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FINITE TYPE INVARIANTS OF W-KNOTTED OBJECTS III: THE
DOUBLE TREE CONSTRUCTION

DROR BAR-NATAN AND ZSUZSANNA DANCSO

AB?TRAC’I‘. This is the third in a series of papers studying the finite type invariants of
various w-knotted objects and their relationship to the Kashiwara-Vergne problem and
Drinfel'd associators. In this paper we present a topological solution to the Kashiwara-
Vergne problem. In particular we recover via a topological argument the Alkeseev-Enriquez-
Torossian [AET] formula for explicit solutions of the Kashiwara-Vergne equations in terms
of associators.

We study a class of w-knotted objects: knottings of 2-dimensional foams and various
associated features in four-dimensioanl space. We use a topological construction which we
name the double tree construction to show that every ezpansion (also known as universal fi-
nite type invariant) of parenthesized braids extends first to an expansion of knotted trivalent
graphs (a well known result), and then extends uniquely to an expansion of the w-knotted
objects mentioned above.

In algebraic language, an expansion for parenthesized braids is the same as a Drinfel’d
associator ®, and an expansion for w-knotted, objects.is the same as a solution V. of the . _ . . ;..

Kashiwara-Vergne problem [’KV ":a_-*?éf&iﬁfﬂéfea"fii?iklékﬁeq\q and. Ll"o,r%sigr},;[}\.ﬂ- Hence - . - 1, ..-
our result provides a topological framework for the result of [AET] that “there is a formula -
for V in terms of ®”, along with an independent topological proof that the said formula
works — namely that the equations satisfied by V follow from the equations satisfied by ®.
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4-dimansional space (called w-tangled foams), and explained the connection to Drinfel’d
associators in terms of a relationship between 3-dimensional and 4-dimensional topology.

Another topological interpretation for the KV, prolem.in terms of the Goldman-Turaey
Lie bialgabre later emerged in [AKKNI, AkKNZ], and the papers [M] and MN] contain
constructions of Goldman-Turaev expansions from the Kontsevich integral and the Knizhnik-
Zamolodchikov connection, respectively.

In this paper we present a topological construction for a homomorphic universal finite type
invariant of w-tangled foams, thereby giving a new topological proof for the KV conjecture.
This construction also leads to an explicit formula ﬁﬂ?;K‘YT,S,?.IHQ%QQSJ-,i,’,l.,-ﬁer.mls- of Drinfel'd
associators, which we prove agrees with the formula |AET, Theorem 4]. -

Finally, we mention that a circuit algebra, which provides the algebraic structure to. w-
foams, were identified as equivalent to the operadic structure of a wheeled prop in [DHR1].
The symmetry groups of Kashiwara-Vergne solutions, called the Kashiwara-Vergne groups,
are shown to be automorphism groups of the w-foam circuit algebra and its associated graded
arrow diagrams in [DHRQ] . The relationship between the symmetries of Drinfel’d associators
— the Grothendieck-Teichmuller groups — and the Kashiwara.Vergne groups is described in
the topological context of w-foams in the forthcoming paper [DHaR]

1.2.1. Topology. We begin by describing a chain of maps from “parenthesized braids” to
“(signed) knotted trivalent graphs” to “w-tangled foams”:

K := {uPaB < sKTG - oI F).

Let us first briefly elaborate on each of these spaces and maps.
Parenthesized braids are braids whose ends are
and the “top”, along with parenthetizations of th
top. Two examples are shown in Figure 1. Paren
objects are parenthetizations, morphisms are the

parenthesized braids themselves, and com-
position is given by stacking. In addition to stacking, there are several operations defined
on parenthesized braids: strand ad

trand i(Lhtlon, removal and doubling. A detailed introduction to
parenthesized braids is in [BN1].”

ot QT

ordered along two lines, the “bottom”
e endpoints on the bottom and on the

.

