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in[-]:= SetDirectory["C:\\Users\\T15Roland\\Wiskunde\\Bn\\HigherRank"]
Once[<< KnotTheory" ] ;

Time: 0.48 seconds Out[=

C:\Users\T15Roland\Wiskunde\Bn\HigherRank

ParentDirectory: The argument File should be a positive machine-sized integer, a nonempty string or a File specification.
ParentDirectory: The argument File should be a positive machine-sized integer, a nonempty string or a File specification.
ToFileName: A string or list of strings is expected at position 1 in ToFileName[{File, WikiLink, mathematica}].
ToFileName: A string or list of strings is expected at position 1 in ToFileName[{File, QuantumGroups}].

Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.
Read more at http://katlas.org/wiki/KnotTheory.

SetDelayed: Tag Diff in Diff[K_PD, rut_, ag_, n_, m_] is Protected.

Hidden Utilities and TgX

As: Enables the likes of Table[As[n,6], As[k,0,n], Binomial[n,k]], as in pensieve://2017-01/As.nb.

in[-1:=  SetAttributes[As, HoldAll];
As /: (op :Do | Product | Sum | Table) [As[iter ], & 1 := op[&, {iter}]

Have StringJoin handle Integer and Symbol inputs correctly:

in[-]:=  Unprotect [StringJoin];
StringJoin[l___, m_Integer, r___] := Stringloin[l, ToString[m], r];
StringJoin[x_Symbol, r___] := Symbol [SymbolName[x] <> StringJoin[r]];
Protect[Stringloin];

Time every Out line:

in[-1-=  CurrentValue [EvaluationNotebook[], EvaluationCompletionAction] = {"ShowTiming"};

SetOptions [EvaluationNotebook[], StyleDefinitions -»
Notebook [ {Cell[StyleData[StyleDefinitions » "Default.nb"]], Cell[StyleData["Input"],
CellEpilog :» With[{time = AbsoluteCurrentValue["WindowStatusArea"]},
If[CurrentValue [NextCell[], CellStyle] === {"Output"}, SetOptions [
NextCell[], CellLabel -» time <> " Out[" <> ToString[$Line -1] <>"1="1111},
StyleDefinitions -» "PrivateStylesheetFormatting.nb"]]

in[-1:= PP_ = Identity;
\documentclass[12pt,reqno]{amsart}
\usepackage[export]{adjustbox} % This also includes graphicx.
\usepackage{needspace}
\usepackage[textwidth=7.5in,textheight=10in,centering]{geometry}
\pagestyle{empty}
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In[«]:=

\def\nbpdfinput#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfEcho#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfPrint#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfText#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfMessage#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfOutput#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfSection#1{\vskip Lmm\par\noindent\includegraphics{#1}}
\def\nbpdfSubsection#1{\vskip 1Imm\par\noindent\includegraphics{#1}}
\def\nbpdfSubsubsection#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphinput#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphOutput#1{\vskip 1mm\par\noindent\includegraphics[width=1.5in]{#1}}

\begin{document}

nb2tex

MakePDF [] := (
Get["../nb2tex/nb2tex.m"];
$NotebookName = FileBaseName@FileNameTake @NotebookFileName [EvaluationNotebook[]];
nb2tex [$NotebookName, PDFWidth -» 7.5, PDFFolder - "Snips/" <> $NotebookName] ;
texfile = OpenAppend [$NotebookName <> ".tex"];
WriteLine[texfile, "\\end{document}"]; Close[texfile];
Rune
("\"C:\\Users\\drorb\\AppData\\Local\\Programs\\MiKTeX\\miktex\\bin\\x64\\pdflatex.
exe\" " <> $NotebookName <> ".tex");

Headers

pdf

Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal SR$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ug(sls,), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and Y. Rosso’s E,_. | is our x[i, j] <> xij. Likewise Rosso’s 1,

€js1 —€j41

is our y[i, j] & vij.
4. Ross0’s H; is our a; and Rosso’s & is our b;.
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pdf

in[-]:= SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

pdf

In[]:=

pdf

In[«]:=

pdf

In[«]:=

In[«]:=

<< KnotTheory”
<< ../Profile/Profile.m

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

MakePDF [ ]

6i; :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[NormaleSeries[&, {e€, O, $k}]1, €, op];
SS[& ] :=SS[&, Together];

$N =9; (x We hereby commit that we will never go higher than sl (9)

X[l , J ] :=x<>1<>7J; a[i_]:=a<>1; A[1_] :=A<>1;

Ell , J . 1:=E<>1<>7; a[i_ ] i=a<>1; A[1_] :=A<>1;

yli , J ]1:=y<>1<>7J; b[1i ] :=b<>1; B[1_ ] :=B<>1;

nli_, j_1:=n<>1i<>7j; B[i ] :=B<>1;

t[s_Symbol] := First[Characters[SymbolName[s]]1];

L[s_Symbol] := FromDigits /@ Rest [Characters [SymbolName[s]]];
t[s_[_11:=tl[s]; c[s_[_1] :=cI[s];

{t[x[3, 4]], ¢[x[3, 411} // FullForm

Time: 0.03 seconds Qut[=

pdf

List["x", List[3, 4]]

Greek - Latin duality:
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The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
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in[-]- Do[As[i, 1, $N-1], As[j, i+1, $N], x[i, J]* = €[, j1;
§[i, 31" =x[1i, j1; y[i, 31" =nli, j1;
nli, j1* =y[i, j11]
Do[As[i, 1, $N-1], A[i]* =A[i]; A[i]" =A[i]; a[i]* =a[i]; a[i]* =a[i];
b[i]* =p[i]; B[i]* =b[i]]
(vs_List)* := (v > V") /@vVs;
(u—aﬁ__)* = (U") aps

Flu_; ] := Flui] = ToExpression["F" <> ToString[u]];

in[-1:= $N =9
Time: 0.05 seconds Out[=
9
n[-1:= t[al]

Time: 0.00 seconds Qut[=
a

FlatteneTable[{A[j]1} = e’ U, B[j17 = e‘”“[jli}, {j, 1, $N-1}];
Join [ {e/r_ o eExpand@lZU@/\"}
* 3

FlatteneTable[{e™ °1e*t 55 B[177" e’, e~ **t s A[j15 e}, {3, 1, $N-1}]];

in[-]:= A =1;
U21[s ] :=& /. {.911’1?—' »>e” ) Bl s e B @2l 1 P %%, B2 s @02, A3l 1 P,
B3€" » e PBb3 .5‘{4?" = ef o4, B4€—' » e PBb% .9’(5?" = ef 1, BS?" » e PBb5 .?{6?" = eP %6,

BSfE" » @ PBb6: .?!7?" = e” o7, B7f§" » e PBb7: .9’(8?" = ef %8, B8f§" PEY e'pﬁbsi}
c

12U[5 ] :=&//. {e"—'*“—' bl 3 B1;" e, et %l s q1S e,

c c

ed_.+o:_. b2; 35y BZi” ed, ed_.+c_. a2; o5y 5{25 ed, ed_.+c_. b3; os B3ih ed,
c c
ed_.+C_. a3;_ = ‘ﬂ3i ed’ ed_.+C_. b4, 35 B4in ed, ed_.+c_. ad; asy 'ﬂ4i ed, ed_.+c_. b5; ass Bsin ed’

c c
e _.+C_. a5 oo .5’{5‘1': ed’ ed_.+c_. b6, a2y Bsin ed, ed_.+c_. ab; o5y 56;‘ ed, ed_.+c_. b7; oy B71'ﬂ ed"
c
ed_.+c_. ali_ 5,{7(1..' ed’ ed_.+c_. b8 B8, " ed, ed_.+c_. ad: as;‘ ed, L g eExpand[lZU[/{’]]}

