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in[-]:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW" ]
Once[<< KnotTheory" ] ;

SetDirectory: Cannot set current directory to C:\drorbn\AcademicPensieve\Projects\SolvablePBW.

Out[e]=

$Failed

Get: Cannot open KnotTheory'.

Hidden Utilities and TgX

Headers

pdf
Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

pdf
Notes.
1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $RS-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ug(slgn), not Un(sl(N + 1)).
3. We dot not have a name for Rosso’s X; and Y;. Rosso’s Ee e, isour x[i, j] € xij. Likewise Ross0’s n¢ ¢,
is our y[i, j] & vij.
4. Ross0’s H; is our a; and Rosso’s & is our b;.

pdf

in[-]1:= SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

<< KnotTheory”
<< ../Profile/Profile.m

pdf
Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

df
i This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.
pdf

This version: April 2020. Original version: July 1994.

in[-]-= MakePDF[]

pdf

in[-]:=  &ij :=KroneckerDelta[i1j];
pdf

in[-]:=  SetAttributes[{SS}, HoldAll];

SS[& , op_] := Collect[Normal@eSeries[&, {e, @, $k}1, €, op];
SS[& ] :=SS[&, Together] ;
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in[-]:= $N =93 (x We hereby commit that we will never go higher than sl (9) «x)
X[1_, J_]:=x<>1<>7J; a[i_] :=a<>1; A[1_] :=A<>1;
Ell_, J 1:=E<>1<>7; a[i_ ] t=a<>1; A[1_ ] :=A<>1;
yli , J ]1:=y<>i<>7J; b[1i_ ] :=b<>1; B[1_] :=B<>1;
nli_, j_1:=n<>1<>7; BIi_] :=B<>1;
t[s_Symbol] := First[Characters[SymbolName[s]]];
Lt[s_Symbol] := FromDigits /@ Rest[Characters [SymbolName[s]]];
t[s_[_]1]:=t[s]; c[s_[_1] :=cI[s];

mnf-1:= {Tt[x[3, 411, t[X[3, 411} // FullForm
Time: 0.03 seconds Out[=

List["x", List[3, 4]]

df
p The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
Greek - Latin duality:
pdf

in[-]= Do[As[i, 1, $N-1], As[j, i+1, $N], x[i, J]* = €[, j1;
E[1, j1" =x[1i, j1; y[i, 31" =nli, j1;
nli, j1* =y[i, j11]
Do[As[i, 1, $N-1], A[i]* =A[i]; A[i]" =A[i]; a[i]* =a[i]; a[i]" =a[i];
b[i]* =B[i]; B[i]* =b[i]]
(vs_List)* := (v > V*) /@vs;
(u—aﬁ__)* = (U") aps

Flu_: ] := Flui] = ToExpression["F" <> ToString[u]];

in[-1:= $N =9
Time: 0.05 seconds Qut[=
9
in[-1:= t[al]
Time: 0.00 seconds Qut[=
a

FlatteneTable[{A[j]1} = e’ U, B[j17 = e‘”“[jli}, {j, 1, $N-1}];

Join [ {e/r_ o eExpand@lZU@/\"} s

FlatteneTable[{e™ °1i* 55 B[177 " e’, e~ *P*t s A[j15 e”}, {3, 1, $N-1}]];
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in[-]:= A =1;
U21[s ] := & /. {.911’1?—' »>ef ) Bl s e B @2l i P %%, B2 s @02 A3l 1 P,
BS?" » e PBb3 .5‘{4?" = ef o4, B4¥—' e PBb% .9’{5?" = ef 1, BS?" » e PBb5 $6?" = eP %6,

BS?" » @ PBb6: .?!7?" = ef o, B7¢—' e PBb7: .9’(8?" = eP %8, B8f§" PEY e'pﬁbsi}
c
120[& ] :=6//. {ed_.+c_. bl B1” ed, @l-re i 716 ed,
£ £
ed_.+c_. b2; 2 Bzin ed, ed_.+C_. a2;_ oy 3{25 ed, ed_.+C_. b3; B2y B3in ed,
c c
ed_.+c_. a3; - ‘ﬂ3i ed’ ed_.+C_. ba; 35 B4in ed, ed_.+c_. ad; osy 'ﬂ4i ed, ed_.+C_. b5; ass Bsin ed’
c c
ed_.+c_. a5 oo 5,{5:1..' ed’ ed_.+c_. b6, 2y BGiﬁ ed, ed_.+c_. ab; o5y .ﬂGg ed, ed_.+c_. b7; oy B71'ﬂ ed,

“

ed_.+c_. a7 oo 5,{7:1..' ed’ ed_.+c_. b8; 2y B8iﬁ ed, ed_.+c_. a8; o5y \ﬂsg ed, e/r_ B @

Expand[lZU[/r]]}
12U[r Rule] :=Module[{U=r[1] /. {b>B, t>T, a-»A}}, U->12U[U21[U] /. rl];
AlsoUpper|[rs List] := rs (12U /@rs);

pdf

Derivatives in the presence of exponentiated variables:

inl-]:= Dpy, [f_1 :=0p1, f-0B1; 0, f;
Dp2, [f_1 :=0by, f -0 B2; 8p, f;
Dp3, [f_1 :=0b3, f -1 B3; 8p3, f;
Dpa, [f_1 :=0Oba, f -1 B4; Bpy, f;
Dps, [f_1 :=Obs, f - B B5; 8ps, [
Dps, [f_1 := Ove, f -1 B6; Bps, f3
Dp7, [f_1 :=0b7, f -8B B7; 8s7, f;
Dpg, [f_1 := Ovs, f - 7 B8; Bps, [
Do1; [F_] :=08ca, f +AL;i Osa, f5
Doz, [F_]1 =002, f +A2: Oz, 15
Dos; [F_1 =003, f +A3: Oz3, 1
Doa;, [F_1 :=08oa,f + R4i Oga, f;
Dos;, [f_1 =845, f + A5: Ozs, 13
Das; [F_1 := 0846, f + A6:i Oz6, 15
Doz, [F_1 1= 807, f + A7: 857,15
Dag;, [f_1 =048, f + A8: Ozs, f5
D, [f_]:=0,f;

in[-1:=  LatinVars = Flattene {Table[As[i, 1, $N-1], As[j, i+1, $N], {x[i, j1, y[i, j1}1,
Table[As[i, 1, $N-1], {a[i]l, b[i]1}1};
GreekVars = Latinvars™;
LatinVarPatten = (Alternatives @e LatinVars) ;

GreekVarPatten = (Alternatives ee Greekvars) ;
VarPattern = (Alternatives ee (LatinVars |JGreekVars)) ;
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pdf
mm[-]1:= CF[&_] := PPCF@Module[{sl},
sl-= I'F[$k = o,

Expand[&] /. e~ = eFactorer

sk (heyn)k
Expand[&] /. e’ = 3T /g Z— /. € /3 k>%k=>0
k!
k=0 ¢

]

(xExpand@Collect [s1,Cases[sl,VarPattern,«],CCF]/.CCF—>Factorx)

]

Weights:

pdf

in[-]:= Do[As[i, 1, $N-1], As[]j, i +1, $N],

Wt[x[i, j1] ={1, i-3}; Wt[y[i, j11={0, -(i-3)};
WE[E[i, j11 = {0, -(i-3J)}; WtIn[i, j11={2, (i-3J)};
15

Do[As[i, 1, $N-1],
Wt[a[i]] = {1, @}; Wt[b[i]] = {@, O};
Wt[a[i]] = {@, ©}; Wt[B[i]] = {1, O};
15

Wt[u_ ] :=Wt[u];

in[-]:- $PBWGens

Time: 0.03 seconds Out[=

{x12, x13, x23, al, a2}

info]:= (% gq~el ¥ €; Ai[n]~e® € 3; i)

pdf

inf-]:= $n=3; $k = 0; $E := {$n, $k}

in[-]:= $EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[j, i+1, $n], x[i, j11,
Table[As[i, 1, $n-1], {a[i], A[i][_]}]
}

2026-10-02 13:14:13

$EPBWRule := Module[{k = @}, FlatteneTable[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X_ 2y :=0OrderedQ[{x, vy} /. $EPBWRule]; x <y :=!0OrderedQ[{y, x} /. $EPBWRule];

$PBWGens := DeleteCases [$EPBWGens, [ _1]]
in[-1:- $PBWGens*

Time: 0.071 seconds Qut[=

{&12, £13, £14, £15, £23, £24, £25, £34, £35, £45, al, a2, a3, o4}
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pdf
ml-1:= UCF[&_ ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ Ui [L___, _[],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1=
(-2) X BX ek n

Sum[As[k, 0, $ki, -

s
] /. FcF]

U;[L, Sequence @@ Table[a@e . [AB], k], r]]

