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Pensieve header: Figuring out triality(s).

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WKO4"] ;
<< WKO4.m

FreelLie  implements / extends
{*, +, *x, $SeriesShowDegree, (), J, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, CW,
CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE, Exp,
Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,

t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I', ¢, A, O, h, —, ,\}.

FreeLie' is in the public domain. Dror Bar-Natan

is committed to support it within reason until July 15, 2022.
AwCalculus® implements / extends {*, *x, =, dA, dc, deg, dm, dS,
dA, dn, do, E1, Es, hA, hm, hS, hA, hn, ho, tA, tha, tm, tS, tA, tn, to, T, A}.
AwCalculus® is in the public domain. Dror Bar-Natan
is committed to support it within reason until July 15, 2022.
: In degree 1 arbitrarily setting {«s[x] - 0}.
: In degree 3 arbitrarily setting {as[x, y, y] - 0}.
: In degree 5 arbitrarily setting {as[x, x, x, y, y] » 0}.
: Further output of will be suppressed during this calculation. >
SeedRandom[0] ;
e = Es[(x » RandomLieSeries[{x, y}], y - RandomLieSeries[{x, y}]),
RandomCWSeries[{x, y}11]~

€r = Es[(x » RandomLieSeries[{x, y}], y - RandomLieSeries[{x, y}1),
RandomCWSeries[{x, y}]]

4 7 1 3 5
Es[<x%LS[—?—2?, 2%V, -— XXy - — XYY, — XXXy - —XRXYy +— RVY ¥, ]
3 6 24 4 6
. __ 3%y — 3 — 3 — 37 T—— 1 —
yeLS[7x72y, ,—xxy——xyy,—xxxy+—xxyy+—xyyy,...]>,
2 2 4 24 12
Y VY 11 XXX 5 %X 11% 3
cws[-®, w2+ 2L, - - L LA S
2 2 6 3 6 2
XXXX 47 XXXy 29 %Rxyy 5xRyxy 17XRYyyYy 237YYyy H
- - - - +
2 24 24 24 24 12

op2[V. ] := Rs[x, y] %+ (V// (_1)de9);
(Be=(8e // pp2// pp2)) @{8}

BS[9 True, ...]
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p3[& Es] := & // dS[y]l // dAly, y, z] // dm[x, z, x] // do[{x, y} - {y, x}];
{Vo@{2}, (Vo // p3)@{2}, (Vo // p3// p3// p3)@{2}}

XY X XY RY
{Es[<xeLS[O,—Z,...},yeLS[;,—E,...]>,CWS{O,—E,...H,
Y XY Y XY v Ry VY
Es[<x+LS[—;, ;,...],y—ms[—;, Z,...}>,cws[—?,g+g,...“,
es[(x-1s(0, - 27, ..], yous[ T, - 2T, L]}, ans[o, - XX, L))

(Vo= (Vo // p3// p3l// p3))e@{6}
BS[7 True, ...]

(Ce=(Le // pP3// P3// p3))@{6}
BS[7 True, ...]

p3'[£ Es] := & // dS[y]l // daly, y, z] // dm[z, x, x] // do[{x, y} - {y, x}];
(Be=(8e // pP3' // p3 // p3'))@{6}

BS[7 True, ...]
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p3[Le] =p3' [Lel

3% 7x
BS[True, -4R-3V=-4X-27, - 2y ::—?y&&—ny::—Z%xy&&
0 7Y = %X + 6 X7 + 1179y
- 4

2

AR -3V =-4X-2TEEXX+4A XY+
3XY TXY 11 7
_ = _ && —— XYY = -4 XXV - — XYY & -2Xy = -3V &&
2 2 6 3
19 31 43 49
- XXy - — XYY =-— XXy - — XYY &&
12 12 12 12
Sy ___ _ 11yy
= XX + 6 XY +

4R -3T =-4R-2TV&a KR+ 4RV + &&

11 XXX 29 XXy 13 Ryy VY 11 XXX 19 %Xy 37 XYY 5YVYy
_ + _

6 6 3 6 6 6 12 12
3XY TXY 11 7
- = - &&-— XYy = -4 XXy - —
2 2 6 3
3—/—m— 91 59 11
—XXXY - XXYYy+— XYYy y=-""TXXXYy - XXYVy +
2 24 6

19 31 43 49

— XXy - — XYy =-—" XXy - — XYY &&

12 12 12 12

65 97 23

XYYy y="XXRXY - —— XXYyy +— XYYV V&&
24 8 24

S2XV = -3X7&& -

=

35 139
— XXXy - — XXVYVy +
24

w |w©

9YYy 119y
—4’}?—3’37::—4’}?—2’37&&’>&+4’x_y\+ﬂ:’>&\+6’@+ 7Y
2 2
11 xxxX 29 %xy 13%xyy TVY 11 xxx  19%xy 37xyy 57TyYy
_ i = - - - - &&
6 6 3 6 6 6 12 12

11 XXXX 85 xxxy 127 %xyy 19%RYXYy 11 XYyyYy YYYY
- - - - +

&&

6 12 24 12 8 3
11 XXXX 181 xxxy 43 %xyy 197 xyxy 59%yyy 41 Yyyy ]

- - + - - - roee .