12U[r Rule] :=Module[{U=r[1] /. {b>B, t>T, a» A}}, U->12U[U21[U] /. r]];
AlsoUpper|[rs List] := rs (12U /@rs);

pdf
Derivatives in the presence of exponentiated variables:
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pdf
in[-]:= Dpg; [F_] :=0p1,f -0Bl; Oy, f;
Dpa, [f_ 1 := 0y, f -0 B2; 8py, f;
Dp3, [f_1 :=0b3, f -1 B3; 8p3, f;
Dpa, [f_1 :=Oba, f -0 B4; Bpy, f;
Dps, [f_1 := Obs, f - B B5; 8ps, [
Dps, [f_1 := Ove, f -2 B6; Bps, f3
Dp7, [f_1 :=0b7, f -8B B7; 8s7, f;
Dpg, [f_1 := Ops, f - 7 B8; Ogg, f;
Doz, [F_]1 =001, f +ALi Osa, [
Doz, [F_1 =002, f +A2: 852, 13
Doz, [F_1 =003, f +A3: Og3, 1
Doa;, [F_1 :=08oa,f + A4i Oga, f;
Dos; [F_1 =845, f + A5: Ozs, f 3
Das; [F_1 := 0846, f + A6: Oz6, f 3
Doz, [F_1 1= 0807, f + A7: 857, f 5
Dag; [F_] =048, f + A8: Ozs, f5
D, [f_]:=0,f;
pdf
in[-]:= LatinVars = Flattene {Table[As[i, 1, $N-1], As[j, i +1, $NI, {x[i, jI, y[i, j1}1,
Table[As[i, 1, $N-1], {a[il, b[i]}]};
GreekVars = LatinVars®;
LatinvVarPatten = (Alternatives ee LatinVars) ;
GreekVarPatten = (Alternatives ee Greekvars) ;
VarPattern = (Alternatives @@ (LatinVars|JGreekVars)) ;
pdf
in[-]:= CF[&_] := PPCF@Module[{sl},
s1= If[$k .
Expand[&] /. eP- = e"actorer
k
Expand[&] /. e’ = ™2t /  q"- o im /.€ /3 k>%k=m0
k=0 k!
]
(xExpand@Collect [s1l,Cases[sl,VarPattern,~],CCF]/.CCF=Factorx)
]
pdf

Weights:
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in[-]:- Do[As[i, 1, $N-1], As[]j, i +1, $N],

Wt[x[i, j11 = {1, i-3}; Wtly[i, j1]1 =10, -(i-3J)};
Wt[E[i, j11=1{0, -(i-3)}; Wtn[i, j11={1, (i-3)};
15

Do[As[i, 1, $N-1],
Wt[a[i]] = {1, ©}; Wt[b[i]] = {0, O};
Wt[a[i]] = {0, ©}; Wt[B[i]] = {1, O};
15

Wt[u_ ] :=Wt[u];

in[-]:- $PBWGens

Time: 0.03 seconds Out[=
{x12, x13, x23, al, a2}

pdf

inf-]:= (% q~e® ¥ €; Ai[n]~e? € 3; i)
pdf

inf-1=  $n =33 $k = 05 $E := {$n, $k}
pdf

in[-]:= $EPBWGens := Flattene {

Table[As[i, 1, $n-1], As[j, i+1, $n], x[i, 11,
Table[As[i, 1, $n-1], {a[i], A[i][_]1}]

}
$EPBWRule := Module[{k = @}, Flatten@Table[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];

X_ =y :=0rderedQ[{x, y} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

in[-]:- $PBWGens*

Time: 0.071 seconds Out[=
{&12, £13, £14, £15, £23, £§24, £25, £34, £35, £45, a1, a2, a3, o4}
pdf

mn[-]:= UCF[&_] = PPUCF@Module[{F, k}, Expand@Collect[

> _[el, r

&1/, {U; [L 1-Us[l, r1} /7. I-F[$k==oo, {},{
Ui [L___,AB [n_1,r __]=
(-2)* B* & n

Sum[As[k, 0, $ki, -

H
UIl___1,F
] /. F—>CF]

U;[L, Sequence @@ Table[a@e L [AB], k], r]]
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In[«]:=

pdf

In[«]:=

pdf

In[«]:=

In[«]:=

In[«]:=

In[e]:=

ms__[@] =0;
ms [x_Plus] := UCF[m; /@ x];
m; ,; [&]1 =& /. Ui->Uj;
mi ,j -k [€_.Ui [x___1U; [1]1 :=cU.[x];
mi ,j e [€ Ui [TU; [y___ 11 :=cU.[Vy];
mi ,5 o [€_ Ui [xx___, x_ [n1_]11U; [x_[n2_1,yy___]1:=
UCF[cU; [xx, x[n1+n2]1]1U;[yy]1] // mi jsks
mi 5 e [C_- Ui [xx___, x_JU; [y_,yy___1]1:=If[x=sy,
cUe[xx, X, ¥, YY1,
((cU;i[xx] RR;[x, y] // UCF // m; j,:) Us[yy]l // UCF // m; j,.) // UCF
15
ms [& 1 :=mg [UCF[&S]1];

Supp[& ] := UnioneCases[{&}, U; [___]1» 1, =];

Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_®y_ :=PPyw@Module|{i, is = Supp[x] NSupp[Vy], o, Z, k},
z=x; DO[Z =M, .ei[2], {i, iS}];
z = Expand[y z];
I'F[$k<co, z=2z/.€" /; k>$k:—>0];
DO[Z = Mogs,ini[2], {1, is}1; Z];

UB[x , vy ] := PPg@UCF[x® y-y®& x];

Ai i ,r [&.1 := UCFeModule[{j1, k1}, & /. {
Ui[]l » U;[1 U],
Uilf_s fS___1 = Mpkise@®mMy 5155 [A85,r[F] Aisgr,ka [Ui[fS]11]
11

Ai s ,e,t [E]1 2= & /] Disjr !/ Brsk,t

S: [&] := UCFeModule[{il}, & /. {
Uil[f_, fs___1 = My i, [Si[f] Si1[Vis [fs11]
s

S; [£.] := UCFeModule[{il}, & /. {
Uilf_, f5___1 = My1,ii[Si[£] Sia[Uir [F511]

HE

A1,5,3[Us [Xx12]]

Time: 0.02 seconds Out[=

A1,253[U1[x12] ]
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pdf

The A-algebra

pdf

inl-]:= RRg_[ai_, aj_1 /; t[ai] = t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_1] /5 tlai] ="a" At[AJ] ="A" := U,[Aj[n], ai];
RR, [Aj_[n_]1, ai_] /; t[ai] ="a" AtT[Aj] ="A" := U[ai, Aj[n]];
RR. [Ai_[m_]1, Aj_[n_11 /; tIAi] = T[Aj] = "A" := Ux[Aj[n], Ai[m]];
RR, [am_, xij_]1 /; t[am] ="a" At[xij] = "x" := Module[{i, j, m},
{i, j} = c@xij; {m} = c@am;

Up [x15, am] +% (8,1 = 8nas,i = 6,5 + Onan,3) Ve [xiG] /2

15
RR, [Am_[n_], xij_]1 /; T[Am] = "A" A T[x1j] = "X" := Module[{i, j, m},

-n (5m,i‘5m¢1,i'5m,j +6

{i, j} = cexij; {m} = c@Am;q mi3) Uy [xiJ, Am[n]]

]

mnl-1:= $k
Time: 0.03 seconds Qut[=
1

in[-1:= RRe[a[1], x[1, 2]]
Time: 0.05 seconds Out[=

v Up [X12] + Ug [x12, al]

We take the reduction rules RR for xij’s from Yamane page

509:

(1) i=m<j<n (II) i<m<n<j, (III) i<m<j=mn,
i J i J i J
m n m__n m n

aw) i<m<j<n (V) i<j=m<n, (V) i<j<m<n

i J i iJ
q_zeijemn — €mn€ij = 0 T((i, 7, (m, n))e C( 1) U C(m)-
[eija €mn] =0 if (@, j), (m, n))eC(,,) U C(VI)-

Lei emn] = (a* — q_z)einemj if (@i, j), (m, n))e Cqy,.
qzeijemn — €mnfij = 4€;y, if (G, j), (m, n))e Civy