ntehesized braids form a, category whose

Trivalent graphs are oriented graphs with three edges meeting at each vertex
and whose vertices are equipped with a cyclic orientation of the incident edges.
A knotted trivalent graph (KTG) is a framed embedding of a trivalent graph =/ &/ 7
into R®. KTGs are studied from a finite type invariant point of view in L[BNDl] L))
In this paper we use a version of KTGs that was introduced and studied in
[WKO2, Section 4.6], namely trivalent tangles with one or two ends and with
some extra combinatorial information: trivalent vertices are equipped with a
marked “distinguished edge” and signs. We call this space sKTG (for signed

S
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Figure 1. Two examples of parenthesized braids. Note that by convention the parenthetiza-
tion can be read from the distance scales between the endpoints of the braid, and so we omit
he parentheses in parts of this paper.
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KTGs), as in [WKOQ]An eﬁéihiﬂe is shown on the right., The space sKTG is also equipped
with several operations: tangle insertion, sticking a 1-tangle onto an edge of another tangle,

disjoint union of 1-tangles, edge unzip, and edge orientation switch (see [WK()Z, Section 4.6[

for details). : e
The space uTF is a minor extension of the space wTF’ studied in [WKO2, Section 4.1

~ 4.4], and will be introduced in detail in Section 2. It can be described as a circuit al-

gebra (similar to a planar algebra but with non-planar connections allowed, see [WKO2,
Section 2.4]) generated by certain features (various kinds of crossings and vertices, as well
as “caps”) modulo certain relations (“Reidemeister moves”) and equipped with a number
of auxiliary operations beyond the circuit algebra compositions. This Reidemeister theory
conjecturally represents knotted tubes in 4-dimensional space with singular foam vertices,
caps, and attached one-dimensional strings.

The map cl : uPaB — sKTG is the “closure map”. Given a parenthesized braid, close
up its top and bottom each by gluing a binary tree according to the parentetization; this
produces a sKTG with the convention that all strands are oriented upwards, bottom vertices
are negative, and top vertices are positive. An example is shown below.

I .

-t ()

The map a : sKIG — uTF arises ¢ combinatorially from the fact that all sKTG diagrams
can be interpreted as elements of «T'F, and all sKTG Reidemeister moves are also imposed
in uTF. Topologically, it is.an extended version of Satoh’s tubing map, described in Remark

3.1.1 of [WKO2J. -

1.2.2. Algebro. The chain of maps K is an example of a general “algebraic structure”, as
discussed in [WKO?2, Section 2.1]. An algebraic structure consists of a collection of objects
belonging to a number of “spaces” or “different kinds”, and operations that may be unary,
binary, multinary or nullary, between these spaces. In this case there are many spaces
(or kinds of objects): for example, parenthesized braids with specified bottom and top
parenthetizations form one space, so do knottings of a given trivalent graph (skeleton).

There is also a large collection of operations, consisting of all the internal operations of
uPaB, sKTG and u'F, as well as the maps, g and cl.

2 JeEes L

In Sections 2.1 to 2.3 of [WKO2]we discuss associated graded structures and expansions for
general algebraic structures. For any algebraic structure (think braids, or tangles with tangle
composition), one allows formal linear compositions of elements of the same kind (think, same
skeleton). Associated graded structures are taken with respect to the filtration by powers of
the augmentation ideal. For the spaces uPuB, sK1G and «TF, the associated graded spaces
Ahor - A% and A®“ are the spaces of “horizontal chord diagrams on parenthesized strands”,
“chord diagrams on trivalent skeleta”, and “arrow diagrams”, as described in [BN1f, [WKO2,
Section 4.6], and Section 2 of this paper, respectively. As a result, the associated graded
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structure of K is
oA = {Ahor _i) AY 51N Asw}’

where cl and o are the maps induced by cl and a, respective!y. More specfii"itcaily, clolsb‘Sitbli
“closure of chord (,’Liag.rgglgjw%rclguq "}gll,‘.,‘replacing each chord with the sum of 1ts two p
orientations”, see, |

