2,i[1] C3,1[1]) A{Xis Pis Xis1s Pis1s Xi+2s Pis2}

rhs = JE[ﬂi pPil £/@ (C;[0] C;,1[0] Ci,2[0]1) d{Xis Pis Xis1s Pists Xis2s Pis2}s

lhs == rhs
-1 E[eSeries[ps3.i i, 0, 0]]

True

Invariance Under R1r
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Rlr

in[-1:= lhs = fE[”i Pil £/@ (Xi,i42[1] Ci.a[-1]) A{Xis Pis Xis1s Pi+1s Xis2s Pis2}

rhs = JE[ﬂi Pil £/@ (C3[0] C;,1[0] Ci,2[0]1) d{Xis Pis Xis1s Pis1s Xis2s Pis2}s

1lhs == rhs

Out[«]=
-1 E[eSeries[ps3.i i, 0, 0]]

Out[«]=
True

Invariance Under Sw

__\
Swt N
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in[-]:= 1hs = jE[ﬂi Pi+75Pj] £/@ (Xiy1,4.21[1] Ci[-1] C5[-1] C4,2[1] C4,2[1])
A{Xis X5 Pis Pjs Xis1s Xju1s Pis1s Pje1s Xiv2s Pis2s Xj+2s Pje2}
rhs = jE[ﬂi Pi + 7 P51 £ /@ (Xi,1,5.2[1] C5[0] C5[0] C4,,[0] C4,2[0])

dl{xi: xj: Pi» pj: Xi+1s xj+1: Pi+1s pj+1: Xi+25 Pi+2s Xj+2: pj+2}3

lhs == rhs
Out[«]=
1
T ]E[eSer‘ies[T P3:i 7T + (1= T) P3.q 7ty + P34 7Ty —— + T P34 7Ty +
2

1 2 1 2 2 2

5 (=1+T) Tps.iP3j Fi*E (=1+T) Tp3,5715 - P3+5 7 — T P3vi P34j 7Ti 71§ + T P34 74 74,

1 1 2 1 2 2 1 2 .2 3
= TPp3yg i - = T (-1+3T) p3,iP3.j7Ti+— T (=3+5T) p3.5715 - — (-1+T) T7p3,; P3.j715 +
2 4 4 6

1 2 3 1 3 3 1

g (-1+T) T (-1+4T) p3.i p3+jﬂi—g (-1+T) T (-1+3T) p3+j7ri+£ P3.j 7T +

3 2 2 .2 2 1 2 2

— T P33 P37 715 - — TP3, 37 75 + — T2 P33 P34 M 75 — — T (=1 +4T) p3.g P34 715 75 +

2 2 2 2

1 3 2 2 2 3 2

ST (-143T) p3+jﬂiﬂj+fTp3+ip3+jﬂiﬂj—fTp3+jﬂiﬁjH

2 2 2

out[e]=
True
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