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks
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pdf
mi-1=  RRe_[xmn_, xij_1 /5 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},

{i, j} = t@xij; {m, n} = c@xmn;

Which|
(A=mAj<n) Vv (d<m<jAn=73), q2U[xij, xmn], (+ IVIII )
(i<m<jAn<j)Vv(j<m), Ug[xij, xmn], (» IIVVI =)
i<m<jAn>g, Uxij, xmn] + (72 - @*) Up[x[i, n], x[m, 11, (+ IV x)
j=m, q> U [xij, xmn] - qU,[X[i, n]] (x V *)

]
]

In[«]:= U1[X34] U2 [X23] U3 [X12] // My,252
Time: 0.06 seconds Qut[=

-qU, [x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

in[-]:= U [X34] Uy [x23] U3 [X12] // My 2,2 // My 3,0

Time: 0.05 seconds Outf[=
g% Ug [x14] - g3 Ug [x12, Xx24] - q° Ug [x13, x34] + q* Ug [x12, X23, X34]

in[-]:= Block[{$k = o}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[X] U [Y] Us[Z];
{X; Y, Z} » (P // mMy,2,0 // My,3,0) == (P // My,3,5 // My 5.0)
11
1]

Time: 1.05 seconds Qut[=

{}

in[-]:- Block[{$k = 0, $n = 3}, Module[ {Bas = $PBWGens, P},

2026-10-02 13:13:53

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}]1], {10}]1];

DeleteCases[_ - 0] [Flatten@eTable[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
{X5 Y, Z} >UCF[ (P //my,5,5 // Mz,3,0) = (P // My3,5// My 2.0)]
11
11

{x12, x13, x23, al, a2, A2[@], A2[-2], A2[-2], A2[2], A2[2], Al[-1], A2[-2], AL1[@], A2[-2], A2[1]}

Out[e]=

{3
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Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1
(x12, x13, x23, al, a2}

Out[«]=

{3
pdf
The Co-Product, Co-Associativity, and the Hopf Axiom
pdf
According to DeltaUpT09.nb, the following formulas produce an easy to see pattern.
pdf
in[-]:-- Do[As[i, 1, $n-1],

Aj r [a[il] =Uj[a[il] Uc[]1 +U;[] Uclalil];
Aj p [A[i][n_11 =Uj[A[i][n]] Uc[A[i][n]];
Aj g [x[i, 1+1]] =Uj[x[i, i+1]] Uc[A[i][21]] +U5[A[i][-1]1] Uk[x[i, i+1]]
15
Do[As[i, 1, $n-2], As[n, i+2, $n],
A; p [x[i, n]] = mk,kl—»k["‘j,jl—»j[

a85,k[X[1, 1=117 Aypa [XIN =1, 017 - @™ Ag[X[n -1, 1] Ajpa [x[1, n-1]]
]]
]

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - Aj,j,k[P]]
1

Time: 0.03 seconds Out[=

Uj [X12] - U5 [x12] Ug[] -2 € AUy [x12] Ug[al] +U;j[] Ug[x12] +2 € hUj[al] Uy [x12]
Uj [x13] - U;[x13] Ug[] -2 AUy [x13] Ug[al] - 2 € AU;[x13] U [a2] +

Uj[] Uk [x13] +2 € hUs[al] U [x13] + 2 € AU;[a2] U [x13] + 4y e h U5 [x12] Uy [x23]
Us [x23] - U3 [x23] Ug[] -2 AUy [x23] U [a2] +U;[] Uc[x23] +2 € hUj[a2] Uy [x23]
Ui [al] »Uj[al] U] +Uj[] Uclal]
Uj[a2] - Uj[a2] Uc[] +Uj[] Uy [a2]

a
ila
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in[-]:= Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X- (P// D151, // Bayz,3) = (P // A151,3 /7 Disa,2)
11

]
{x12, x13, x23, al, a2, A2[1], A1[0], A2[-2], A1[1], A2[-2], A2[1], A2[2], A1[1], Al[-1], A2[@]}

Out[«]=

{}

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{X; Y} UCF[(P//my,2, // BA1s1,2) = (P// Basz,a /7 Dasa,a // Myy35,1 /7 Mp a.3) ]
11
1

{x12, x13, x23, al, a2, A1[-2], A1[2], A2[-1], A2[1], A1[2], A2[-2], A2[1], Al[-2], Al[-1], A2[1]}

Out[~]=
{}
Is A a quantization of the co-bracket?
In[e]:= $k =1
Time: 0.02 seconds Out[=

1

In[]:= Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P = UCF [ (A1,1,2[P] = A142,1[P]) //.
{q”—' »1+nh/2,U; [xs___, A_[n_],as___]1=»U;[xs]+nhU;[xs, aee@ .[A], as] /2}
] /.8 /;n>1-0
]
]

Time: 0.05 seconds Out[=
Up[x12] - -4ehU;[x12] Uy[al] +4 e hUs[al] Uy[x12]
Up[x13] > -4ehUy[x13] Uy[al] -4 e AUy [x13] Up[a2] -4y e AUy [x23] Uy [x12] +
AechUg[al] Uy[x13] +4ehU;[a2] Up[x13] +4y e h Uy [x12] Up [x23]
Up[x23] > -4 e hUy[x23] Up[a2] +4 e hUg[a2] U, [x23]
Up[al] > @
Up[a2] > @
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pdf

The Antipode

pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[i1[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
]
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n1] =mys,5.9]
qS;[x[i, n-1]]S51[x[n-1, n]] —q'lsj[x[n—l, n]] S4a[x[i, n-1]]
]
]

Do[As[i, 1, $n-1],
S; [a[i]] = -U;[a[i]];
S; [A[i][n_]1] =U5[A[i][-n]];
S [x[i, 1+1]]1 = -q*Uj[x[i, i +1]] (+?+)
[E
Do[As[i, 1, $n-2], As[n, i+2, $n],
S5 [x[i, n11 =myy 5.5
qS;[x[i, n-1]]Sj[x[n-1, n]] -q*S5[x[n-1, n]] Sj [x[i, n-1]]

]
]

in[-]:= Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11];

DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P=U;[X];
X (P// Dyyp,3//S2/7 My 3,)
11

1
{x12, x13, x23, al, a2, A2[-1], A2[-1], A2[1], A1[2], A1[-2], Al[-1], Al[-2], A1[1], Al[@], A1[-2]}

Out[«]=
{x12 >0, x13 50, x23-50, al>0, a2 -0, A2[-1] - U, ][],
A2[-1] > Uy[], A2[1] > Us[], AL[2] - Ug[], A1[-2] > Uqs[],
Al[-1] > Ug[], A1[-2] - Uq[], AL[1] > Us[], A1[@O] - Uy [], AL[-2] > U []}
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n[-1:= $K =
Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11;
DeleteCases[_ - 0] [FlatteneTable[As[X, Bas],

P =U;[X];
X-UCF[((P//517/51) -P)]
] 1]

Time: 0.05 seconds Out[=

[e9)

» {x12, x13, x23, al, a2, A2[-1], A1[-2], A2[@], AL[-2], A1[2], Al[@], A1[@], A2[2], Al[@], A2[-1]}

Out[e]=

{}

The Generating Functions for the A operations

in[-1:= BeginProfile[]

Time: 0.03 seconds Out[=

BeginProfile[]
mi-]=  $k=1;
pdf
Ad, TT, Seepage
pdf
in[-]:= PotQ[@] = True;
PotQ[c_.U; [aj_]1 (EUs:U []...)] /5 (t[aj] ="a") AFreeQ[c, U] = True;
PotQ[x Plus] :=PotQ /@ (And @e x) ;
pdf
imi1= Ad[X_1[y_1/; PotQ[x] A (Head[y] =!=Plus) := PPpgpoty [If[y === 0, @, e®1"*17V y]];
Ad[x_][y_PLus] /; PotQ[x] := PPadpotpius [Ad[X] /@Y];
pdf

mf-]:= Ad[x_1[y_1 /735 - TrueQ[PotQ[x]] := PPpgni1@Module[{k =1, s=y, t =y},
While[ (t =UB[t, x]) =!=0, s+=t/k!; ++k];
UCF [s]
]
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i1~ Ad[7 B U;j[x12] Uy [a3]] [U; [x23] U, [a4]]