WKO?2, Section, 3.3]. . s

An expansion [WKO?, Section 2.3] is a filtration-respecting map from an algebraic struc
ture to its associated graded structure, whose associated graded map is the identity. In kpot
theory, expansions are also called universal finite type invariants. A homomorphl_c expansion
is an expansion which behaves well with respect to the operations of the algebra}c structure,
that is, it intertwines each operation with its induced counterpart on the associated gr aded
structure; for a detailed definition and introduction see [WKO2, Section 2.3]. Hence, a ho-
momorphic expansion Z : K — A is a triple of homomorphic expansions 7o, 7%, and 2"

for K := wPaB, K¥ := sKIG and K* := uTF, respectively, so that the following diagram
commutes:

K: Kb =Sy jov —Sepgfcw (1)
lZ lzb lZ“ lZW
Ar AR S fu 2 g

We recall (see [BNI])T‘th“aita homomorphic expansion Z° for parenthesized braids is de-
termined by a “horizontal chord associator” ® = Z°(|/|). A homomorphic expansion Z* of

sKTG is also determined® by a Drinfel’d associator (horizontal chords or not; see [WKO2, s

Section 4.6]), so the significance of the left commutative square is to force the associator
corresponding to Z* to be a horizontal chord associator. In turn, Z* is determined by a

solution F (a close cousin of V = Z*(}),)) to the Kashiwara-Vergne problem (see [WKO2, i

Section 4.4 — 4.5]). The goal of this paper is to prove the following theorem, which, via the
correspondence above, implies the KV conjecture:

Theorem 1.1. (1) Assuming that Z : K — A exists, it is determined® by Z*.
(2) There is a formula for V in terms of the Drinfel’d associator ® associated to Z“:

V = G C5 Clanyp (27 (aa013), —a2013) — aa13)) - €2/2®(as3, as5)) (2)

where a denotes a single arrou®. This agrees® with the formula proven in [AET] SRR

(3) Every Z° extends to a Z.

The key to the proof of the theorem is to show that the generator J. of uTF can be

expressed in terms of the generator || of uPaB and the operations of K. Assuming that Z
exists, this yields a formula for V' in terms of ®.

Bar-Ratandancso K02
2With the exception of some minor normalization, see [WK'O‘Z,’S%i:‘tibﬁ‘tl‘.ﬁ']‘,”ih particular Lemma 4.14
and the paragraph following it.

3In fact, almost entirely determined by Z b with the exception of some minor normalization of Z* which
is not determined by an associator. subsec : AETFormila
4The notation is explained in detail in Section 3.2 SN
SAlthough the two formulas,are written in different languages, and checking that they agree takes effort.
See Section 3.2 and Appendix A.”
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1.3. Paper Structure. In Section 9 we ‘Il)fovide an overview of the space wI'F° of (ori-
ented) w-foams and its”e‘x'_ten‘slipir;,wilt,lgk,s.t.,rlipgs WTF. We provide a brief review of definitions
and crucial facts from [WKOZ2], and détails of the extension. We prove that homomorphic
eXPaHS.iOHS fQE WI'F? extend uniquely to homomorphic expansions for uTF. S e
Section 3 {?%?S:HR the bulk of the paper and is rdenv,qtgd to the proof of Theorem 1.1,
In Section 3.1 we prove part (1). In Section 3.9°we deduce the formula for, Kashiwara-
Vergne solutions in terms of Drinfel’d associators, proving part (2). In Section 3.3 we prove
statement _(3), the hardest part of the proof. RET
Section(??/is a short section of closing remarks, and in Appendix Awe give an explicit
comparison and‘egu,iygllence‘b‘et‘wegn‘,o?;iqurpu}g, in Part (2) and the ALekseev-Enriquez—

Torossian [AET] formula.

