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Pensieve header: Verifying the PBW coherence, following https://chatgpt.com/c/6a0dc8f8-
dd54-83ea-9134-36a5dbdbd6d6.

mi-1= SR={ (+ Straightening Rules «)

wll s Xc ,d s Xa_,b s r__1/5a< b<c<d-w[l, Xa,bs Xc,ds rl,

. . -1
W[L 5 xa_,c_: Xa_,b_: l"___] /J a<b< c»q W[L.' Xa,bs Xa,c» ri,

WL __s Xp e 5 Xa s F___1/5a<b<ce>q WL, Xa,e5 Xo,e5 ']

wiL_ __, Xp ,c 5 Xa_,b s r___1/5a<b<coqw[L, Xa,bs Xp,cs I'] -qw[L, Xg,cs ']
W[L___J Xa_,d_: xb_,c_: r___] /5 a<b<c< d"’w[l-: Xb,c: Xa,d) r]:

WEL 3 Xp ,da5Xq ,csP___1/5a<b<c<d»

W[L: xa,c: xb,d: l"] - (q _q_l) W[L: xb,c: xa,d: l"]

};
in[-1:=  Straighten[& ] := FixedPoint [Expand[# /. SR] &, &, 10]

in[-]:= Straighten[w[Xi,2, X2,3]]
out[e]=
W[X1,2, X2,3]

in[-]:= Straighten [w[Xy 3, X1,2]]

Out[e]=
W[X1,2, X1,3]

q

in[-]:= Straighten [W[Xy 4, X1,3, X1,2]]

Out[«]=
W[X1,2, X1,35 X1,4]

q

3

in[-]:= Straighten[W[X;,4, X1,35 X1,2]]

Out[e]=
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- +W[Xq1,2, X1,3, X2,4] + - QW([Xz1,2, X2,3, X1,4]
q q

mm[-]:=  AllSingleSteps[& ] := Union@Expand@Flatten|[
Map [
p — MapAt [
« — Replace[{} » {«}] @ReplaceList[SR]@w,
{s},p
] k)
Position[{&}, W, «]
1
15
AllSingleSteps[£ List] :=Union@Flatten[AllSingleSteps /@ /]
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in[-]:= AllSingleSteps [W[X1,4, X1,35 X1,2]]

Out[«]=

{W[X1,3: X1,4> X1,2]  W[X1,4, X1,2, X1,3] }

)

q q

in[-]:= Al1lSingleStepse@

3

{W [X1,35 X1,45 X1,2]
q q

W[X1 4, X1,25 X1,3] }

Out[«]=

{W[X1,2; X1,4> X1,3]  W[X1,3, X1,2, X1,4] }

)
q° q°

. W[X1,25 X1,45 X1,3] W[X1,3, X1,25 X1,4]
Inf-]:= A11$1ng1esteps@{ s - }
q

2
q
Out[e]=

{W[Xl,z: X1,35 X1,4] }

q3

in[-]:= Straightenings[& ] := FixedPoint[ (Echo[Test /@ #]; Al1SingleSteps[#]) &, &, 50]

in[-]:= Straightenings [W[Xy,3, X1,2]]
Out[«]=

{W[Xl,z(; X1,3] }

in[-]:= Straightenings [W[Xy,4, X1,3, X1,2]]

Out[«]=

{W[X1,2; X1,35 X1,4] }
3
q

in[-]:= Straighten@w[Xx;,4, X1,3, X1,2]

Out[e]=
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- +W[Xq1,2, X1,35 X2,4] + - QW([X1,2, X2,3, X1,4]
q q

in[-]:= Straightenings [W[X;,4, X1,3, X1,2]]

w[e, 0, 0]
{1, 1}
{1, 1,1, 1}

{1,1,1,1,1,1,1,1, 1}
{,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1}
{,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1}