Time: 0.09 seconds Out[=

7
Uj[x23] Ug[a4] + |-7h-7yen®-— y*e€®n®| Uj[x13] U[a3, ad] +
2

(14 v e n® +14y? €® 1) Uy[x12, x23] Uc[a3, a4] - 98y €? n* Uy [x12, x13] Uy [a3, a3, a4] +

2 2.4 686 2 2.5
98 y" e A" Uy [x12, x12, x23] Uk [a3, a3, a4] - — v €” h” U;[x12, x12, x13] Ug[a3, a3, a3, a4]
3

in[-1:= TT, [] =03 (x Translated Tangent «)
TT, [xs___, x_] :=PPry@UCF[Ad[x] [TT, [xS]] + 0, x];
TT, [xs_List] :=TT, @@ xs

in[-]:= TTA[A E12Ug[x12] U1 []1, AE23Ug[x23] U;[1]]
Time: 0.01 seconds Out[=

£12Ug[x12] Uy [] + A 12 23 U [x13] Uy [] + €23 Ug [x23] Uy []

In[-]:= 03 [poly_] :=Total[
CoefficientRules[poly, #; & /@ $PBWGens] /.
(p_ > c_) » cU;eeFlatten@MapThread[ConstantArray, {$PBWGens, p}]
15
0i_,is__[poly_] :=0:[0is[poly]];
P; [6]:=6/.Ui[xs___]=»Timesee (#; & /@ {xs});
P; ,is__[poly_] :=P;[Pis[poly]];

;i1 ©3[x12] x13; + 7 x23]7]

Time: 0.06 seconds Qut[=
U; [x12, x12, x13] +
7 U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]

il J= 03,5 [x12] x13; X245 + 7 x23}” x253]
Time: 0.03 seconds Out[=
Ui [x12, x12, x13] U;[x24] +

7 Uj [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
U5 [x25, x25, x25]

In[-]:= P;,j@0j 5 [Xlzi x13; X24j +7 X23i7 X25§]

Time: 0.06 seconds Out[=

x12] x13; x24; + 7 x23} x253
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in[-]:=  Seepage; [{}, c_]=c¢;
Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens[Lengthe £57;
CF@Collect [P, 1x;, P;[Ad[Last[£5] U;[1x]] [O; [Seepage; [Most@<s, #1111
&]
15
Seepage; ;. [¢5_List, ¢ss__List, P_] := Seepage;[<¢5, Seepage; [<¢5s, P]1

mi-1=  Invert;s [&.] := Module[{A, B, Ul, j}, (» &=A U[]+€ B )
Ul = Times @@ (U, [] & /@ {is});
A = Coefficient[£, Ul] /. € » 0;
B=UCF[(5-AUL)];
UCF [
At (Ul +sum[As[], 1, $k], (-1)? NonCommutativeMultiply @@ ConstantArray[B /A, ] 1]

]

mnl-1:= $k = 3;
Inver‘ti,j [7 Ul[] UJ [] + € Ul [X12] U] [X23] ]

Time: 0.09 seconds Out[=

1 1
— Ui [JUj[] - — eU;[x12] Uj[x23] +
7 49
1, e?U; [x12, x12, x12] U5[x23, x23, x23]
— € U; [x12, x12] Uy[x23, x23] -
343 2401

pdf
in[-1:=  TriangularDSolve[egns , inits , fs , A, CF_] :=
PPrriangularpsolve @Module [ {ss = {}, reqns = eqns, rinits = inits, rfs = fs, s, p},

While[rfs =1= {},
{p} = FirstPosition[Count[#, Alternativeseerfs, «, Heads » True] & /@ reqns, 1];
{{s}} =DSolve[reqns[pll A rinits[p], rfsipl, A1;
AppendTo[ss, s =s /. F_Function :» ReplacePart[F, 2> CF[F[21111;
reqns = Delete[reqns, p] /.s /. e_=0:CF[e] == 0;
rinits = Delete[rinits, p];
rfs = Delete[rfs, p];

15

1
The Generating Functions Engine

Canonical Forms:
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pdf
in[-]:= LogReduce[& ] =
& /.c_xLogla ] =» Log@Factor‘[a‘] //.Log[a_] +Log[b ] :» Log@Factor[ab];
CF[&_E] :=CF /@MapAt [LogReduce, &, 1];
CF[&:E [___1]1:=CF/@&;
pdf
E operations:
pdf
inf-1= & E[$] :=Length[&] -1; E [&s___1[$] :=E[ss] [$];
& E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}k+11;
E/: & _FE=&2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];
Egi »r1 [E1s___1=Egy 4p2 [E25__ 1 "i= (d1==d2) A (rl1=r2) A (E[&lS] = E[&25]);
E/: & Ex&2 E :=Ee@Table[CF[&1[kk] + s2[kk]], {kk, @, Min[&51[$], £2[$]11}1;
Eg: »r1 [E1S___1Egz or2 [825__ 1 "i= E (q1yd2)-riyrz) @@ (E[&S1s] E[&25]) 5
pdf
in[+]:=  Egg ez [E1S___1// Egz or2 [E25___1 := Module[{is =rid2, 1lvs, 1lvs},
lvs = Cases[{é:ls}, (Alternatives @e LatinVars); /; MemberQ[is, i], oo] U
Cases[{aZs}, (Alternatives @e GreekVars); /; MemberQ[is, i], oo]*;
11lvs =1vs /. U_; = Ugeis;
E (d1ycomplement [d2,is])- (r2Complement [r1,is]) @@ (ZipllvsUHvs* [{(F/@1llvs*).(F/@1lvs), Times|
E[&1s] /. Thread[lvs » 11lvs],
E[&2s] /. Thread[1lvs* -» 11vs™]
1}1)
pdf
Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then
to the heavy and light variables.
pdf
@f‘/l( ] W00 @F/ZC — (D‘uz 3 o
part-glue
A TZ‘! - Z
3 & 3 & connected
diagrams
Lemma 1 Lemma 2 Lemma 3
pdf

Comment. Zip3 of the outer variables must occur after all other operations are completed, because we
must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the
coefficients of Q.

dvs stands for “Diagonal Variables”. In gl,, they are the x;’s and the y;;’s. They have weights {1,0} and
{0,0}.
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pdf
miel= Zipys [{F., &.}] = Module[{dvs = Select[vs, (Wt[#] == {0, O} VWt[#] == {1, ©}) &]},
{f-' 5]’ // Ziplvs (*/ /Zip2Comp1ement[vs,dvs: *> // Zipzdvs //
EZip3Comp1ement[v5,dvs] // Zip3dvs

| 77/ Last
pdf
Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,
<F: Eez Ziws Gu‘%> = det(1-GF)"2(F(1 - GF)™': &)
B B
pdf

il Ziplyy = Identity;
Zipl,, e{s_, E[Q_, P___]} := Module[{], F, G, u, v},

(xEcho[ {vs,7,Q,P}];x*)

I = IdentityMatrixelLengthevs;

F = Table[If[Wt[u] + WEt[Vv] = {1, O}, Or(u1,rv1 7 » O], {U, VS}, {V, vs}];
G = Table[If[Wt[u] +Wt[v] == {1, @}, 8,,,Q, O], {u, vs}, {v, vs}];
(xEcho@MatrixForm [ T-G.F];*)

{CF[(F/@vs).(F.Inverse[I -G.F]).(F/@vs) /2],
E [CF[Q - PowerExpand@Log[Det[I - G.F]] /2-vs.G.vs /2], P]1}

]

m[-]:= Wt /@ {Xlzs[z] ) y12$[1] 3 n12$[1] E) §12$[2]}
Time: 0.00 seconds Out[=

{{1, -1}, {0, 1}, {1, -1}, {0, 1}}

s Egyaqa,2y [X122¥121] /7 Eq,ay.0 [ (1 - ™) n12, £12,]
Time: 0.02 seconds Qut[=
E (5 [-bls]

Getting rid of linear terms.
Lemma 2. <F: 8@21'63)"'"")3 = @3 Zije Fiivivs <F5 8|ZB—>ZB+FyB>B'
pdf
il Zip2yy = Identity;
Zip2,, e{7_ , E[Q_, P___]} Module[{F, Y, u, v},
F = Table[If[Wt[u] + WE[v] = {1, @}, CF[O,(u},rv1 F 15 O], {U, vs}, {Vv, vs}];
Y = Table[8,Q, {Vv, vs}] /. (xAlsoUpper@x)Table[v » @, {v, vs}];
CF/e{#, E[Q-Y.vs+Y.F.Y/2, P] /. (xAlsoUpper@x)Thread[vs - vs + F.Y] }
]
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pdf

Dealing with Feynman diagrams.