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j e [€ Ui [x___TU; [1] :=cUe[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi 5 ok [€_ Ui [xx___, x_[n1_11U; [x_[n2_1, yy___1] :=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUe[xx, X, ¥y, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [&] :=ms [UCF[&S]1]5

in[-]1:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, »];

mn[-1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_By_  :=PPyy@Module|{i, is = Supp[x] NSupp[Vy], o, Z, k},
z=x; DO[Z =M, .ei[2], {i, iS}];
z = Expand[y z] ;
I'F[$k<oo, z=2z/.€" /; k>$k:—>0];
DO[Z = Mogs,ii[2], {1, is}1; Z];

UB[x , vy ] := PPg@UCF[x® y-y® x];

pdf
In[«]:= Ai_—»j_,k_[é‘_] HE UCF@Module[{jl, ki}, & /. {
Ui[1 » U;[] U],
Uilf , fs__ 1 » M a,,@my 5155 [85, k[ F] Aingr, i [Ui [fS]11]

31
Ai 55 e, [E]1 2= & 1/ Aisj,r /] Drosk,t
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pdf
i 1= Si [£.1 := UCFeModule[{il}, & /. {
Uilf_, fs___ 1 » miyq i, [Si[f]Si1[Uia[Fs]]]
115
S; [£.] := UCFeModule[{il}, & /. {
Uilf_, fs___1 = My, 1,:[S:[£] Sia[Vir [F5]11]

HE

In[-1:= Ag,253[U1 [x12] ]
Time: 0.02 seconds Qut[=

A1,253[U1[x12] ]

pdf

The A-algebra

pdf
inl-]:=  RRg_[ai_, aj_1 /; t[ai] = t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_1] /5 tlai] ="a" At[A]J] ="A" := Ut[Aj[n], ai];
RR, [Aj_[n_1, ai_] /5 t[ai] ="a" At[AJ] = "A" := Ug[ai, Aj[n]];
RRy [Ai_[m_1, Aj_[n_11 /; t[Ai] = t[Aj] == "A" := U,[Aj[n], Ai[m]];

RR, [am_, xij_]1 /; t[am] ="a" At[xij] = "x" := Module[{i, j, m},

{i, j} = c@xij; {m} = c@am;
Upe[xij, am] +¥ (6n,i = Snea,i — Om, + Onsz,j) U [Xx1J] /2
15
RR, [Am_[n_], xij_]1 /; t[Am] = "A" A T[xij] = "X" := Module[{i, j, m},
{i, j} = c@xij; {m} = c@Am; q " (Pmi-0n1,i=0n3+0n1s) Y, [x1j, Am[n] ]

]

n[-1:= $k
Time: 0.03 seconds Qut[=
1

ml-]:= RRe[a[1], x[1, 2]]
Time: 0.05 seconds Outf[=
v Up [x12] + Ug[x12, al]
pdf
We take the reduction rules RR for xij’s from Yamane page

509:

(I) i=m<j<n (II) i<m<n<j, (IIl) i<m<j=n,
i J i J i J
m n m__n m n

W) i<m<j<n (V) i<j=m<n, (V) i<j<m<n

i J i iJ

m n m n m n

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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q_zeijemn — €mn€ij = 0 if (GG, j), (m, n))e Ca) U C oy
[eij’ emn] =0 if (@, j), (m, n))eC(“) U C(VI)-
[eij’ emn] = (‘12 - q_z)einemj if (@i, j), (m, n))EC(IV)-
qzeijemn - emneij = qein lf ((la ])s (m’ n))e C(V)'

inf-]:=  RRe_[xmn_, xij_] /; t[xij] = t[xmn] = "x" :=Modu1e[{i, j, my n},

{i, j} = t@xij; {m, n} = c@xmn;
Which[

(i=mAj<n) VvV (@d<m<jAn=73), q2Ue[xij, xmn], (+ IVIII )
(i<m<jAn<j)V(j<m), Uxij, xmn], (x IIVVI «)

i<m<jAn>g, Ulxij, xmn] + (472 - ¢°) Ue[x[i, n], x[m, j11, (+ IV x)
j=m, q?Up[xij, xmn] - qUg[X[i, n]] (* V *)

]
]

In[-]:= Uy [X34] U, [x23] U3[x12] // My, 55,
Time: 0.06 seconds Out[=

-qU,[x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

In[«]:= Ul[X34] Uz [X23] U3 [X12] // ml’z_,z // mz’g_,e
Time: 0.05 seconds Out[=

q% Up [X14] - q° U [x12, x24] - % Up [x13, x34] + q* Uy [x12, Xx23, x34]

in[-1:= Block [ {$k = ©}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P = Uy [X] Uz [Y] U3[Z];
{X, Y, Z}y > (P // Mg 5,5 // My 3,9) == (P // My,3,5 // My 2,0)
11
11

Time: 1.05 seconds Out[=

{1

in[-]:= Block[{$k = w0, $n = 3}, Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table [A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}1];

DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[X] U [Y] Us[Z];
{Xs Y, Z}y > UCF[ (P // my 5,5 // My,3,0) = (P // My 3,5 // My 2,0)]

1]
1]
{x12, x13, x23, al, a2, A2[0], A2[-2], A2[-2], A2[2], A2[2], Al[-1], A2[-2], Al1[@], A2[-2], A2[1]}

Out[e]=

{1
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Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1
(x12, x13, x23, al, a2}

Out[«]=

{1

The Co-Product, Co-Associativity, and the Hopf Axiom

df
p According to DeltaUpT09.nb, the following formulas produce an easy to see pattern.
pdf
in[-]:-- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[i]] Uk[] +U;[]1 Uc[a[il];
Aj e [A[i]1[n_11 =U;[A[i][n]] Uc[A[i][n]];
Aj e [X[i, i+1]] =Us[x[i, i +1]] U [A[i][1]] +U5[A[i][-1]] Uk[x[i, i+1]]
DiEAs[i, 1, $n-2], As[n, i+ 2, $n],
A p [X[i, N]T = M ks [mj,j1—>j [
q Ay, [X[i, N-11] Ay [X[N -1, n]] - g7 Ay [X[N -1, N]] Ajg, ke [X[1, n-1]]
1]
]

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - Aj,j,k[P]]
1

e Osusief;nldzs1oiﬂbj[x1z1 Uc[] -2€hU;[x12] Ug[al] +Uj[] U [x12] +2 € AU;[al] Uy [x12]
Uj [x13] - U;[x13] Ug[] -2 AUy [x13] Ug[al] - 2 € AU;[x13] U [a2] +
Uj[] Uk [x13] +2 € hUs[al] U [x13] + 2 € AU;[a2] U [x13] + 4y e h U5 [x12] Uy [x23]
x23] 5 U [x23] Ug[] -2 € AU;[x23] Uc[a2] +U;5[] U [x23] + 2 € A U;[a2] Uy [x23]
] > Uj[al] Ue[] +U;[] Uc[al]

Ui [
U; [al
Ui [a2] er[aZ} U [ ] +Uj[] U [a2]
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in[-]:= Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X- (P// D151, // Bayz,3) = (P // A151,3 /7 Disa,2)
11

]
{x12, x13, x23, al, a2, A2[1], A1[0], A2[-2], A1[1], A2[-2], A2[1], A2[2], A1[1], Al[-1], A2[@]}

Out[«]=

{}

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{X; Y} UCF[(P//my,2, // BA1s1,2) = (P// Basz,a /7 Dasa,a // Myy35,1 /7 Mp a.3) ]
11
1

{x12, x13, x23, al, a2, A1[-2], A1[2], A2[-1], A2[1], A1[2], A2[-2], A2[1], Al[-2], Al[-1], A2[1]}

Out[~]=
{}
Is A a quantization of the co-bracket?
In[e]:= $k =1
Time: 0.02 seconds Out[=

1

In[]:= Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P = UCF [ (A1,1,2[P] = A142,1[P]) //.
{q”—' »1+nh/2,U; [xs___, A_[n_],as___]1=»U;[xs]+nhU;[xs, aee@ .[A], as] /2}
] /.8 /;n>1-0
]
]

Time: 0.05 seconds Out[=
Up[x12] - -4ehU;[x12] Uy[al] +4 e hUs[al] Uy[x12]
Up[x13] > -4ehUy[x13] Uy[al] -4 e AUy [x13] Up[a2] -4y e AUy [x23] Uy [x12] +
AechUg[al] Uy[x13] +4ehU;[a2] Up[x13] +4y e h Uy [x12] Up [x23]
Up[x23] > -4 e hUy[x23] Up[a2] +4 e hUg[a2] U, [x23]
Up[al] > @
Up[a2] > @
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The Antipode

pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[i1[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
]
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n1] =mys,5.9]
qS;[x[i, n-1]]S51[x[n-1, n]] —q'lsj[x[n—l, n]] S4a[x[i, n-1]]
]
]