{(,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1}

Out[e]=
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
{—7 +W[X1,2, X1,35 X2,4] + - qQWI[X1,2, X2,35 X1,4],
q q
W[X1,2, X2,3, X1,4]
~W([X1,4, X1,3] +W[X1,2, X1,3, X2,4] + —qW[X1,2, X2,3, X1,4],
q
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W[X1,3, X1,4]
- +W[Xq,2, X2,4, X1,3],

2026-05-25 06:36:42

q
W([X1,3, X1,4]  W[X1,2, X2,3, X1,4]
- + ~QgQW[X1,25, X2,3, X1,4] + QW[X1,3, X1,2, X2,4],
q q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- +qW[Xy,3, X1,4] + —QqQWI[X1,2, X2,35 X1,4] +W[X1,3, X2,45 X1,2]>
q q
W[X1,35 X1,4] W[X1,25 X2,3, X1,4]
- - qW[Xy,3, X1,4] +W[X1,2, X1,3, X2,4] + - W([Xz2,3, X1,25 X1,4],
q q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- - qW[Xy,3, X1,4] + +QW[X1,3, X1,25 X2,4] —~W[X2,3, X1,25 X1,4]>
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- + +W[X1,3, X2,4, X1,2] ~W[X2,3, X1,25 X1,4],
q q
W([Xz,3, X1,25 X1,4]
W[X1,2, X1,35 X2,4] —qW[X1,2, X2,3, X1,4] + " B
q
W[X2,3, X1,25 X1,4]
—qQWI[X1,2, X2,3, X1,4] + QW [X1,3, X1,2, X2,4] + N s
q
W[X2,3, X1,25 X1,4]
QW([X1,3, X1,4] —QW[X1,2, X2,3, X1,4] +W[Xq1,3, X2,4, X1,2] + " B
q
W[X2,3, X1,2, X1,4]
—qW[Xy,3, X1,4] +W[X1,2, X1,35 X2,4] —~W[X2,3, X1,2, X1,4] + N P
q
W[X2,3, X1,25 X1,4]
—qW[Xy,3, X1,4] + GW[X1,3, X1,2, X2,4] —~W[X2,3, X1,2, X1,4] + N s
q
W[X2,3, X1,45 X1,2]
W[X1,2, X1,3, X2,4] ~QW[X1,2, X2,3, X1,4] + s
q
W[X2,3, X1,45 X1,2]
—qW[Xy,2, X2,3, X1,4] + QW [X1,3, X1,2, X2,4] + s
q
W[X2,3, X1,45 X1,2]
QW([X1,3, X1,4] ~QW[X1,2, X2,3, X1,4] +W[X1,3, X2,4, X1,2] + s
q
W[X2,3, X1,45 X1,2]
—qW[X1,3, X1,4] +W[X1,2, X1,35 X2,4] —~W[X2,3, X1,2, X1,4] + P
q
W[X2,3, X1,4, X1,2]
—qW[X1,3, X1,4] +GW[X1,3, X1,2, X2,4] —~W[X2,3, X1,2, X1,4] + s
q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- -~ qW[Xy,3, X1,4] +W[X1,2, X1,3, X2,4] + —QqQW[X2,3, X1,45 X1,2],
q q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- - qW[Xy,3, X1,4] + +QW[X1,3, X1,25 X2,4] —~qW[X2,3, X1,4, X1,2],
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- + +W([X1,3, X2,45 X1,2] —~qQW[X2,3, X1,45 X1,2]>
q q

W[X2,3, X1,25 X1,4]

q2

—qW[Xy,3, X1,4] +W[X1,2, X1,3, X2,4] + - QqQWI[Xz2,3, X1,45 X1,2],
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W[X32,3, X1,25 X1,4]