Lemma 3. With an extra variable A, Z; := log[AF : ef]p satisfies

and is determined by the following PDE / IVP:

1
Zy=P and 9,Zy=; D Fij(0:0-, 20 + (05203, Z0)).
i,jeB

Note that the power m of Aisat most k-1 + %"2 =2k.We write Z, =3 Z[m] A™.

pdf

imi-1:=  Zip3,s @{#_, & E} := Module[{F, u, v, Z, kk, jj, $m=0, m, n},
(xEcho[{"Zip3",vs,7,5}];*)
Do[Z[@, kk] = &[kk +1], {kk, 0, c@$}];
Flu_, v_] :=F[u, v] =CF@If[Wt[u] +Wt[v] = {1, O}, Or(u1,r1v1 7 » O]}
Z[m_, RR_, u_ 1 :=2Z[m, RR, u] =D,[Z[m, RR]];
Z[m_, RR_, u_, v_] :=2Z[m, RR, u, v] =D,[Z[m, RR, ul];
For‘[m =0, ms2$m, ++m, For‘[kk =0, kk < s@$, ++kk,

Z[m+1, kk] = CF@Sum[

Flu, v]
I-F[F[u, v] === @, @, ———— (Z[m, kk, u, v] +
2 (m+1)

sum[Z[n, jj, u] *Z[m-n, kk - jj, v], {n, @, m}, {j], O, kk}])]:
{u, vs}, {v, VS}]3
If[Z[m+1, kk] =1=0@, $m=m+1]
CF /e ({
F -Sum[F[u, V] *x f[u] *f[V] /2, {u, vs}, {v, vs}],

E e@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, 0, S@$}]
} /. (xAlsoUpper@x)Table[v -» @0, {v, vs}])

pdf

ml1-  EZip3,; @{# , & E} := PPgjpz@Module|
{n&, nF, rc, ps, rr = { (xrelease rulesx)}, Fvs},
rc = @; né=Total|

CoefficientRules[#, vs] /.
(ps_->c_) » (AppendTo[rr, c&[++rc] »c]; c&[rc] (Timeseevs™))
& /e &5
rc=0; fvs = f/@vs;
n7 = Total[CoefficientRules[#, rvs] /.
(ps_>c_) » (AppendTo[rr, cF[++rc] »c]; cF[rc] (Timesee rvs™))];
CF[Expand[{n¥, n&} // Zip3,.] /. rr]

]
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“Define” Code

pdf
mi-1:= SetAttributes [Define, HoldAll];
Define[def , defs 1 := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{sD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD[0Pnisp,se_s PPeoot @Block [{i, j, K}, 0Pigp g = &5 OPnis ] |5
SD[0Pisps OPisy,se]5 SP[OPsis 5 OP(sisy]s
] 7. {SD - SetDelayed,
isp>»> {is} /. {i»i_,j-»]j , k->k_},
nis » {is} /. {i-»ii, j-» jj, k-» kk},
nisp - {is} /. {i»ii_, j»3jj_, k- kk_}

3 1]

L~ CE(R5) GEOyx)  Scepeodpaty @@@» OfSeplfiA ) @
T (Ly) =LAl S(B)= Seepe( 16),
RoGE(fy) ) gz Srene R.ore) aF Faf

il

R,)-F.OR ). OF6)OFo)- SI6 OF OlF (66 +36))- Sle)sieae)

pdf
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i1~ Define[amt; j,i = PPronir gk, gn) @Module [ { (+TTL, +)},

]

ES[s_1[&_ ] := (EchoLabel[s] [Short[&, 2]1]; &) ES[s_1[&.] 1= &3
TTL = ES["TTL"] @PPu17 -@TT; @
Join[11 = Table[If[t[g] === "X", A, 1] (g*); Uc[g], {g, $PBWGens}], 11 /.i - j];
mons[-1] = {};
mons[p ] :=mons[p - 1] JUnion@Cases [Coefficient[TTL, €, p], Uc[___1, «];
ff = Table|
sum|[eP f, 4 [A], {p, O, $k}],
{u, $PBWGens}
| 7. %5 ,u [A] /5 Tu] ="a" = If[p =0, (u*);+ (u*)y, O];
fs = Flatten[Table]|
fp,]Pk[m]:
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
P fo,peruy [A] Py [ul,
{p, @, $k}, {u, Complement[mons[p], U, /@ $PBWGens] }
B
G = Series|[e®, (¢, 0, $k}];
S[B_] :=UCF[SS@Oy[Seepage, [ff, SS@UCF@B]]];
SG = ES["SG"] @PP- - @S[G] ;
TTR = ES["TTR"] @PPu11z- @UCF [Invert, [SG] ® S[ (8, (ff. (# & /@ $PBWGens) ) G + 3,G) 11 ;
diff = UCF[TTL - TTR];
eqgns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0O,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] ==9) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i,i)-(k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], (a[m];+a[m];) a[m];], @],
Total[Cases[fs, f, 11 /.F, u »u(fy,u/.s8)[A] /. A|A]|¥~ 1]

]
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pdf
in[-]:-- Define [aAti_,j,k = PPuoat (3K, $n] @Module[{ (+TTL, *)},
ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 2]]; &)
TTL = ES["TTL"] @
TTy@Table [UCF [If[z[g] === "Xx", A, 1] (8"); Ai,j,k[Ui[8111, {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=mons[p-1] U
UnioneCases [Coefficient [TTL, €, p], c_. Uj[x___1Uc[y___ 1= U5[x]U[y], =];
ffj = Table |
sum|[eP £, u [A], {p, @O, $k}],
{u, $PBWGens}
Il /s 5 ,u A1 /5 Tlu]l ="a" »If[p=0, (u*);, O];
ffk = ffj /. j->k;
fs = Flatten|[Table|
-FP:]Pj,k[m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e? 'Fp,IPj,k[u] [A] Py, [u],
{p, @, $k}, {u, Complement[mons[p], U;[] (Uc /@ $PBWGens) JUc[] (U; /@ $PBWGens) ]}
[E
G = Series[e®, {e, 0, $k}];
S[B_] := UCF[SS@O0;, [Seepage; , [ff], ffk, SSeUCFeB]]];
SG = ES["SG"] @PP- - @S[G] 3
TTR = ES["TTR" ] @PPw1rg- @UCF [
Invert; «[SG] ® S[ (0, (ffj. (#; & /@ $PBWGens) + ffk. (# & /@ $PBWGens)) G + 8,G) ] 1;
diff = UCF[TTL - TTR] ;
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] =0) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i}-(j,k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[m]y)], @],
Total[Cases[fs, f,, 1] /.F, ,, »u (f,,u/.58)[A] /. A& |¥~1]
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mi-1- Define[aSt; = Module[{ (+TTL, «)},