Do[As[i, 1, $n-1],
S; [a[ill = -Uj[a[il];
S; [A[i][n_1] =U;[A[i][-n]];
S [x[i, 1+1]]1 = -q*Uj[x[i, i +1]] (+?+)
[E
Do[As[i, 1, $n-2], As[n, i+2, $n],
S5 [x[i, n11 =myy 5.5
qS;[x[i, n-1]11S51[x[n-1, n]11 -q*S;[x[n-1, n]] Sj1[x[i, n-1]]
]
]

in[-]1:= Module[{Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Uy[X];
X (P// A142,3/7S2// My 3,1)
11
]
{x12, x13, x23, al, a2, A2[-1], A2[-1], A2[1], A1[2], A1[-2], Al[-1], Al[-2], A1[1], Al[Q], Al[-2]}
Out[-]=

{x12 >0, x13 50, x23-50, al>0, a2 -0, A2[-1] - U, ][],

A2[-1] > Uy[], A2[1] > Us[], AL[2] - Ug[], A1[-2] > Uqs[],

Al[-1] > Ug[], A1[-2] - Uq[], AL[1] > Us[], A1[@O] - Uy [], AL[-2] > U []}
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n[-1:= $K =
Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11;
DeleteCases[_ - 0] [FlatteneTable[As[X, Bas],

P =U;[X];
X-UCF[((P//517/51) -P)]
] 1]

Time: 0.05 seconds Out[=

[e9)

» {x12, x13, x23, al, a2, A2[-1], A1[-2], A2[@], AL[-2], A1[2], Al[@], A1[@], A2[2], Al[@], A2[-1]}

Out[e]=

{}

The Generating Functions for the A operations

in[-1:= BeginProfile[]

Time: 0.03 seconds Out[=

BeginProfile[]
mi-]=  $k=1;
pdf
Ad, TT, Seepage
pdf

in[-]:= PotQ[@] = True;
PotQ[c_.U; [aj_]1 (EUs:U []...)] /5 (t[aj] ="a") AFreeQ[c, U] = True;
PotQ[x Plus] :=PotQ /@ (And @e x) ;

imi1= Ad[X_1[y_1/; PotQ[x] A (Head[y] =!=Plus) := PPpgpoty [If[y === 0, @, e®1"*17V y]];
Ad[x_][y_Plus] /; PotQ[x] := PPadpotp1us [Ad[X] /@ V1]

pdf
mf-]:= Ad[x_1[y_1 /735 - TrueQ[PotQ[x]] := PPpgni1@Module[{k =1, s=y, t =y},
While[ (t =UB[t, x]) =!=0, s+=t/k!; ++k];
UCF [s]
1
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i1~ Ad[7 B U;j[x12] Uy [a3]] [U; [x23] U, [a4]]

Time: 0.09 seconds Out[=

7
Uj[x23] Ug[a4] + |-7h-7yen®-— y*e€®n®| Uj[x13] U[a3, ad] +
2

(14 v e n® +14y? €® 1) Uy[x12, x23] Uc[a3, a4] - 98y €? n* Uy [x12, x13] Uy [a3, a3, a4] +

2 2.4 686 2 2.5
98 y" e A" Uy [x12, x12, x23] Uk [a3, a3, a4] - — v €” h” U;[x12, x12, x13] Ug[a3, a3, a3, a4]
3

in[-1:= TT, [] =03 (x Translated Tangent «)
TT, [xs___, x_] :=PPry@UCF[Ad[x] [TT, [xS]] + 0, x];
TT, [xs_List] :=TT, @@ xs

in[-]:= TTA[A E12Ug[x12] U1 []1, AE23Ug[x23] U;[1]]
Time: 0.01 seconds Out[=

£12Ug[x12] Uy [] + A 12 23 U [x13] Uy [] + €23 Ug [x23] Uy []

In[-]:= 03 [poly_] :=Total[
CoefficientRules[poly, #; & /@ $PBWGens] /.
(p_ > c_) » cU;eeFlatten@MapThread[ConstantArray, {$PBWGens, p}]
15
0i_,is__[poly_] :=0:[0is[poly]];
P; [6]:=6/.Ui[xs___]=»Timesee (#; & /@ {xs});
P; ,is__[poly_] :=P;[Pis[poly]];

;i1 ©3[x12] x13; + 7 x23]7]

Time: 0.06 seconds Qut[=
U; [x12, x12, x13] +
7 U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]

il J= 03,5 [x12] x13; X245 + 7 x23}” x253]
Time: 0.03 seconds Out[=
Ui [x12, x12, x13] U;[x24] +

7 Uj [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
U5 [x25, x25, x25]

In[-]:= P;,j@0j 5 [Xlzi x13; X24j +7 X23i7 X25§]

Time: 0.06 seconds Out[=

x12] x13; x24; + 7 x23} x253

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin15.nb 2026-10-02 13:14:13

in[-]:=  Seepage; [{}, c_]=c¢;
Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens[Lengthe £57;
CF@Collect [P, 1x;, P;[Ad[Last[£5] U;[1x]] [O; [Seepage; [Most@<s, #1111
&]
15
Seepage; ;. [¢5_List, ¢ss__List, P_] := Seepage;[<¢5, Seepage; [<¢5s, P]1

mi-1=  Invert;s [&.] := Module[{A, B, Ul, j}, (» &=A U[]+€ B )
Ul = Times @@ (U, [] & /@ {is});
A = Coefficient[£, Ul] /. € » 0;
B=UCF[(5-AUL)];
UCF [
At (Ul +sum[As[], 1, $k], (-1)? NonCommutativeMultiply @@ ConstantArray[B /A, ] 1]

]

mnl-1:= $k = 3;
Inver‘ti,j [7 Ul[] UJ [] + € Ul [X12] U] [X23] ]

Time: 0.09 seconds Out[=

1 1
— Ui [JUj[] - — eU;[x12] Uj[x23] +
7 49
1, e?U; [x12, x12, x12] U5[x23, x23, x23]
— € U; [x12, x12] Uy[x23, x23] -
343 2401

pdf
in[-1:=  TriangularDSolve[egns , inits , fs , A, CF_] :=
PPrriangularpsolve @Module [ {ss = {}, reqns = eqns, rinits = inits, rfs = fs, s, p},

While[rfs =1= {},
{p} = FirstPosition[Count[#, Alternativeseerfs, «, Heads » True] & /@ reqns, 1];
{{s}} =DSolve[reqns[pll A rinits[p], rfsipl, A1;
AppendTo[ss, s =s /. F_Function :» ReplacePart[F, 2> CF[F[21111;
reqns = Delete[reqns, p] /.s /. e_=0:CF[e] == 0;
rinits = Delete[rinits, p];
rfs = Delete[rfs, p];

15

1
The Generating Functions Engine

Canonical Forms:
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pdf
in[-]:= LogReduce[& ] =
& /.c_xLogla ] =» Log@Factor‘[a‘] //.Log[a_] +Log[b ] :» Log@Factor[ab];
CF[&_E] :=CF /@MapAt [LogReduce, &, 1];
CF[&:E [___1]1:=CF/@&;
pdf
E operations:
pdf
inf-1= & E[$] :=Length[&] -1; E [&s___1[$] :=E[ss] [$];
& E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}k+11;
E/: & _FE=&2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];
Egi »r1 [E1s___1=Egy 4p2 [E25__ 1 "i= (d1==d2) A (rl1=r2) A (E[&lS] = E[&25]);
E/: & Ex&2 E :=Ee@Table[CF[&1[kk] + s2[kk]], {kk, @, Min[&51[$], £2[$]11}1;
Eg: »r1 [E1S___1Egz or2 [825__ 1 "i= E (q1yd2)-riyrz) @@ (E[&S1s] E[&25]) 5
pdf
in[+]:=  Egg ez [E1S___1// Egz or2 [E25___1 := Module[{is =rid2, 1lvs, 1lvs},
lvs = Cases[{é:ls}, (Alternatives @e LatinVars); /; MemberQ[is, i], oo] U
Cases[{aZs}, (Alternatives @e GreekVars); /; MemberQ[is, i], oo]*;
11lvs =1vs /. U_; = Ugeis;
E (d1ycomplement [d2,is])- (r2Complement [r1,is]) @@ (ZipllvsUHvs* [{(F/@1llvs*).(F/@1lvs), Times|
E[&1s] /. Thread[lvs » 11lvs],
E[&2s] /. Thread[1lvs* -» 11vs™]
1}1)
pdf
Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then
to the heavy and light variables.
pdf
@f‘/l( ] W00 @F/ZC — (D‘uz 3 o
part-glue
A TZ‘! - Z
3 & 3 & connected
diagrams
Lemma 1 Lemma 2 Lemma 3
pdf

Comment. Zip3 of the outer variables must occur after all other operations are completed, because we
must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the
coefficients of Q.

dvs stands for “Diagonal Variables”. In gl,, they are the x;’s and the y;;’s. They have weights {1,0} and
{0,0}.
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miel= Zipys [{F., &.}] = Module[{dvs = Select[vs, (Wt[#] == {0, O} VWt[#] == {1, ©}) &]},