6 24 24 12 6 12

((p3[8e] // dS) =p3'[Be // dS])@{6}
BS[7 True, ...]
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p3[p3[8el] =3 [Bel
BS[True, ®+27 = -2%X-27&&3X+27 =-K+7&&4R+7T=-4%-27,

X

T+27 =-2RK-2T&&2%Y = - 863K +2T = -T+T && - = -3RY7&&
9 %X 39y 11 vy
4R+T =-4T-27&& +5 Ry + 7Y =KX+ 6Ky + e
2
TRV 31 25 7
R+2TV=-2T-2T7&&2XYy = - &6 — XXV - — XYy = -4 xXTY - — X7y &&
2 12 3
3XY 5 1 43 49
3X+2V = -K+YV && - =-3XY&&-— XXy - — XYYy ==-— XXy - — XYY &&
3 6 12 1
9 %X 39y 11 vy
4R+ =-4X-27TE&& + 5 XV + 7Y = XX + 6 Xy + 7Y &&
2 2
XXX 29 %xxy  13%xYyYy 3 YYyYy 1l xxx  19%xy 37%xyy 5L57Yvyy
6 6 3 2 6 6 12 12
TRY 31 25 7
X+2Y =-2RX-2TV&&2XY = - && — XXy - — XYy =-4 xXy - — XYy &&
2 12 6 3
9 85 7 11 199 101
- XXXy - — XXYYy 4+ — XYYy y=-—XXXYy - — XXYVY + XYY YV &&
8 24 24 6 24
XY 5 1 43 49
3X+2Y = -K+V&&-—"=-3Xy&&-— XXy - — XYy ==-—— XXy - — XYy &&
2 3 6 12 12
11 9 15 65 97 23
- XXXV 4+ T XXYYy - XYy yY="TXXXYy - XXYY +— XYYV V&&
8 4 24 8 24
9 %X K% 11 vy
4R+ =-4X-27TE&& +5 XV + 7Y = XX + 6 Xy + 7Y &&
2
XXX 29%xy  13RYyY 3YVY 11 %xXX 19xxy 37xyy 57Yyy
- - - - = - - - - & &
6 6 3 2 6 6 12 12
RXRXX 65 XXXy 29 %xyy 11 XyXy 29 RYVY YYVY
+ - + - + =
3 24 24 24 24 12
11 XXXX 181 xxxy 43 xxyy 197 xyxy 59 %yyy 41 Yyyy ]
- - + - - - P
6 24 24 12 6 12
Ee
3xy 1 11 15 3
Es[<xaLS[2?—?, , XY - — XYY, — X XKV - ~XRYY + KTV Vs eo- s
2 6 6 8 2
3XY 11 1 19 3
yeLS[—Z?, ,—fXTy,—*xxTy—fxTyy—*T/'yy,...]>,
2 6 6 24 2
3 %X 3 XXX XX 2% 11~ )
CWS[®+2F, —— - 2%V + 7Y, g 2B 2 WYY
2 2 6 3 6
RRXRXR 37 XXy 37 XXYY 11 xyxy XYYY 11 yyyy H
+ + + - - ;e
12 24 24 6 4 6

http://drorbn.net/AcademicPensieve/Projects/WKO4/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Trialities.nb 2015-08-05 21:04:27

Lo // p3 // p3// p3

5%y 17 1 119 27 8
Es[<xeLS[2?—?, , - XY+~ XYY, — XXXV - — XTYY + — RYY Vs ---],
2 6 6 24 4 3
_1xy 19 —— m— 71 — 287 — 11 —
y»LS[72y, , - — XXy +4 XYYy, — XXXy - — xXXYy +— XYV Y, ]>,
3 12 6
XX 4 XXX 9 XX 7 =X 11
CWS[2 R +2F, — - 47 + 7T, . LA 4 SUNELE 4 4 4y
2 3 4 3 6
5 XXXX 33 XXXy 229%xyy 301l %yxy SRYyyy 11 YYyVyy H
- - + - + - P
2 8 24 24 24 6
Ce // dA
XY 7 5 31 15 13 ———
ES[<X»LS[—2?+7, =, - XY 4+ - XYY, - XXEY 4+ XRYY - — RYY Y, ..,
2 6 6 8 2 4
. 3%y 11 —— 3 — 1 — 33 T— 3 =
yaLS[2y,— ;, — XXV - — XYY, XXXy +— XRYyy +— XYY VY, }>,
2 6 2 6 8 4
3 %X 3 XXX 35% 11
cWs[-®+4 7, - 3RV + VY, s3EEy s oY o IYY
12 6
RRXRXR 53 xxxy 49 xxyy TXxRYxYy 37xRYyyYy 11 YYyyy H
+ + + + - P
12 12 12 4 12 6

G[X_, S_] = MOdUJ-e[{Y}r Os[xl Y —S] // dS[Y] // dI[l[X, Y X]];
6[1, 1]e{6}
Es[(1-1s[27T,0,0,0,0,0,...]), cws[T, 0,0,0,0,0,...]]