TTL = TT,@Reverse@Table [UCF[If[z[g] === "x", A, 1] (8%); Si[Ui[g]11], {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=

mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c¢_. Uj[x ] = U;[x], «];

ff = Table|
sum[eP fy,u, [A1, {P, @, $k}],
{u, $PBWGens}
] 7 Fo_,u [A]1 /5 T[u] ="a" »If[p==0, - (u*);, O];
fs = Flatten[Table[
fP;Pi [m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
€ fy,p,(u [A] Pi[ul,
{p, @, $k}, {u, Complement [mons[p], (U; /@ $PBWGens) ]}
];
G = Series|[e®, {e, 0, $k}];
S[B_] :=UCF[SS@O0; [Seepage; [ff, SS@UCF@B]]];
SG = S[G] ;
TTR = UCF[Invert; [SG] ® S[ (8, (ff. (#; & /@ $PBWGens) ) G+ 3,G)]11;
diff = UCF[TTL - TTR];
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] =0) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i) @@ Table[As[p, 0, $k], Plus[
If[p--0, Sum[As[m, 1, $n-1], -a[m];a[m];], O],
Total[Cases[fs, f, ]1/.f, , »u(f,,u/.88)[A] /. A |hA]|¥->1]
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mi-1- Define[aSt; = Module[{ (+TTL, «)},

TTL = TT,@Reverse@Table [UCF [If[z[g] === "x", A, 1] (g"); Si[Ui[g11], {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=
mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c¢_. Uj[x ] = U;[x], «];
ff = Table|

Sum[eP f,,, [2], {p, @, $k}],
{u, $PBWGens}
] 7 Fo_,u [A]1 /5 T[u] ="a" » If[p==0, - (u*);, O] ;
fs = Flatten[Table[
fP;Pi [m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e’ fo,p;u [A] Pi[ul,
{p, @, $k}, {u, Complement [mons[p], (U; /@ $PBWGens) ]}
];
G = Series|[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O; [Seepage; [ff, SS@UCF@B]]];
SG = S[G] ;
TTR = UCF [Invert; [SG] ® S[ (8, (ff. (# & /@ $PBWGens)) G + 8,G) 11;
diff = UCF[TTL - TTR] ;
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] =90) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i) @@ Table[As[p, 0, $k], Plus[
If[p--0, Sum[As[m, 1, $n-1], -a[m]; a[m];], O],
Total[Cases[fs, f, ]1/.f, ., »u(f,,u/.88)[A] /. x| A ]|¥->1]
1

1]

mf-]:= $k=1; $n = 3;
in[-]:= aSty // aSty

Time: 5.94 seconds Out[=

E{l}ﬁ(l) [a11 0(11 + 321 0(21 + X121 5121 + X131 5131 + X231 5231, 0}
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in[-]:= (*Splitter into B tensor Ax)
SYi 55 ,k L ,m_ = Eriysi5,k,0,m [
sum[n[r, s];y[r, s1;+&[r, sliX[r, sl,, {r, 1, $n-1}, {s, r+1, $n}] +
Sum[a[r];a[r], +B[r]l;b[r],, {r, 1, $n-1}], Sequence @@ ConstantArray[0, $k]

Inl-]:= SY1,2,3,4,5
Time: 0.00 seconds Out]=
E(1)5(2,3,4,5, [als oy + 824 027 + bl 1 + b23 B21 + y11, nlly + y12, n12, +y13, 13, +
Y¥22, N224 + Y23, 023, + X115 E11; + X125 £12; + X135 131 + X225 £22; + X235 £23;, 0]

P:AtensorB = k
Rin B tensor A

mi1= Py i i=Eg, 5. @@PadRight [
{sum[n[r, s]1;&[r, s1;, {r, 1, $n-1}, {s, r+1, $n}] +Sum[B[r]; a[r];, {r, 1, $n-1}]},
$k+1]
Ri ,j = E(,i,5) @@PadRight[
{sum[y[r, s];x[r, s]1;, {r, 1, $n-1}, {s, r+1, $n}]| +Sum[b[r];a[r]l;, {r, 1, $n-1}]},
$k+1]

In[«]:= R1)2 // P2)3
Ri,2 // Ps,1

Time: 0.05 seconds Outf=

E (3501 [b1y 15 + b2y 823 + y12, 1125 + y13, n13; + y23,; 1233, 0]

Out[e]=
E(S}%{Z} [312 0(15 + 322 O(25 + X122 §125 + X132 §135 + X232 §235, 0]

im-]:- Define[bmty,.,; = Module[{i@, i1, j1, k1}, (Rie,i1 // @Ati,ja,ka // P41,5 // Pia,k) /- 10> 1],
bAty,;,j = Module[{il, j1, k1, k2}, ((Ry,i1Ry,51 // amtis j15) // Pia,ia) /.« k25 K],
bSt; = Module[{il, i2}, (Ry,i1 // aStis // Pi1,i5) /. i2 - i],
bSt; = Module[{il, i2}, (Ry,i1 //@Stis // Pis,s0) /. i21i]]
Define[ﬁi,j =Ry,j // bSti]

In[]:= amtl)z_,3 // 12U
Time: 0.03 seconds Outf=

a2,
E{I,Z}%{3} {313 (O(ll + 0(12) + 323 (0121 + Ol22) + X123 (§121 + (Ea11772 §122 +

al; o2
x133 (5131 +e2 2 £13,-¢”

al.
= ia2

1a- + X235 (§231 re 2 §232) s

02,
2 £12, £23,

1

o2 a2
2™ X123 x135 £12, £13; - €™ 2 x133 £12, £23; +

02 aly a2y
2™ X123 %233 612, €23, -2 e 2 T2 x133 X233 £13, 5231}

nf-1:- $k = @; $n = 2;
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In[«]:= bmtl,z_,_a,
e "M £12; Uy [x12] Ug[] +e "M £12; Uj[] Uy [x12]
Us[] Ukl]

e U [x12] Ui [] fo,xaz, [A] + € MU [] U [x12] Fo,x12,” [A]

Out[«]=
E{1,2}9{3} [b13 /311 + b13 /312 + y123 T’]121 + y123 77122}

Testing A and B dually paired Hopf algebras
co-associativity
in[-]:= {(alAty,1,2 /7 aAty,; 3) = (aAty,o,3 // adty,,5), (bAati,s,o //7 baty,;y 3) = (bAty,, 3 // baty,ss) )
e "M £12; Uy [x12] Ug[] +e "M £12; Uy [] Uy [x12]
Us[] Ukl]
e Uy [x12] U [] Fo,uz, [A] + e "M U [] U [x12] Fo, 1o/ [2]

Out[«]=
{True, True}

algebra morphism

In

=

1= {(abtisi,2 @Aty,3,4 // amty 3, /7 amt;y 4,5) = (amty ok // aAty,i,5),
(bat;,y,, bAty,3,4 /7 bmty 3,5 /7 bmty 4,5) = (bmty 5, /7 bAt,:,5) }

Time: 0.08 seconds Qut[=

{True, True}

In[-]:= (AAtj,g,2 aAty,3,4 // amty 3,5 // amt; 4,5)
Time: 0.03 seconds Out[=
E(i,)-1,5) |ali odi + alj ol + als ody + aly ody + X123 £12; + X125 £12; + e x12;5 £125 + ™ x125 £125]

associativity

In[«]:= (amt],,z_,k // amtk,B—»k) £
(amt2’3—)k // amtl,k—)k)

Time: 0.02 seconds Out[=
True

inf-1:= { (amty o,k // amty, 3,k) = (amta,3,¢ // amty ki) »
(bmty o, /7 bmty 3,) = (bmty s, // bmty i) } // Simplify
Time: 0.02 seconds Out]=
{True, True}

antipode

In[«]:= {aAti_,]__‘z // ast, // amtl,qu, aAti_,]_,z // ast, // amtl,m,
bAt;,i,, // bSty // bmty 5,1, bAt;,1,, // bSty /7 bmty 5,1}

Time: 0.08 seconds Out[=
{E(i}5713[0]5 E(iys1y [0]5 Eqiysq1y (0], Egiy1y [0])

inverse antipode
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1~ {ast; /7 aSt;, bst; // bSt;}
Time: 0.05 seconds Qutf[=
{E(iy5qiy [@li aly +x125 £125], E(iy5¢4y [b13 B1; +y12; n12;]}