{7, &Yy // Ziplvs (*/ /Zip2Comp1ement[vs,dvsj *) [/ Zipzdvs //
EZip3Comp1ement[v5,dvs] // Zip3dvs

| 77/ Last
pdf
Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,
<F: Eez Ziws Gu‘“f> = det(1-GF)"2(F(1 - GF)™': &)
B B
pdf

il Ziplyy = Identity;
Zipl,, e{s_, E[Q_, P___]} := Module[{], F, G, u, v},

(xEcho [ {vs,7,Q,P}];*)

I = IdentityMatrixelLengthevs;

F = Table[If[Wt[u] + WEt[Vv] = {1, O}, Or(u1,rv1 7 » O], {U, VS}, {V, vs}];
G = Table[If[Wt[u] +Wt[v] == {1, @}, 8,,,Q, O], {u, vs}, {v, vs}];
(xEcho@MatrixForm [ T-G.F];*)

{CF[(F/@vs).(F.Inverse[I -G.F]).(F/@vs) /2],
E [CF[Q - PowerExpand@Log[Det[I - G.F]] /2-vs.G.vs /2], P]1}

]

m[-]:= Wt /@ {Xlzs[z] ) y12$[1] 3 n12$[1] E) §12$[2]}
Time: 0.00 seconds Out[=

{{1, -1}, {0, 1}, {1, -1}, {0, 1}}

s Egyaqa,2y [X122¥121] /7 Eq,ay.0 [ (1 - ™) n12, £12,]
Time: 0.02 seconds Qut[=
E (5 [-bls]

Getting rid of linear terms.
Lemma 2. <F: 8@21'63“""5')3 = @2 Zuen Fivys <F: 8|ZB—>ZB+FyB>B'
pdf
il Zip2yy = Identity;
Zip2,  @e{7_, E[Q_, P___1} := Module[{F, Y, u, v},
(xEchoLabel ["Zip2"] [{vs,F,Q,P}];*)

F = Table [If[Wt[u] + Wt[v] = {1, O}, CF[O,[uj,rv1 F 1, @1, {u, vs}, {v, vs}];

Y = Table[8,Q, {V, vs}] /. («AlsoUpper@x)Table[v » @, {Vv, VvS}];

CF/e ({#, E[Q-Y.vs+Y.F.Y/2, P]} /. (xAlsoUpper@x)Thread[vs » vs + F.Y])

]
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pdf

Dealing with Feynman diagrams.

Lemma 3. With an extra variable A, Z; := log[AF : ef]p satisfies

and is determined by the following PDE / IVP:

1
Zy=P and 9,Zy=; D Fij(0:0-, 20 + (05203, Z0)).
i,jeB

Note that the power m of Aisat most k-1 + %"2 =2k.We write Z, =3 Z[m] A™.

pdf

imi-1:=  Zip3,s @{#_, & E} := Module[{F, u, v, Z, kk, jj, $m=0, m, n},
(xEcho[{"Zip3",vs,7,5}];*)
Do[Z[@, kk] = &[kk +1], {kk, 0, c@$}];
Flu_, v_] :=F[u, v] =CF@If[Wt[u] +Wt[v] = {1, O}, Or(u1,r1v1 7 » O]}
Z[m_, RR_, u_ 1 :=2Z[m, RR, u] =D,[Z[m, RR]];
Z[m_, RR_, u_, v_] :=2Z[m, RR, u, v] =D,[Z[m, RR, ul];
For‘[m =0, ms2$m, ++m, For‘[kk =0, kk < s@$, ++kk,

Z[m+1, kk] = CF@Sum[

Flu, v]
I-F[F[u, v] === @, @, ———— (Z[m, kk, u, v] +
2 (m+1)

sum[Z[n, jj, u] *Z[m-n, kk - jj, v], {n, @, m}, {j], O, kk}])]:
{u, vs}, {v, VS}]3
If[Z[m+1, kk] =1=0@, $m=m+1]
CF /e ({
F -Sum[F[u, V] *x f[u] *f[V] /2, {u, vs}, {v, vs}],

E e@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, 0, S@$}]
} /. (xAlsoUpper@x)Table[v -» @0, {v, vs}])

pdf

ml1-  EZip3,; @{# , & E} := PPgjpz@Module|
{n&, nF, rc, ps, rr = { (xrelease rulesx)}, Fvs},
rc = @; né=Total|

CoefficientRules[#, vs] /.
(ps_->c_) » (AppendTo[rr, c&[++rc] »c]; c&[rc] (Timeseevs™))
& /e &5
rc=0; fvs = f/@vs;
n7 = Total[CoefficientRules[#, rvs] /.
(ps_>c_) » (AppendTo[rr, cF[++rc] »c]; cF[rc] (Timesee rvs™))];
CF[Expand[{n¥, n&} // Zip3,.] /. rr]

]
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“Define” Code

pdf
mi-1:= SetAttributes [Define, HoldAll];
Define[def , defs 1 := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{sD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD[0Pnisp,se_s PPeoot @Block [{i, j, K}, 0Pigp g = &5 OPnis ] |5
SD[0Pisps OPisy,se]5 SP[OPsis 5 OP(sisy]s
] 7. {SD - SetDelayed,
isp>»> {is} /. {i»i_,j-»]j , k->k_},
nis » {is} /. {i-»ii, j-» jj, k-» kk},
nisp - {is} /. {i»ii_, j»3jj_, k- kk_}

3 1]

L~ CE(R5) GEOyx)  Scepeodpaty @@@» OfSeplfiA ) @
T (Ly) =LAl S(B)= Seepe( 16),
RoGE(fy) ) gz Srene R.ore) aF Faf

il

R,)-F.OR ). OF6)OFo)- SI6 OF OlF (66 +36))- Sle)sieae)

pdf
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i1~ Define[amt; j,i = PPronir gk, gn) @Module [ { (+TTL, +)},

]

ES[s_1[&_ ] := (EchoLabel[s] [Short[&, 2]1]; &) ES[s_1[&.] 1= &3
TTL = ES["TTL"] @PPu17 -@TT; @
Join[11 = Table[If[t[g] === "X", A, 1] (g*); Uc[g], {g, $PBWGens}], 11 /.i - j];
mons[-1] = {};
mons[p ] :=mons[p - 1] JUnion@Cases [Coefficient[TTL, €, p], Uc[___1, «];
ff = Table|
sum|[eP f, 4 [A], {p, O, $k}],
{u, $PBWGens}
| 7. %5 ,u [A] /5 Tu] ="a" = If[p =0, (u*);+ (u*)y, O];
fs = Flatten[Table]|
fp,]Pk[m]:
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
P fo,peruy [A] Py [ul,
{p, @, $k}, {u, Complement[mons[p], U, /@ $PBWGens] }
B
G = Series|[e®, (¢, 0, $k}];
S[B_] :=UCF[SS@Oy[Seepage, [ff, SS@UCF@B]]];
SG = ES["SG"] @PP- - @S[G] ;
TTR = ES["TTR"] @PPu11z- @UCF [Invert, [SG] ® S[ (8, (ff. (# & /@ $PBWGens) ) G + 3,G) 11 ;
diff = UCF[TTL - TTR];
eqgns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0O,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] ==9) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i,i)-(k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], (a[m];+a[m];) a[m];], @],
Total[Cases[fs, f, 11 /.F, u »u(fy,u/.s8)[A] /. A|A]|¥~ 1]

]
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pdf
in[-]:-- Define [aAti_,j,k = PPuoat (3K, $n] @Module[{ (+TTL, *)},
ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 2]]; &)
TTL = ES["TTL"] @
TTy@Table [UCF [If[z[g] === "Xx", A, 1] (8"); Ai,j,k[Ui[8111, {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=mons[p-1] U
UnioneCases [Coefficient [TTL, €, p], c_. Uj[x___1Uc[y___ 1= U5[x]U[y], =];
ffj = Table |
sum|[eP £, u [A], {p, @O, $k}],
{u, $PBWGens}
Il /s 5 ,u A1 /5 Tlu]l ="a" »If[p=0, (u*);, O];
ffk = ffj /. j->k;
fs = Flatten|[Table|
-FP:]Pj,k[m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e? 'Fp,IPj,k[u] [A] Py, [u],
{p, @, $k}, {u, Complement[mons[p], U;[] (Uc /@ $PBWGens) JUc[] (U; /@ $PBWGens) ]}
[E
G = Series[e®, {e, 0, $k}];
S[B_] := UCF[SS@O0;, [Seepage; , [ff], ffk, SSeUCFeB]]];
SG = ES["SG"] @PP- - @S[G] 3
TTR = ES["TTR" ] @PPw1rg- @UCF [
Invert; «[SG] ® S[ (0, (ffj. (#; & /@ $PBWGens) + ffk. (# & /@ $PBWGens)) G + 8,G) ] 1;
diff = UCF[TTL - TTR] ;
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] =0) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i}-(j,k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[m]y)], @],
Total[Cases[fs, f,, 1] /.F, ,, »u (f,,u/.58)[A] /. A& |¥~1]
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mi-1- Define[aSt; = Module[{ (+TTL, «)},