Vi =Vo **Gs[x, ' —1/4] *%
Es[(x » LS@0, y - LsSe0), CWS[CW[x] /12-CW[y] /12] - (2cap[2] // ta[x, x, y1)];
(Vi =p3[Vi])@{6}

BS[7 True, ...]

(Vi =p3[Vi])e@{7}
: In degree 7 arbitrarily setting {as[x, x, x, X, X, y, y] - 0}.

BS[8 True, ...]

wl = Es[(x > LSe@0, y - Lse0), CWS[CW[x] /12-CW[y] /12] - (2cCapl2] // tA[x, %, y])]
Es[(x>1s[0, 0, 0, 0, ...], y=>LS[0, 0, 0, 0, ...]),

= v XX Xy Yy XXXX XXXY XXYY XYXY XYVY VYVY
ows] XX, X X7 FY , TOX IKy Y XY Ky FIVE )
12 12 48 24 48 5760 1440 1440 2880 1440 5760

V2 = Vo **@s[x, Y, —1/4] *%wWl;
(V2 = p3[V2]) @{6}

BS[7 True, ...]

(Vo **G)s[x, Y, —1/4] **x Wl = p3[Vo **@s[x, Y, —1/4] **wl])@{G}

BS[7 True, ...]
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Q = Vo %% p3[Vo] !

2 XY 1 — 1 — 1 —
ES[<X»LS[—,7—,—xyy,—xxxy——xxyy,...],
2 8 32 384 128
x Y XY 1 — 1 — 1 ——
y%LS[*+*,—7,fxxy+fxyy,ffxxyy,...}>,
2 4 24 24 48
v Xy Yy XXX XX 11 Xyx X
CWS[l,—fy—ﬂ,O, y YY+ YY+ YYY+YYYYIH.H
2 24 48 1440 360 2880 1440 5760
Qe{6}
2 XY 1 1 1
ES[<X»LS[X, L Ry, xxmy - — x®yy,
2 8 32 384 128
XX XYVY 1 P 1 XXY XYy XYY VY
-+ — X XYYV V+ XY XYY + -
1536 512 384 1536 1536
XXX XXY XXX XYY XXXYYyYy XXYXVY X XXYRXY XRXYY VY }
- + - - - + I4 14
15360 3072 2048 1536 6144 6144
P XY 1 1 —
yoLS[—+ >, -, — xXy + — Yy, -— XRXYY,
2 2 4 24 24 4
XX XXY 1 1 — 1 1l /—m——— XYV Vy
-+ —— XX XVV + X XYY V+ XY XVY + XXy Ry - —"
1440 360 360 240 720 1440
XXX XYY 1 —— 1 — —— XXXy XYy XXYVVY
— - — XXXYyYy VY- XXY XYY - + }>,
2880 720 480 1440 2880
vy Xy ¥Y XXXy XXyy 11 XyXy  Xyyy | YYYY
CWS[*,*ifi, ’ - + + + , 0y
2 24 48 1440 360 2880 1440 5760
RXXXXY XXXXYY 37 XXXYXY 23 XXXYYVY KXYXXY KXYXYY KXYYXY
- + - - + + + +
60480 10080 120960 120960 6048 3024 3024
XXyyyy 191 Xyxyxy 37XyXyyy XYYXYY XYYYVY YVYYVY 11
10080 362880 120960 6048 60480 362 880,

(Vo = Q*xxp3[Vo])@{6}
BS[7 True, ...]

(Vo = p3 [Vo * % ®s[x, Y, —1/4] **wl] *xwll **as[x, ' 1/4])@{6}

BS[7 True, ...]
pp3[V_ ] := pa[V**Os[x, v, —1/4] **wl] w*x Wl owx Os[x, v, 1/4]

(e = (Le // pp3 // pp3 // pp3)) @{6}
BS[7 True, ...]
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(03[8e] **p3[8£]) = p3[8e ** L¢]
_— 3%v

5%y

BS[2 True, -6 XY = -4 XY && - = - ,
2 2
3 31 3 21
—6XY = -4XV&&-— XY - — XYYy = — XXy - — XYV &&
2 4 2
5%V 3% 5 55 19
——y:-———y'&&——x'ﬂ——ﬂ'y =-2 xRy - — XYYy,
2 2 2 12 1
31 3 21
—6XY =-4XYV&&-— XXy - — XYYy = — XXy - — XYV &&
2 4
47 121 71 1 7 17
— XXXy - XXYYy - — XYYy Y= —XXRXYy - —XXYYy - — XYYV V&&
12 12 4 6
5%V 3% 5 55 9
2L 2EY g 2wy - D WYY = -2 WwY - — wyy e
2 2 2 12

—— — 21 155
— XXXy - XXYYy - XYyYyy="XXXYy - XXYyy +— XYY VY&&
12 24 8 4 24 8

XXXX 31 xxxy 127 %xyy 21 xyxy 181 Xyyy

+ + - + + 4 YYYy =
12 24 12 4 24
XXXX 31 XXXy 55 XXYY 3 XYXY 181 xyyy
+ + + + +4vYVY, .. ]
12 24 12 4 24
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