—qW[Xy,3, X1,4] + qQW[X1,3, X1,2, X2,4] + N -~ QqQWI[X2,3, X1,45 X1,2],
q
W[X2,3, X1,45 X1,2]
—qW[X1,3, X1,4] +W[X1,2, X1,3, X2,4] + - QqQWI[X2,3, X1,45 X1,2],
q
W[X2,3, X1,45 X1,2]
—qW[Xy,3, X1,4] + QW[X1,3, X1,2, X2,4] + -~ qQW[X32,3, X1,45 X1,2]}
q

in[-]:= AllSingleSteps [W[X;,4, X1,3]]
Out[«]=
W[X2,3, X1,4]

- qW[X2,3, X1,4] }
q

{W[Xl,B) X2,4] +

W[X32,3, X1,4]

a -qWw[Xy,3, X1,4]}]

Inf]:= Allsinglesteps[{w[x1,3, X2,4] +

Out[«]=
W[X32,3, X1,4]

- gqQW[Xz,3, X1,4] }
q

{W[X1,3) X2,4] +

in[-]:= AllSingleSteps [W[Xz,4, X1,35 X1,2]]

Out[e]=

W([X2,3, X1,45 X1,2] W[X2,4, X1,2, X1,3]
{W[X1,3) X2,45 X1,2] + ~qQW[X2,3, X1,45 X1,2], }
q q

in[-1-= AllSingleSteps /@

W[Xz 3, X1,45 X1,2] W[X2 4, X1,25 X1,3]
{W[X1,3: X2,45 X1,2] + -qW[X3,3, X1,45 X1,2]) }
q q
Out[«]=
W[X2,3, X1,45 X1,2]
{{W[XI,S: X2,45 X1,2] ~W[X2,3, X1,2, X1,4] + s
q

W[X2,3, X1,25 X1,4]

W[X1,3, X2,45 X1,2] + N —QqQWI[X2,3, X1,45 X1,2]5
q
W[X2,3, X1,45 X1,2]
—qW[X1,3, X1,4] + qQW[X1,3, X1,2, X2,4] + - qW[X3,3, X1,4, X1,z]}:
q

{-W[X1,45 X1,3] +W[X1,2, X2,45 X1,3] }}

in[-]:= Straightenings [W[Xz,4, X1,3, X1,2]]

Out[«]=
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
{—7 +W([X1,2, X1,3, X2,4] + —QqQWI[X1,25 X2,35 X1,4],
q q
W[X1,2, X2,35 X1,4]
~W[X1,4, X1,3] +W[X1,2, X1,3, X2,4] + —QqQW[X1,2, X2,35 X1,4],
q

W[X1,3, X1,4]
- +W[Xq,2, X2,45 X1,3],

q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- + —QqQWI[X1,2, X2,35 X1,4] + qW[X1,3, X1,25, X2,4],
q q
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W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- +QqQW[Xq,3, X1,4] + —QWI[X1,2, X2,35 X1,4] +W[X1,3, X2,45 X1,2]>
q q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- - qW[X1,3, X1,4] +W[X1,2, X1,3, X2,4] + - W[X3,3, X1,2, X1,4],
q q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- - qW[Xy,3, X1,4] + +QW[X1,3, X1,25 X2,4] —W[X2,3, X1,25 X1,4]>
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- + +W[X1,3, X2,45 X1,2] ~W[X2,3, X1,25 X1,4],
q q
W[X2,3, X1,2, X1,4]
W[X1,2, X1,3, X2,4] —qQW[X1,2, X2,3, X1,4] + 2 s
q
W[X2,3, X1,25 X1,4]
—qW[X1,2, X2,3, X1,4] + QW [X1,3, X1,2, X2,4] + ) ’
q
W[X2,3, X1,25 X1,4]
QW([X1,3, X1,4] —QW[X1,2, X2,3, X1,4] +W[X1,3, X2,4, X1,2] + " B
q
W[X2,3, X1,25 X1,4]
—qW[Xy,3, X1,4] +W[X1,2, X1,35 X2,4] —~W[X2,3, X1,2, X1,4] + N P
q
W[X2,3, X1,25 X1,4]
—qW[Xy,3, X1,4] + GW[X1,3, X1,2, X2,4] —W[X2,3, X1,2, X1,4] + ) s
q
W[X2,3, X1,45 X1,2]
W[X1,2, X1,35 X2,4] —qW[X1,2, X2,3, X1,4] + B
q
W[X32,3, X1,45 X1,2]
—qQWI[X1,2, X2,3, X1,4] + QW [X1,3, X1,2, X2,4] + s
q
W[X2,3, X1,45 X1,2]
gW[X1,3, X1,4] —qQW([X1,2, X2,3, X1,4] +W[X1,3, X2,4, X1,2] + )
q
W[X2,3, X1,45 X1,2]
—qW[Xy,3, X1,4] +W[X1,2, X1,35 X2,4] —~W[X2,3, X1,2, X1,4] + s
q
W[X2,3, X1,45 X1,2]
—qW[X1,3, X1,4] +GW[X1,3, X1,2, X2,4] —~W[X2,3, X1,2, X1,4] + s
q
W[X1,3, X1,4] W[X1,2, X2,35 X1,4]
- -~ qW[Xy,3, X1,4] +W[X1,2, X1,3, X2,4] + —QqQWI[X2,3, X1,45 X1,2],
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- - qW[Xy,3, X1,4] + +QW[X1,3, X1,25 X2,4] —~qW[X2,3, X1,45 X1,2],
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- + +W[X1,3, X2,45 X1,2] ~qQW[X2,3, X1,45 X1,2]>
q q