2. THE SPACES wIF AND A" IN MORE DETAIL

Aq» mentioned in the introduction, oTF is a minor extension of the space wl'F*° studied in
[WKO2, Section 4.1 — 4.4]. It can be introduced as a planar algebra or as a circuit algebra;
we_will do the latter as it is simpler and more concise. Circuit algebras are defined in
[WKO2, Section 2.4]; in short, they are similar to planar algebras but without the planarity

requirement for “connecting strands”. As in WKQQ]:’ qratog/ and relation of ull'F’
1.2, 3.4, 4.1] that ullF°

has a local topological interpretation. Recall from [WKO?2, Sections
diagrams represent certain ribbon knotted tubes with foam vertices in R%, and the circuit
algebra wTF° is conjecturally a Reidemeister theory for this space (i.e., there is a surjection )
from the circuit algebra «I'’F* to ribboﬂnotted tubes with foam vertices, and ¢ is conjectured
to be an isomorphism). The space wIF extends wI'F° by adding one-dimensional strands
to the picture. Note that in themselves, one dimensional strands in R* are never knotted,
however, they can be knotted with the two-dimensional tubes. In figures two-dimensional
tubes will be denoted by thick lines and one dimensional strings by thin red lines. With this
in mind, we define wTF' as a circuit algebra defined in terms of generators and relations, and
with some extra operations beyond circuit algebra compositions. Each generator, relation
and operation has a local topological interpretation which provides much of the intuition
behind the proofs. However, the corresponding Reidemeister theorem is only conjectural.

Y LN 7 7 R 2 relations auxiliary
ulF = CA<4’ %’ §7 })4"> 'Xs ’ {\: %; 7%\ T asin_ _operationsas ) .
9 |Section 2.9/ 15 Section 2.3 7~

generators

2.1. The generators of WTF. We begin by discussing the local topological meaning of each
generator shown above.




Figure 2. A string-tube vertex.
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Figure 3. The OC and CP relations.
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The first five generators are as described in [WKIOZ, éé&tiom 4.1.1], we briefly
recall their descriptions here. Knotted (more precisely, braided) tubes in R* can
equivalently be thought of as movies of flying rings in R®. The two crossings
stand for movies where two rings trade places by the ring of the under strand flying
through the ring of the over strand. The dotted end represents a tube “capped off”
at the bottom by a disk. Generators 4 and 5 stand for singular “foam vertices”,
and will be referred to as the positive and negative vertex, respectively. The
positive vertex represents the movie shown on the left: the right ring approaches
the left ring from below, flies inside it and merges with it. The negative vertex
represents a ring splitting and the inner ring flying out below and to the right. To
be completely precise, wT'F as a circuit algebra has more vertex generators than
shown above: the vertices appear with all possible orientations of the strands. However,
all other versions can be obtained from the ones shown above using “orientation switch”

operations (to be discussed in Section 2.3)

The thin red strands denote one dimensional strings in R?, or “flying points \
in R*”. The crossings between the two types of strands (generators 6 and /
7) represent “points flying through rings”. For example, the picture on the \
left shows generator 6, where “the point on the right approaches the ring on
the left from below, flies through the ring and out to the left above it”. This ™. _
explains why there are no generators with a thick strand crossing under a (SRR »
thin red strand: a ring cannot fly through a point. Rogd
Generator 9 is a trivalent vertex of 1-dimensional strings in R?. Finally,
¢ 17 the last generator is a mized vertez: a one-dimensional string attached to the wall of a
vkt ‘7)3 2—dimensigonal tube, as shown in“;'i"{;‘ﬂ‘\éﬁéféiﬁﬁrs should be shown in all possible
strand orientation combinations; we are suppressing this to save space.

100000

2.2 \Thef_x;e‘lqtvilops.‘ As a list, the relations for wTF are the same as the relations for wI'F°
[WKO2, Section 4.5): {R1*, R2, R3, R4, OC, CP}. Recall that RI® is the weak (framed)
version of the Reidemeister 1 move; R2 and R3 are the usual second and third Reidemeister
moves; R4 allowes moving a strand over or under a vertex. OC stands for Ouercorssings
Commute, CP fggrcl’qg uﬁ.@!w?%:;gt«.l?ﬁse two relations are shown in Figure 3, for a detailed
explanation see [WKO2, Section 4.1.2]. :