In

Pairing
mi-1= {(amty, 2,3 /7 P3,3) = (bAt_3,.q, 2 // P11 // P22),
(bmty >,3//P_3,3) = (aAt 3,4, 5 // P_1,1//P_3,3),
(aSty // Py,_1) = (bSt_y // Py, 1), (aSty // Py,1) = (bSt.y // P1,1)}

Time: 0.05 seconds Out[=
{Tr‘ue, True, True, TPUE}

)= Define[dm; i, = Module[{il1, i2, i3, i4},
((SYi->14,i4,i1,i1 // antiigii,in // AAtio,i0,i3 // ﬁ:'L:-;) (SYj-i1,-i1,-ia,-ia // DAt 31, 31,32 //
bAt_iz,-52,-13) ) // (Pi1,-i3 Pi3, i1 aMtip, _sak bMtss, i5.k) ] ]
Define[dS; = SYi1,1,2,2 // (bStyaSty) // dmy,1,;,
dS; = SYi,1,1,2,2 // (ﬁl aStz) /7dmy, 1,4,
daj g,k = (bAti,g 3 aAty . 5) // (dmg 4, dmg o,5) ]

(xNotice we take co-opposite on the A-side! to make the doublex)

- $k =0; $n = 2;

In

Testing Double
co-associativity

in[-1:= (dAgs1,2 // dBys,3) = (dA1,z,3 // dBgs,2)
Time: 0.20 seconds Qut[=
True

algebra morphism

In[«]:= (dAi->1,2 dAj_,3,4 // dm1,3-)i // dm2,4—>j) = (dmi,jﬁk // dAk-)i;j) // SJ'mpllfy
Time: 0.48 seconds Outf=

e ™ (14 ) (—1 4 e™) n12;£12; =0

il J= o (dmy 5ok /7 dAksi,5)
Time: 0.01 seconds Out[=

E{i,j}a{i,j} [ali aly + alj al; +aly O(lj + alj O(lj + bli Bl + blj Bl + bli Blj +
bly 815+ y12; n12; + €M y125n12; + e “M y12; 0125 + e M y12, 125 + x12; £12; +
x125 £12; + ®MPH M n12. €125 - e M 125 £12; + e x125 £125 + ™ x125 £124

Inf-]:= dAj,a,2 dAj,3,4 // diMy 3,5 // dmy 4.5
Time: 0.06 seconds Qut[=
E{i)j}ﬁ{i)j} [ali ol; + 31] al; +al; O(].] + 31] O(].] + bll Bl; + blj Bl; +

bl; 81 + bly 815 + y12; n12; + €™ y125 n12; + e M y12; 0125 + ™ y12, 0125 +
X123 £12; + x125 £125 - 0125 £12; + e®M 125 £12; + €™ x125 €125 + ™™ x125 £124]

associativity
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Inf-1:= (dmg oL, /7 dimy 34 ) = (dmy 34 /7 dmg k)
Time: 0.03 seconds Out[=
True

antipode

1= {dByy1,2 /7 dSy // dmy 5,1, dAsL1,5 /7 dSy // dmy 5,1, dSy // dS1}
Time: 0.19 seconds Outf=
(Eqiyoq [n125 €125 - @™ 0125 €125 + ™M n12; €125 - e ™M n12; €124 ],
E1)o1 | -112; €125 + € n12; €125 + ™ n12; £12; - e®M 12, £124 ],
E(1)5(1 |aly ody + bly By +y12y 012y + X123 £124 -
12, €123 + €™M n12; £12; - M 12, €12, + e M 12, €12, ] ]

quasi-triangular axioms

in[-]:= (Ra,3 // dA1,1,2) = (R1,3Rz,4 // di3 4,3)
(R1,3 // dA3,3,3) = (Ry,3Re,2 // dMy e,1)
(dAi_,k,j Ri,2 // dmj,l_,l // dmk’z_,z) = (Rq,2 dAi_,j,k // dml)qu // dmzlk_,z)
Time: 0.19 seconds Out]=

True

Out[e]=
True

Out[-]=
al, b1, + x12, y12; + aly al; + al, aly + bly Bl + bl, Bl +
€®2 y12, n12; + y12, n12; + X125 £12; + x12, £12; - %Y x12, £12; + 179 x12, £12; ==
al, bl + x12, y12; + aly ol; + al, ol; + bly 15 + bl, 1y +y12, nl2; -
e®l1y12, n12; + e®1P2 y12, 012, + y12, n12; + X125 125 + e x12, £12;

In[«]:= (R1,2 // asty)
Time: 0.02 seconds Outf=
True

(Ry,2)

Braid-like Reidemeister moves: R2,R3

iml-1- {Ra,2R3,4 // dmy 3,3 // dmy 4,2, Ry2 R34 /7 diy 351 /7 diy 4,

(R1,2Ra,3Rs,6 // dmy 4,3 // dmy 5,5 // dm3 6,3) = (Ry,6Ra,3Ra,5 // dMy 4,9 // dmy 5,5 // dma,s-»s)}
Time: 12.67 seconds Out]=
{]E(}»(l,Z} [0, 0], E{}5¢1,2; [0, O],

1
al3 b11 + a15 bll + a13 b15 + 323 b21 + 325 b21 + 323 b25 + X123 y121 -e: (2b13-b21) X123 y121 +

1 1
2 (201102b1sb2b25) w95 v1D 4 X125 Y12, + X123 y12s + X133 y13, - ez PMP%) %13, y13 4

1

1
ez (PLiPlst02eb2s) w93, v13. 4 X135 y13, + X133 Y135 + X233 y23, - ez ( P2P%) 403, yo3

1 1

ez (TPliPlsr2b2052025) 453, y03, 1 X235 y23, - X133 y12, y23; + ez 2012 %13, y12, Y23, 4
1 1

ez (2P157025) 493, y12, y23, - er (2PRr2PLs2b) w93 v v23) 4 X235 Y23, -

1
ez (2P1s7025) 413, y12, y23, == aly bl + als bly + als bls + a2; b2y + a2s b2; + a2; b2 +

eg (2bls-b2s (bls+b2s

1
) X125 y12, + x125 y12, + X125 y12; + e2 ) X133 y13, + x135 y13, +

(-bls+2 b2

x13; y13; + e2 ) X233 y23; + X235 y23, + X233 y23; - ez 2P1570%) %13, y12, y23, 8&
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 (2b1y+2 bls-b2;-b2s

1
3 (201s7025) 4990 y12, - 2 e

1
200-021) 3925 y12, + 22 |

~2x12;y12; + 2 ez ) x125y12, -

2 bls-b2s

1 1
2813 x125y12, + 2 ez 2P1P2) 51, %12, y12; + 2 €2 ) a1y x125y12, -

1

2 @3 (2b11+2b15-b2,-b2s
1

2 @ (2blib2

2 bls-b2g

Jal;x12;y12, -2 ez ! " alg x125y12, + 2 al; X125 y12, +

2 bls-b2s

1
) x122 y12% - 2 &2P17P% 122 y122 - 2 e2 ) x122 y122 + 2 @2P1570% 122 y122 4
1

2 (4bly+2bls-2b2;-b2g

4e: 2b1;+2 bls-b2;-b2g

) x122 y122 - 2 @2Plr2P1sTb2-b2s 5192 yqp2
2bls-b2g

1
' x122y122 - 22

2b1;-b2,

1 1
2x123 x125y122 + 2 e2 | ) X123 x125 y122 + 2 e2 ¢ ) X125 x125 y122 -

2 (2b15+2 b1ls-b2;-b2s

2bl;-b2
2e:2 1 1

1
) X123 x125 y122 - 2 x122 y12, y12, + 2 €2 ) x122y12, y12, +

1 1
2 ez 2P1570%) 122 y12. y12, - 2 e2 (2PT2PLOR2) 492 v y12, - 6 X135 y13, +

1 1 1
4z P12 493, y13) 4 2 e (P12 %135 y13) v 4 e (2P0 413, y13, -
1 1 1
4 (EE (2b1;+2 bls-b2;-b2s) X133 y131 +2 e’z (bls+b2s) X133 y131 _2 e*Z (b1l;+b1ls+b2;+b2s) X133 y131 _