W[X2,3, X1,2, X1,4]

—qW[X1,3, X1,4] +W[X1,2, X1,35 X2,4] + —QqQWI[X2,3, X1,45 X1,2],

2

q

W[X2,3, X1,25 X1,4]
—qW[Xy,3, X1,4] + qW[X1,3, X1,25, X2,4] + N ~QqQWI[X2,3, X1,45 X1,2]5
q
W[X2,3, X1,45 X1,2]

—qQWI[X1,3, X1,4] +W[X1,2, X1,3, X2,4] + - qW[X3,3, X1,45 X1,2],

q
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In[«]:

In[«]:

Out[«]=

In[«]:

Out[e]=

In[«]:

out[e]=

In[]

Out[«]=

In[«]

Out[«]=

In[«]

Out[«]=

In[«]:

Out[«]=

In[«]:

W[X2,3, X1,45 X1,2]
-qW[Xy,3, X1,4] + GW[X1,3, X1,2, X2,4] + - qQWI[X2,3, X1,45 X1,2]}
q

Test[&£ ] := Length@Union[Straighten /@ A11SingleSteps[£]]

Test[W[Xz,4, X1,3, X1,2]]

Straighten /@ AllSingleSteps [W[Xz,4, X1,3, X1,2]]

W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
{—7 +W[X1,2, X1,3, X2,4] + ~QqQWI[X1,2, X2,35 X1,4],
q q
W[X1,3, X1,4] W[X1,2, X2,3, X1,4]
- +W[Xq,2, X1,3, X2,4] + —qQW[X1,2, X2,3, X1,4]}
q q

AllSingleSteps [W[Xz,45 X1,35 X1,2]]

W[X2,3, X1,45 X1,2] W[X2,4, X1,25 X1,3]
{W[X1,3; X2,45 X1,2] + - gqQW[X2,3, X1,45 X1,2], }
q q

W[X3,3, X1,45 X1,2]

q

Test [W[X1)3, X2)4, Xl’z] + —qW[X2,3; X1,4,0 xl,Z]]

1
W[X2,45 X1,25 X1,3]
Test[ ]
q
1

W[Xz 3, X1,45 X1,2]

q

Test /@ Al1SingleSteps [w[x1,3, X2,45 X1,2] + - qW([Xy,3, X1,4, x1,2]]