TTL = TT,@Reverse@Table [UCF[If[z[g] === "x", A, 1] (8%); Si[Ui[g]11], {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=

mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c¢_. Uj[x ] = U;[x], «];

ff = Table|
sum[eP fy,u, [A1, {P, @, $k}],
{u, $PBWGens}
] 7 Fo_,u [A]1 /5 T[u] ="a" »If[p==0, - (u*);, O];
fs = Flatten[Table[
fP;Pi [m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
€ fy,p,(u [A] Pi[ul,
{p, @, $k}, {u, Complement [mons[p], (U; /@ $PBWGens) ]}
];
G = Series|[e®, {e, 0, $k}];
S[B_] :=UCF[SS@O0; [Seepage; [ff, SS@UCF@B]]];
SG = S[G] ;
TTR = UCF[Invert; [SG] ® S[ (8, (ff. (#; & /@ $PBWGens) ) G+ 3,G)]11;
diff = UCF[TTL - TTR];
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] =0) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i) @@ Table[As[p, 0, $k], Plus[
If[p--0, Sum[As[m, 1, $n-1], -a[m];a[m];], O],
Total[Cases[fs, f, ]1/.f, , »u(f,,u/.88)[A] /. A |hA]|¥->1]
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mi-1- Define[aSt; = Module[{ (+TTL, «)},

TTL = TT,@Reverse@Table [UCF [If[z[g] === "x", A, 1] (g"); Si[Ui[g11], {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=
mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c¢_. Uj[x ] = U;[x], «];
ff = Table|

Sum[eP f,,, [2], {p, @, $k}],
{u, $PBWGens}
] 7 Fo_,u [A]1 /5 T[u] ="a" » If[p==0, - (u*);, O] ;
fs = Flatten[Table[
fP;Pi [m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e’ fo,p;u [A] Pi[ul,
{p, @, $k}, {u, Complement [mons[p], (U; /@ $PBWGens) ]}
];
G = Series|[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O; [Seepage; [ff, SS@UCF@B]]];
SG = S[G] ;
TTR = UCF [Invert; [SG] ® S[ (8, (ff. (# & /@ $PBWGens)) G + 8,G) 11;
diff = UCF[TTL - TTR] ;
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] =90) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i) @@ Table[As[p, 0, $k], Plus[
If[p--0, Sum[As[m, 1, $n-1], -a[m]; a[m];], O],
Total[Cases[fs, f, ]1/.f, ., »u(f,,u/.88)[A] /. x| A ]|¥->1]
1

1]

mf-]:= $k=1; $n = 3;
in[-]:= aSty // aSty

Time: 5.94 seconds Out[=

E{l}ﬁ(l) [a11 0(11 + 321 0(21 + X121 5121 + X131 5131 + X231 5231, 0}
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in[-]:= (*Splitter into B tensor Ax)
SYi 55 ,k L ,m_ = Eriysi5,k,0,m [
sum[n[r, s];y[r, s1;+&[r, sliX[r, sl,, {r, 1, $n-1}, {s, r+1, $n}] +
Sum[a[r];a[r], +B[r]l;b[r],, {r, 1, $n-1}], Sequence @@ ConstantArray[0, $k]

Inl-]:= SY1,2,3,4,5
Time: 0.00 seconds Out]=
E(1)5(2,3,4,5, [als oy + 824 027 + bl 1 + b23 B21 + y11, nlly + y12, n12, +y13, 13, +
Y¥22, N224 + Y23, 023, + X115 E11; + X125 £12; + X135 131 + X225 £22; + X235 £23;, 0]

P:AtensorB = k
Rin B tensor A

mi1= Py i i=Eg, 5. @@PadRight [
{sum[n[r, s]1;&[r, s1;, {r, 1, $n-1}, {s, r+1, $n}] +Sum[B[r]; a[r];, {r, 1, $n-1}]},
$k+1]
Ri ,j = E(,i,5) @@PadRight[
{sum[y[r, s];x[r, s]1;, {r, 1, $n-1}, {s, r+1, $n}]| +Sum[b[r];a[r]l;, {r, 1, $n-1}]},
$k+1]

In[«]:= R1)2 // P2)3
Ri,2 // Ps,1

Time: 0.05 seconds Outf=

E (3501 [b1y 15 + b2y 823 + y12, 1125 + y13, n13; + y23,; 1233, 0]

Out[e]=
E(S}%{Z} [312 0(15 + 322 O(25 + X122 §125 + X132 §135 + X232 §235, 0]

im-]:- Define[bmty,.,; = Module[{i@, i1, j1, k1}, (Rie,i1 // @Ati,ja,ka // P41,5 // Pia,k) /- 10> 1],
bAty,;,j = Module[{il, j1, k1, k2}, ((Ry,i1Ry,51 // amtis j15) // Pia,ia) /.« k25 K],
bSt; = Module[{il, i2}, (Ry,i1 // aStis // Pi1,i5) /. i2 - i],
bSt; = Module[{il, i2}, (Ry,i1 //@Stis // Pis,s0) /. i21i]]
Define[ﬁi,j =Ry,j // bSti]

In[]:= amtl)z_,3 // 12U
Time: 0.03 seconds Outf=

a2,
E{I,Z}%{3} {313 (O(ll + 0(12) + 323 (0121 + Ol22) + X123 (§121 + (Ea11772 §122 +

al; o2
x133 (5131 +e2 2 £13,-¢”

al.
= ia2

1a- + X235 (§231 re 2 §232) s

02,
2 £12, £23,

1

o2 a2
2™ X123 x135 £12, £13; - €™ 2 x133 £12, £23; +

02 aly a2y
2™ X123 %233 612, €23, -2 e 2 T2 x133 X233 £13, 5231}

mnf-1- $k =1; $n = 2;
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In[«]:= bmtl’z_,_a,

e MM £12; Uy [x12] Ug[] -2e ¥ ™M e £12; Uy [x12] Uy [al] +
e VM £12; U [] U [x12] +2e V™™ e £12; Uj[al] Uk [x12]

Us[] U] +e "M e Uy[x12] Uc[al] f1a1, xaz; [A] + @ "M e Us[al] U [x12] F1,a1; xaz, [A]

Uy [X12] Ui [x12] (e 2" "M y e f1 a1, vz, (2] Fo,uaz, [A] - @ 27N v e F1 a1 a2, [A] Fo,uaz, [A]) +
<35> +e "M eUyal] Uy [x12] f1, a1 k2, [A]
Out[«]=
E (1,253} [bl; 81; + bl 31, + y123 0124 + y1253n12,, -2y125 31, nl2, + 2y125 311 nl2,]

Testing A and B dually paired Hopf algebras
co-associativity
in[-]:= {(antisy,n // anta,;,3) = (AAty,y,3 // aAty,y,), (bAty,s,, // baty,;3) = (bAty,;,3 // bAty,y,,)}

1
e 2V 2Ot 21 Uy [x12] U [ ] +

1 1
e 2 ¥ (020 o934 o7y ¥ (OMak) 5 o900 €23, 1 ez Y M) e €12, 5231) Uj [x13] Uy [] +

3yo2;

«31>> +2e 2 yeAE13; £23; Us[] U [x13, x23]

2al;-02;)

1
Us[] U[] +e 2" € Uy [x12] Ug[al] Fu,a, xaz, [A] + <<215> +

3yaz 3yaz

Uj[] Uc[x13, x23] |e 2> € fg, 23, [A] F1,x12,x23, [A] +€ 2

€ f1,x13, x23, [A] )

<«<1>>

Out[«]=
{True, True}

algebra morphism

inl-]:= {(aAti,q,2 aAty,3,4 // amty 3,; // amty 4,5)
(bAt;,1,, bAty,3,4 /7 bmty 5,3 // bmt; 4,5)

Time: 0.45 seconds Outf[=
{Tr‘ue, TI"UE}

(amt;, jox // antisi,;)
(bmt; i // bAti,i )}
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In[«]:= (aAti_,]_Jz aAtj_,3,4 // amt1,3_,i // amt2)4_,j)
Time: 0.22 seconds Out[=

E{i,j}a{i,j} al; ol; + alj al; +aly O(lj + alj O(lj +a2; a2; + a2j a2i + a2y O(Zj + a2j O(Zj +

1 1
x12; £12; + x125 €125 + e2 POM 02 125 €125 + e2 UM %125 €125 + x13; £13; + X135 £13; +