2 (bls+b2s

1
2al; x133 y13, + 2 ez P02 31, x135y13, + 2 € ) aly x13;y13, -

1
2ez
1
2> (b1;+b2;

bl;+bl5+b2;+b25 bls+b2s

1
) al3x13;y13, -2 ez ' als x13;y13, - 2 225 X135 y13, +

bls+b2s (b1l;+b1s+b2;+b2s

' a2;x13;y13; + 2 e2 ' a2;x13;y13; - 2 ez ) a2;x13;y13, -

1
2e> P157P2) 320 %135 y13, + 2 al; X135 y13, + 2 @23 x135 y13, + 4 x125 X235 y13, -

1 1 1

4> P12 4190 %235 y13, — 4 ez 2P %125 %235 Y13, + 4 g2 (2PT2PIOR02) 95 %03, y13, 4
1 3b1;

4e> 2P17025) 4120 %235 y13, + 2x12; X133 y12, y13, -2 € 2 x125 x133y12, y13, +

3bls

3
2e 2 x123x13;3y12,y13; - 2z (P1*Pls

2b1;-b2,

1
) X123 x135y12, y13, + 4 ez ) x12; x135 y12, y13, -

(2 bls-b2s

1
4 e2P1P% %12, x13;y12, y13, - 6 e2 ) X123 X133 y12, y13; + 4 €2 °170% x12, x135 y12, y13, +

1
2 @7 (3b11+2b15-b2s 4b1,+2 bls-2b2;-b2s

1
) X123 x133 y12, y13, + 8 €2 ' ) X125 x135 y12, y13, -

1
4 @2 (2b11+2b15-b2,-b25) X125 X135 y12, y13, - 4 €2 bl1+2b15-b2:-b25 15 513, y12, y13, -

1
2 @3 (Plstb2s 3bl;+bls+b2s

) x123 x135y12, y13, -
1

) X125 X135 y12, y13; + ez |

1
) X123 x135y12, y13, + 2 ez
2bl;-b2;

bl;+b2;

1
5 x125 X133 y12, y13, + 4 ez ) X125 x135 y12, y13, +

2bls-b2s 2b1;+2 bls-b2;-b2g

1
4<ez<
1
2 e2 (bls+b2sg

1
) X125 x133 y12, y13; -4 ez ' ) X125 x133 y12, y13, +

Ol1+bls021:025) 310 X135 y12, y13, - x125 X135 y12, y13, +

(2b1;+2 bls-b2; b2

1
) X125 x133 y12, y13; - e2

e% (2b1,-b2,

1
) X125 x135 y12, y13, - ez ) x12; x135 y12, y13, -

2b1;-b2, (b1y+b2;

1 1
5x125 X133 y125 y13; + 4 e2 ) X125 x13;5 y125 y13, + ez ) X125 x135 y125 y13, +

1 1
4ex 2P002) 499 %135 y12, y13, — 4 ez (2PMT2PI PR 95 53, v10, y13, 4
1 1 1
e2 O10%) %12, %135 y124 y13, - ez PMPIOROB) 10, 313, y12, Y13, + 22 MM x132y132 -

(bl;+bls+b2;+b2sg

1 1
2 P12 5132132 _ 3 @2 (P17P2) %132 y132 4 2 D102 x132 y132 _ D e ) x132y132 -

1
2 @P1rrPLs D202 132 1132 | 4 @y (2PIPIsr202025) 4132 y132 L 2 X135 X135 y132 +

1 1
2 e2 (b1;+b2; =~ (bl;+bls+b2;+b2sg

bls+b25) %135 x135 y132 - 2 e

1
) X133 x135y132 + 2 e2 | ) X133 x135 y132 -

! (2bls-b2s

1
X123 X133 y12; y135 + ez P72 312, %13, y12, y13; - e: ) X125 x135 y12, y13; -

1 1
ez (2PLr2blsb217b25) 595 %135 y12, y13s - 2 X132 y13, y13, + 2 ez (P10

1
2 2 (bls+b2sg

) x132y13, y13, +

(bl;+bls+b2;+b2sg

) x132y13, y13, - 2 e> ) x132y13, y13, - 2 x23;y23; +

1 1 1
2 g2 (PL2b2) 453 y23,+2e: (-bls+2b2s) y 53 y23, -2 2 (-bli-bls+2b2,42b25) 53 y23, -

~bls+2 b2s

1 1
2825 x235y23, + 2 ez (P12P2) 350503, y23, 1262 | ) a2; X233 y23, -
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1
X123 X233 y125 y23, - ez | P11720R
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8 e: 2b1;+2 bls-b2;-b2g
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4 2 bli+2b15-b21-b2s x13§ y12, y13,y23, 4 e: (b11+2 bls+b2;-b2g

4 (e—; (3b1,+bls5+b2s

) x132y12, y13, y23, -

bl;+bls+b2;+b2s

1
) x132y12, y13, y23, + 4 ez ) x132y12, y13, y23,; +

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gsin14.nb 2026-10-02 13:13:53

1
2 X133 X135 y12, y13, y23, - 2 ez 2700

1
2 3 (2b1s-b2s

) X135 x135 y12, y13, y23, -

2b1;+2 bls-b2;-b2g

) X133 x135 y12, y13,y23, + 2 ez ' ) X133 x135 y12, y13, y23, +

2b1;-b2, 2bls-b2g

1 1
4x132y12,y13,y23, -4e2 ' ' x132y12,y13, y23, -4 ez ) x132y12, y13, y23, +
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1
2¢ez
1
2 @ (2blib2

1
~b1;+2b2, PLs2025) 235 X235 y232 - 2 @2 (Pl PLsr2022025) o3 %23, y232 4
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1 1
ez (2P1570%5) 4125 %235 y12, y23, + ez (2PM2PIO202) 190 4035 y12, y23 +
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1
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1
_2 g2 (2b1sb2s

) x132y122 y23, y23, ==
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Drinfeld element:

nf-1:- $k = @; $n = 2;
In[-]:= U; :=Module[{il, 12}, Ry, i, // dSi; // dmi; i1,:]

In[~]:= Uy
Time: 0.00 seconds Qut[=
E{y502; (9, 0]

In[]:= Ril,iZ // dsiz
e MM £12; Uy [x12] Ug[] +e ¥ £12; U5 [] Uy [x12]

Us[] Ukl]
e Uy [x12] U [] Fo,xaz, [A] + € " U5 [] U [x12] Fo,uaz, [2]
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E(}5(i1,i2) [—aliz bli; - e 77 X125, y12i1]

inf[-1:= dSjo
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e ™2 (y12; (0124 + €2 n12;,) + (-1 +e®™) n12y; 125, + €M7 x12; (™2 124 + £1245) ) |

In[«]:= ]E{}-){I,Z} [X122 y121] // ]E{l,Z}-){} [ (—1 + ebli) T]121 §122]
Time: 8.47 seconds Out[=

$Aborted

Inf-]:= dmMip 53,3
Time: 0.16 seconds Out[=

E{iZ,il}—Hi} ali O(lil + ali O{liz + aZi O(Zil + a2i O(Ziz + bll Blil + bll BliZ +

1 1
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Block[{$k = 0},
Echo[dS;, // dmj; 51,313
Ri1,i2 // dSip // dmjj 31,5]
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$Aborted

Zipping fails to compute the Drinfeld element u. Why?

We still need to find C such that R2c holds:
According to PG.pdf the ribbon element v is a square root of v2=uS(u). Then the pivot (a.k.a. distin-
guished group-like element, spinner) is C=uv'.

R3,2R1,6Ca // dmy 3,3 // diy 4,5 // diy 6,2
C
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