{1, 1, 1}

Test /@ Al1lSingleSteps

[W[X2,4: X1,25 X1,3] ]

q
{1}

Straighten /@ Straightenings [W[X;,4, X1,3, X1,2]]
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Out[«]=

w[o, 0, 0]
{1, 1}
{1, 1,1, 1}

{1,1,1,1, 1,1,
{1,1,1,1, 1,1,
{1,1,1,1, 1,1,

{1, 1,1,1, 1, 1,

{ W[X1,3, X1,4]

q

W[X1,3, X1,4]

q

W[X1,3, X1,4]

q

W[X1,3, X1,4]

q

W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]
q
W[X1,3, X1,4]

q

W[X1,3, X1,4]

q

W[X1,3, X1,4]

q
W[X1,3, X1,4]

q

,1,1,1,1,1,1,1,1, 13

1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1)

,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1}

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +

q

W[X1,2, X2,3,

X1,4]

+W([X1,2, X1,35 X2,4] +

q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +

q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,3, X2,4] +
q

W[X1,2, X2,35

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,5

X1,4]

+W([X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,3, X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +

q

W[X1,2, X2,3,5

X1,4]

+W[X1,2, X1,35 X2,4] +

q

W[X1,2, X2,3,

X1,4]

+W([X1,2, X1,35 X2,4] +

q
W[X1,2, X2,3,

X1,4]

+W[X1,2, X1,35 X2,4] +
q

-q W[Xl,ZJ

-q W[Xl,ZJ

—qQW[X1,2,

~qQW[X1,2,

~qQW[Xz1,2,

-~ qQW[Xz,2,

-~ qQW[Xq,2,

- qQW[Xq,2,

- qQWI[Xq,2,

- qQWI[Xq,2,

- qQW[Xy,2,

-q W[Xl,Z:

~qQWI[X1,2,

—QqQW[X1,2,

~qQW[X1,2,

~qQW[Xq1,2,

X2,35

X2,35

X2,3,

X2,3,

X2,3,

X2,3,

X2,35

X2,35

X2,35

X2,35

X2,35

X2,35

X2,3,

X2,35

X2,3,

X2,3,

X1,4] »

X1,4] »

X1,4] »

X1,4] »

X1,4] »

X1,4] »

X1,4] 5

X1,4] »

X1,4] »

X1,4] 5

X1,4] »

X1,4] »

X1,4] b

X1,4]

X1,4] »

X1,4] »
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W[X1,3, X1,4]
W[X1,3, X1,4]
W[X1,3, X1,4]
W[X1,35 X1,4]
W[X1,35 X1,4]
W([X1,3, X1,4]
W([X1,3, X1,4]
W[X1,3, X1,4]

W[X1,3, X1,4]

W[X1,2, X2,35 X1,4]

+W[X1,2, X1,35 X2,4] + - qQWI[Xz1,2, X2,35 X1,4],
q
W[X1,2, X2,35 X1,4]
+W[X1,2, X1,3, X2,4] + - gqW[X1,2, X2,3, X1,4],
q
W[X1,2, X2,35 X1,4]
+W[X1,2, X1,35 X2,4] + —QqQWI[X1,2, X2,35 X1,4],
q
W[X1,2, X2,35 X1,4]
+W([X1,2, X1,35 X2,4] + —QqQWI[X1,2, X2,35 X1,4],
q
W[X1,2, X2,35 X1,4]
+W([X1,2, X1,35 X2,4] + —QqQWI[X1,2, X2,35 X1,4],
q
W[X1,2, X2,3, X1,4]
+W[X1,2, X1,35 X2,4] + —QqQWI[X1,2, X2,3, X1,4],
q
W[X1,2, X2,3, X1,4]
+W[X1,2, X1,35 X2,4] + —QqQWI[X1,2, X2,35 X1,4],
q
W[X1,2, X2,35 X1,4]
+W[X1,2, X1,35 X2,4] + - QqQWI[X1,2, X2,35 X1,4],
q
W[X1,2, X2,35 X1,4]
+W[X1,2, X1,35 X2,4] + - qQW[X1,2, X2,3, X1,4]}
q
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