1 1
ez (Mr0%) 493, £135 4 @2 (M%) %130 €135 1 X235 £23; + X235 £23; — ez PONTON) w13, £12. £23; -
J J ] J J
1 1 1
e2 UM 4135 £125 £23; + ez TOM20%) %235 £235 + e TR 4235 £23;,
1 1
“2al;x12; €125 + 2 al; x12; €125 - 2 ez 2OM70%) 31, %12, €125 + 2 ez POMTO) 31, %125 £124 -
J J J J J J

2 alj X13i §131 -2 aZJ XlBi 5131 +2 ali X:|.3:| §131 +2 a2i X13] §131 +4 x12i X23J §131 +

20l1;-02;

1
x125 x13; £12; £13; - x12; x135 £12; £13; - 2 e2 | ) x12; x13; €125 £13; -

1 1
e2 2OMTO) 125 x13; €124 €135 - 3 ez UM x12; x135 £124 £13; -

1
2 e} (20li-02;

1 1
) X125 x135 £125 £13; - 2 €2 N7 a1y x13; €135 - 2 ez A 225 x13; €134 +
1 1 1
2 €2 "M a1 x135 €135 + 2 e2 M) a2, X135 €135 + 4 ez M) x12; x235 €135 +
1 1 3ad;
e2 (M) 125 %135 €125 €135 - @2 N x12; X135 £12; €135+ € 2 x124 x13; £125 £135 -
301;

e 2 X12j_ X13] 5123 5133 -2 aZJ X23i 5231 + 2 aZi X23] §231 - X12] X23i 5121 §231 +

201;-02;

1 1
x12; X235 £12; £23; — ez M%) %13, €125 £23; + 2 e2 | " a1y x13; 125 £23; +

1 1 1
2e2 PO 225 %13; €125 €235 - e2 PN %135 €125 £23; - 2 €2 PO a1, X135 £125 £23; -
1 1
22 PN a2, %135 €125 €235 + 2 e2 PN x12; x23; €124 £23; +
1 1 1
e2 PO %120 %23; €125 €235 - e2 P x12; X235 £125 £23; + 2 e2 UM %125 %235 £125 £23; -

ei (2 0di-024 (2 0li-02;

1
) X125 x13; £12; £125 £23; + €2 ) x12; X135 £12; £125 £23; -
e? 1702 %124 X133 £125 £23; + € *N7% x12; X135 £125 £23; + x134 X233 135 £23; -

1 1
x13; x235 £13; £23; - 2 €2 1% x13; x23; €135 £23; - ez M%) x13; x23; €135 £23; -

1 1 1
3z M) %135 235 €135 £23; - 2 @2 M) X134 %235 £135 £23; - e2 UMM x135 x23; €125 €232 +
1 1 1
e2 PO %13, %235 €125 €232 - 2 e2 N2 225 %23, €235 + 22 UH2UR) a2, %235 €23 -

1 1
e2 (TOHT2O%) 4120 %235 £12; €235 + €2 M2 %12, X235 £12; £235 -
1 1 1
e2 (NiTe%) %125 %235 £125 6235 + €2 (7O x12; X235 £125 £235 + €2 UM% x135 %235 £13; €235 -
3025 302

e2 (TOMT20%) 4135 %235 €13; €235+ @ 2 x135x23; £13; 235 - e 2 x13; X235 135 £23; -

1 1
e2 (M) 135 %235 €125 £23; £235 + @2 M) x13; x235 £125 £23; £23;

associativity

inf-]:= {(amty a,k // amty,3,k) = (amty 3,k // amty k) »
(bmty o, /7 bmty 3,) = (bmty s, // bmty ) } /7 Simplify

Time: 0.11 seconds Outf=
{True, True}

antipode
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in[-]:= {aAti,y,, // aSty // amty 5,1, aAt; ., // Sty // amty 5,1,
bAti_,]_,z // bSt1 // bmtl)z_,l, bAti_,]_,z // bstz // bmtllz_,l}

Time: 3.62 seconds Outf=
{E(1)5711 [0, 0], E(iy501 [0, 0], Eriy3501, [0, 0], Egiy51, [0, 0]}

inverse antipode

In[«]:= {aSti // ﬁi, bSti // ﬁl}

Time: 3.12 seconds Out[=

{]E{i}—%i} [ali al; +a2; a2; + x12;4 5121 + X134 §131 + X234 §23i1 @] >
E(i)5¢iy [b1i Bl + b2; 325 +y12; n12; +y13; n13; +y23; n23;, 0]}

Pairing

mi-1= {(amty, 2,3 /7 P3,3) = (bAt_3,.4, 2 // P11 //P22),
(bmty .3 //P_3,3) = (adt_3,.4, 5 // P.1,a//P_3,3),
(aSty // Py,_1) = (bSt_y // Py, 1), (aSty // Py,1) = (bSt.y // Py, 1)}

Time: 0.25 seconds Qut[=
{True, True, True, True}

In[]:= Py,
Time: 0.02 seconds Qut[=
E(1,2)5() [011 813 + 112, €12, ]

(-1 Define[dm; j, = Module[{il, i2, i3, i4},
((sYioia,ia,41,41 /7 @At51,51,52 // @ALia,s,53 // @STis) (SY5,oi1,-41,-14,-14 // DAY 51, 51, 55 //
bat_is, i, _i3) ) // (Pi1, i3 Pi3 51 amtss _ia bmtis _i5) ] ]
Define [dS; = SY;,1,1,2,2 // (bSty aSty) // dmy,1,;,
dS; = SY3,1,1,2,2 // (bStyasty) /7 dmg, s,
daij,k = (bAti,1,3aAt,,5) // (dM3 g dmy 2,5) |

(xNotice we take co-opposite on the A-side! to make the doublex)

Testing Double
inl-1:- $k =03 $n = 2;

In[-]:= dmg 3,3
Time: 1.58 seconds Out[=

E{1,2}4{3} 313 0(11 + 313 0(12 + 323 0(21 + 323 0(22 + b13 [311 + b13 [312 + b23 [321 + b23 [322 +

1 1
y12; 712, + e2 2N y120 012, 4 Y13, 013, + ez OO y13. 1913, + y23;5 123, +

1 ali-202, 2b1;3-b2;-2 0ly 024

1 1
e: ) Y23, 123, + X125 124 — ez (2012 1)) €12, + ez | ' n12, €12, -

1 1 1

ez (2PLbZiolirad) yo3 113, €12, + ez PR x12, €12, + X133 €13, - ez ) 13, €13, +
1 1 1

ez (P1PZrahima2) 93 £q3 4 er (N0%) 135 £13, + X235 6231 + ez M) y12. 113, £23, -

2 (01y-2 02,

e: ) 123, £23; + 2 (PB72P21ahi2a2) 53 c93  ep (0MTOn) 93 £1D) €23, 4

1

1 1
ez (2PhbZalirad) 93 0970 €23, - er 2NN 135 £12, €23, + ez 2% %035 £23,,

1
—2y12, 1, 12, + 2 ez 2R y12. 81, 012, - 2y13; B, 13, - 2 Y135 B2, 013, +
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1 1
5 (-2ali+a2;) y12,y13, 112, 13, + 2 e: (-aly-a2q) y13; B1; n13, + 2 ez (-al1-02q) y13; 32; n13, -
1 1
ex MR y12,y13, 012, 013, - 2y235 B2, 023, - ez 2R 12, y23, 012, 123, +

e2 ("M% y13.y23. 13, 123, + 2 ez (2% y23. 8. 123, + 4 ez (2% y13. 112, 123, +
3 (W22 1o vo3 110 93 s (1202 Y93 093 113 103 L 4x12 Bl, €12, -
ylz3yzs3nlzy nes,; yls3y233nlsy nis, 3 bl2 1

2bl3-b23-2 0l;+02,

1 1 !
2 e (-2 aly+024) n12, £124 + 2 e2 ( ) n12, €12, - 2 ez (-2 aly+02q) al; n12, £12, -

1 1 1
2 ez (2P1PZ2ahion) g90 1) €12, + 2 €2 (2OMON) w125 y12, 012, £12, - 2 €2 2ONOR) 31, 012, €12, +

1 1
2 @7 (2b13-b23-2alyva2y) Bl, 12, €12, - 2 e: (2b13-b23-2 ady+a2,) y125 112, n12, €12, +

2 e—i (2b13-b23-4 011 +2 024 2b13-b23-2 ol +a2,

1
' y12; 122 €12, - e2 ) y13; 012, 13, €124 +

1 (2b13-b2;-0l1;-02,

1
ez (Foli-a21) x12;3 y13; n13, £12, - 2 e: ( ) y23;n13, £§12; +

2 (2b1;3-b2;-011-02, 2b15-b25-015-02,

2e:2

1
2 ez (2PbPBaliak ) y13, 012, n13, £12, +

1 1
e2 (2bl3-b23-al;-021) y123 y233 77121 r7132 5121 e (2bl3-b23-3 01,

1
" al;y23; 113,612, -2 ez ) y23; 81, n13, 12, -

1
' y23, 824 13, £12; - 4 ez 2O OBk

' y13; 12, n13, £12; -

1 (2b13-b2;-015-02,

1
2 ez PPLPB30N) y1o y23. 112, 113, £12; + 2 e2 ¢ ) y13,y23, 113, n13, €12, -

(2b13-b23-2 ady+a2,

1 1
ez (P10 20lim202) yq3 23, 1132 £12; + €2 ) y23; 112, 23, €12, -

1 1
ez (2PLabBrolinod) 932 193 123, £12; - ez (202 %125 y23, 123, £12; +

(2b13-b23-3 a2,

1 1
ez (2PLb2aliman) yo3 112, 123, £12; + €2 ) y232 13, 123, €12, -

1 1
2ex (2902 yqp 1)) £122 4 2 e (2b13-b23-2ads+a21) g5 12, £122 + 2 2 bl;-b2;-2 ali+a2; n122 £122

1 (2bl3-b2;-4 alq+2 02,
2e2

3 eé (4b13-2b2;-3 al,

(201302, 70a-021) 595, y23, 13, £122 -

2b13-b25-3 al,

1
' 1122 €122 -~ e

1
) y23; 12, 13, £122 + 2 e2 ) y23; 112, n13, £122 +

2bl;-b2;

1
e?Phab2i-ali-oi v 532 132 0922 L ) %123 112, £12; €12, -2 €2 ) X123 012, £12; €12, +

3 (2b1ab2aralim2021) yq5 0 y23. 1013, €12, €12, + 4 x133 1, £13; + 4 x13;3 B2, 13, +

2
1
2

% (bl3+b2;-011-02,

(

1 1
(2013-b2;-20da0021) 453, 112, €131 + ez (2OMOR) %135 y12, 1012, €13, - 6 ez M) 13, €13, +
(

1
5 (2bha-b2alimad) 93 093 40 ) 113, €13, - 2 ez M) a15 13, €13, -
: 2 (bl3+b2;-al;-a2,

1
blasb2i-oli-02) 39, 113, £13; - 2 e2 ") 325113, €13, -2 e ) a23n13, €13, +

2
1 1
3 (2b1a-b2maimad) 453, y23, 13, €13, - 2 ez ) g1, 13, €13, +

2e
4e
4e
2e
4 e
4 e
2e bl3+b2;-01;-a2;

(
P (cali-a2 2 Caty-a2
(Folim021) 512, y12, 113, €13, + 2 ez M%) %135 y13, 113, €13, -
(
(

bl3+b23-0l1;-02;

1 1
) B1, 113, €13, - 2 ez "M 32, 13, €13, + 2 €2 ) 82,113, £13, -

2

1 1
g2 (PBOBTR) 1) 112 113, €13 + b ez PR3N y12 112, 113, £13,

301,

1
ez (PBP230L) vy 012,113, €13, - 2e 2 y12, 112, n13, €13, -

2 (bl3+b23-a1;-a2,

2 e> bl3+b23-201;-2 02,

1
) y13, 713, 13, 13, + 2 e2 ) y13; 132 €13, -

bl;+b23-al;-02,

1 1
4 e (2b13-b23-2 a1,-2 02,) y12,y23, 77135 £13; - ez ( ) y23; 113, n23; £13, -

202

1 1 1
42 (M2 12,123, €13, + e2 (T2 %13, y23, 123, €13, + 4 ez R n12, 123, €13, -

2b13-b23-3 a2,

1 1
4 ez (2PLPolira2) 5 193 613, 14 et ) y23; 113, 123, €13, -

1 1
ez (P1P2302) yo3 113, 123, €13, - 22 (2R %135 1012, £12, €13, -

2b1a-b2-alai-o2) 4990113, £12, €13, +

1 1
2e> (bl3+b23-a1;-a2,) X123 n132 §121 §131 _e2 (2b13-b23-01;-02,

1 1
4z "M %12, 1013, 12, 13, + b ez |
) x133y23; 113, €12, £13, +
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1 1
4e> (4bl3-2b2;-3 al,) n12, n13, £12; £13, - 6 e: (2b13-b2;3-3 aly) n12, n13, £12, 13, -

301,

' 012,113, €12, €13, + 2 e 2 nl2,nl3, £12; £13; -

2b13-b23-20al,-2 a2,

(b13+b23-3 ady bls-aly

3
' 12,113, £12; 13, + 2 e2 '

3 e% (3bl3-2 aly-2 02,

2
2e:2

1
) y23; 1132 €12, €13, + 4 e2 ) y23; 132 €12, €13, -

1
4 2Pl PZodicoiyo3 1132 £1) £13; - 2 @2 POM M) %12, %135 £12, €13, -

1 1
4> 2P172) 493, 1012, £12, £13; - ez 29%) x125 113, £12, £13, -

e% (bl3+b25+011-2 024 1 (2b13-b2;4011-2 024

) 123113, €12, 13, + 4 ez ' ) x135y23, 113, £12, £13; -

1 1
2e2 M) %13, 113, €132 4 2 2 (PBPB IR g3, 113, 132 -

) e% (b13+b25-2 12 62,

eé (2b13-b2;-01142 024

1
) 1132 €132 4 2 "1 PB 0% 132 £132 3 (M%) w13, 112, €12, €13, -

(2bl3-b2;

1
) X133 712, £12; €13, + e ) x133y23; 013, £12; €13, -

1

2x13;3 713, £13; €13, - 2 ez PH*%

) x133 713, £13; €13, + 4 X235 82, £23; -
ez (200 403, y12, 112, £23; + 3 ez M y12. 113, €23, + 2 ez M%) 32, y12, 113, £23, +
1 1 1
e2 TR 5233 y13, 113, €23, + 2 €2 TN y12, 813 013, €235 + 2e2 TR y12, 82, 113, £23; +

1 1
ez TR y1o 0 y13, 13, 113, £23; - ez M) y120 230 113, 123, €23, -

1 1 1

2 3 (@l1-2021) 123, €23, + 2 €2 (-b13+2 b23+01,-2 a2;) 123, €23, - 2 €2 (ad1-2 024) a2; 123, £23; -
1 1 1

2 er (PL2b2ralin2on) 5593, €23, 12 e2 (2% %23, y23, 123, €23, - 2 ez (20%) B32, 123, €23, +
1 1

2 e (“Pl3+2b2rali-2a2y) 82,123, €23, + e: (-b13+2 b23+a1;-2 02y) y12; 012, 123, £23; -

(-b1l3+2 b23-01;-02;) y123 77122 77232 5231 _

-b13+2b2;-3 a2,

1 1
2ez "M% y12. 112, 123, £23; - e2

2 (-bl13+2b2;4a1;-202

1
e ) y13; 13, 123, £23; + ez ) y13; 113, 123, €23, +

302,

1
2e 2 yl13;1n13,n23,£23; - 2 ez | Pr2bBrali20%) y53 93 123, £23, +

~b13+2b23+2 0y -4 024

1 1
2e2 ! ) y23, 1232 £23; + 2 ez (2% %23, 112, €12, £23, -

1

1 1
5ex "0%) n13) £12, £23, + 5 ez 2PBPBOh0n) 93 09D, €23, - 22 %) a1, 113, £12, £23, -

(2bl3-b25-01;-02,

1 1
2 ez a1y n13, €12, £23; - 22 M%) a2, 13, €12, £23, +

1
2e:2
1

1
(20157025 0hi02) 920 1713, €125 €23, + 2 €2 M) x125y12, 113, 124 £234 -

1
(2bl3-b23-al;-0a24) X233 y235 113, £12; £23; - 2 e2 (-0l1-02y) B1, 13, £124 £23; +

2 ez
1 1
2> 2PhbBralivod) g9, 193 €12, £23; - 2 ez M) B2, 13, €12, €23, +
1 1
2 ez 2PL0B LR 5y, 1013, £12; £23; - 22 2PBOBTONTR) v 112 13, £12, £23; +
1 1
4> (PP12300a) y9) 11213, €124 £23; - e 2P 0B eh0n) y93 193 113, £12, £23; -

eé (2b13-b2;-2 0l1-2 02, 2b13-b2;-2 ;-2 02,

) y12,y23, 0132 €12, €23, +

~b13+2 b23+aly-2 024

1
) y13, 1132 £12; €23; - 22 |

e% (2b13-b2;-0ly-02;

1
) y23, 113,123, 12, £23; -2 ez ) X125 123, €121 €23, +

2bl3-b23-01;-02;) 77122 77232 5121 §231 _

-b13+2 b23-011-02;

1 1
2ez "R p12. 123, £12, 23, - 2 ez

1
2¢ez

re% (2b15-b2;-3 02,

bl3+b23-0l11-02;

1
' 012,123, €12, £23; + 2 ez ' n12,n23, €12, £23; -

1
) y23, 113, 123, €125 £23; - 2 e2 M%) %125 113, £122 €23, +

1 1
2 ez (2P1PZrahito) w990 013, €122 €23, + 4 ez P2P27300) 95 1130 €122 £23, -

1 1
4ex PPBPBB) 1)) 113, €122 £23) + 2 @2 PPBOB 20200 yr3. 1132 192 €23, -

201;-02q

1 1
3 2Pl PBohie2 Y93, 1132 £122 £23; - €2 2OMR) X135 612, £23; + 2 e2 ' ) X123 x233 £12, £23, -

1 1
4e2 2NN 13, 82, £12, £23; + X133 y125 012, £12, £23; — ez M%) %125 y12, 713, £12, £23, -
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1 1
ez "M% %135 y13; 113, €12, €23, + @2 (OBRPB AL 19, 123, £12, £23, +

3 3
ez (0 12,123, £12, £23; - 2 e2 M%) %135 y23, 123, £12, £23, +

2b1;-b2;

1 1
2e2 ! ) X133 112, €12, £12, €23 - ez 2% %12, 113, £12, £12, £23, -
1

2 (2bl3-b2;+ady-2

1
3 ez 21 %123 13, €12 £12, 23, - 2 €2 %) %23, 13, £13, £23, +

1 (2bl3-b2;-als-a2;
4 e2

1

) X233 113, €13, £23; + ez M%) %135 y12, 013, £13; 23, +

1 1
4 @7 (2b1b2-201;-2021) y12, r]13§ £13, €23, + 2 (b13+b23-2 01;-2 02;) y12, 7713% £13; €23, -

1

2e % y12, 1132 £13; €23, + 2 €2
4 eé (2b13-b2;-3 a2

1

2¢ez

—bl3+2 b23+0l;-2 a2;) X135 123, £13, £23, -

bl3+b23-3 a2,

1
' 113,123, €13, €23, + 2 €2 ' 113,123, €13, £23; -

~bl13+2b2;5-3 a2y b2;-a2;

3
' n13, 123, €13, 23, + 2 ez ' ) n13, 123, €13, £23; +

302,

2e 2 113,123,613, £23; -2 ez ") %13, 113, £12, €13, £23, +

1 (3bl3-2a1;-202,

1
2 es 2 (2b13-b23-201;1-2 a2,

) 1132 £12, €13, £23; - 6 e2

(bl3+b23-2 aly-2 24

' 1133 £12; £13; £23; -

1
2e2 ' 1132 €12, €13, €23, + 2 @ "M% 132 £12, €13, €23, +

T2021) %135 13, £12, €134 £23; -

(bl3+b23+01;-2 a2

1
4 PPl oh 0137 €12, €13, £23; + 3 €2 (U1

4 eé (2b13-b23+011-2 02,

1

) 13313, £12, £13, £23, + €2 ) X133 13, £12, £13, £23, -

1 1
2 ez M%) w13, %235 €13, £23; + X133 y12;5 013, £13, £23; — ez P14 %13, 123, €13, €23, -

1 (Cb1342b25+2 01;-02,

e: ) X133 123, £13, £23; - 2 X133 13, £12; £13, £23; +
1 1 1

ez (0% 23, y12, 113, €232 - 2 e2 (292 %23, 123, €232 4 2 er (PB2PBAh20n) 493 03 €232
1 1

o2 ("Pl3+2b25-3021) y12, n13, 123, §235 _ 2 @3 ("Plar2b23:201,-4a2y) 77235 523% .

1
2 @ bla+2b2;+01;-2a2 7723% §23§ £ 2 @y (2b1s-b2s-aly-a2y) X235 113, €12, §23% N

1 (2b13-b2;-2 a1, -

2 es 2b13-b23-2 aly-2 a2,

1
202 y12, 1132 €12, €232 -2 ¢2 ) 1132 €122 232 4

~bl13+2b23+3 0l -3 a2,

1
2 @2 Pl P2ohi-a 132 972 £332 3¢ | ) X133 1723, €12, £232 +

202,

3 1
ez (170%) %13, 123, £12, €232 + €2 (M 27%) x13, 13, €12 €12, £232 +

1 3
ez (2PLabBrolin2a21) w93, 113, €12 €12, £232 + e 2 M%) %23, 12, £12; €23, +

1 1
e2 (2b13-b23-3 a1;+3 a24) X235 77122 £12, £23, - e2 (2b13-b23-2 al;+02y) X235 y233 77132 £12, £23, -
1 1

e2 (-2 0aly+021) X233 77132 §131 §232 _e2 (bl3+b23-2 011 +024

) 233113, £13; £23, +

~bl3+2 b2

2ez (20MO%) 03, y12, 013, 23, 23, - 2 X233 123, £23, €23, -2 e2 | ) x233 123, £23; £23, -

1
ez (20h0n) w030 113, £12, £23, £23, + 3 ez 2PLPB2ahiah) w53, 013 £12, £23, £23,

associativity

In[«]:= (dml)z_,k // dmk,3->k)
Time: 2.77 seconds Out[=
True

(dm2,3_,k // dml,k-»k)

co-associativity

in[-]:= (dAy,1,2 // dBAg,3,3)
Time: 1.09 seconds Out[=
True

(dAl_,z,:-; // dAZ—)l,Z)
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algebra morphism

In[-1:= (dA1,1,2 dBs,3,4 // (Mg 3,0 dMy 4,5)) = (dmy 5,3 // dAz,,;))
Time: 11.44 seconds Out]=
True

antipode

In[«]:= {dAi_,l,z // dS]_ // dml)z_,]_, dAi_,]_,z // dSZ // dmljz_,l, d51 // El}

Time: 36.28 seconds Out|=
3 3
(B e, 2es P y12, 13, 12, n13; - 263 PN y12, y13 012, 13, -

3 3
2e 2 P270%) y13 y23, 013, 1n23; + 2 ez P22 y13) y23, 135 1235 -
3

) y12, y232 n13; n23; +ex (P20 y12 y232 n13; 123, -
3
-= (b2;-a2;
3e 2

-2 (b2-02

®

3
) y12, y232 1132 £12; + 3 ez (P22 y12, y232 132 £12; -

3 3
2ez P y1) y13, 1132 €235 + 2 ez (PN y12, y13, 1132 gzai] ,

]E{i}ﬁ(l} [0, 01 N E{l}ﬁ{l} [all O(ll + 321 0(21 + bl]_ Bll + b21 le + y121 7’]121 +
y13; n13, + y23; 123, + x125 £12; + x13; £131 + x23; £23;, 0] }

3 3
L Egayaq [0, 272 M y12, y13, 012, 013, - 22 P y12, y13, 012, 13, -
3

3
273 (P22 y13 y23. 113, 123; + 2 €3 PR ya3, y23, 113, 123, -

3 3
ez (P27 1o 232 13, 123, + ez P2 y1 y232 13, 123, -

3
3e: (b2,-a2;)

3
y12, y232 n13% £12; + 3 e: P22 y12 232 132 £12, -

3 3
2e7z P17 y1o ya3, 1132 £23; + 2 ez P y12 ya3, 132 §z3i] // Simplify
Time: 0.03 seconds Out[=
E(iy5¢13 [0, 0]

quasi-triangular axioms

in[-]:= (Ra,3 // dA1,1,2) = (R1,3Rz,4 // di3 4,3)
(Ry,3 // db3,3,3) = (R1,3Re,2 // diy 1)

(dAj i, Ra,2 /7 dmg 9,0 /7 dimy 555) = (Ry,2 dAzLg,k /7 dmyg 5,1 /7 dmy i,5)
Time: 3.52 seconds Out[=

True
Out[e]=

True
out[«]=

True

In[«]:= (Rl,Z // aSty)
Time: 0.06 seconds Outf=
True

(R1,2)

Braid-like Reidemeister moves: R2,R3
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ml-1= {Ry,2Ra,4 // dMy, 3,1 /7 dMy 455 Ry,2 R34 // dMy 3,1 /7 Ay gsa,s
(R1,2Ra,3Rs5,6 // dMy 4,1 // dmy 5,5 // dm3,6,3) = (Ry,6Ra,3Ra,5 // dMy 4,9 // dmy 5,5 // dms,s-»s)}

Time: 4.34 seconds Out[=
{E()5(1,2,[9, 0], E{y5¢1,2; [0, 0], True}

Drinfeld element:

nf-1:- $k =0; $n = 2;
In[-]:= U; :=Module[{il, i2}, Ry, i, // dSi; // dmi; i1,]

In[~]:= Uy
Time: 0.11 seconds Qut[=

E() .2 [Log[e®?] - al, bl, - e x12, y12,, 4 al, ]

Zipping fails to compute the Drinfeld element u. Why?

We still need to find C such that R2c holds:
According to PG.pdf the ribbon element v is a square root of v2=uS(u). Then the pivot (a.k.a. distin-
guished group-like element, spinner) is C=uv'.

in[-]:= R3,2R1,6 Ca // dmy, 3,1 // diy, 4., // diy 6.,
C
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