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Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] < yij.

4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

MakePDF [ ]

CF = Expand;

X[l , 7 ]:=x<>1<>7;
a[i_] :=a<>1;
yli_, J_]1:=y<>1i<>7;
b[i_ ] :=b<>1;

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;

NCM[x , v ,z ] := (x®y)RBz;

o - RO=0;

(x Plus)y 8y := (#®y) &/@x; x ® (y Plus) := (x®& #) &/ey;

B[x ,x ]1=0; B[x ,y ] :=x8y-y®&Xx;

B[x_, y ,e_]l:=B[x,y,e] =B[x, y];

The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly

within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xayb.
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in[-]:=  $n=5;
$PBWGens = Flattene {
Table[As[i, 1, $n-1]1, As[]j, i+1, $n], x[1i, jI11,
Table[As[i, 1, $n-1], a[i]],
Table[As[i, 1, $n-1], As[]j, i+1, $n], y[i, j11,
Table[As[i, 1, $n-1], b[i]]
}
(# =Ue#) & /@ $PBWGens;

2026-09-14 07:07:32

$PBWRule = Module[ {k = @}, Flatten@Table[{g > ++k, g; - {i, k}}, {g, $PBWGens}1];
X 2y :=0OrderedQ[{x, vy} /. $PBWRule]; x <y :=!O0rderedQ[{y, x} /. $PBWRule];

Time: 0.00 seconds Qut[=
pdf

{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3,
a4, y12, y13, y14, y15, y23, y24, y25, y34, y35, y45, bl, b2, b3, b4}

pdf

in[-1:=  t[s_Symbol] := First[Characters[SymbolName[s]]];
L[s_Symbol] :=Rest[Characters[SymbolName[s]]] /.

{"e" 5@, "1" 1, "2" 52, "3" 53, "4" >4, "5" 55, "6" 56, "7" 7, "8" -

mf-1:= {Tt[x[3, 411, ¢Ix[3, 4]1}
Time: 0.00 seconds Qut[=

{x, {3, 4}}

We take the reduction rules RR results from Yamane page

5009:

(I) i=m<j<n (II) i<m<n<j, (II) i<m<j=n,
i J i Jj i J
m n m__n m n

@) i<m<j<n (V) i<j=m<n, (V) i<j<m<n

i Jj i J i
_, m n _':'. n m 2 . .
qd “€ijmn — Cpnlij = 0 if ((3, j), (m, n))e C( 1) U C(m)-
[eija emn] =0 if (@G, j), (m, n))EC(“) U C(VI)'

[eija emn] = (qz — q_z)einemj lf ((l, J): (ma n))EC(IV)'
qzeijemn — €mn€ij = €y if (G, ), (m, n))eCy,.
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mi-1=  RR[xmn_, xij_1 /3 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},
{i, j} = t@xij; {m, n} = c@xmn;
Which|
i=mAj<n, q2U[xij, xmn], (+ I *)
i==mAj=n, U[xij, xmn],
i<m<jAn<j, U[xij, xmn], (x II «)
i<m<jAn=73, q2U[xij, xmn], (+ III *)
i<m<jAn>j, U[xij, xmn] + (q'z-qz) U[X[i, n], X[m, 311, (% IV *)
j=m, ®U[xij, xmn] - qU[x[i, n]], (* V «)
j<m, U[xij, xmn] (x VI )
]
]
pdf

1= 1y=U[];
x_ ® (c_.1y) :=CF[cx]; (c_.1y) ®x :=CF[cx];
(a_.U[xx__,x 1)® (b _.U[y ,yyv 1) :=Module[{M},
SetAttributes [M, HoldRest]; M[O, _] =0; M[A_, X ] :=AX;
If[x <y, CFeM[ab, U[xx, x, y, yv]11], Uexx B CF@eM[a b, RR[x, y]] BUeyy 1]

in[-1:- Echo[U[x34] ®U[x23]] ® U[x12]
-qU[x24] +q?U[x23, x34]

out[«]=
g>U[x14] - > U[x12, x24] - q> U[x13, x34] + q* U[x12, x23, x34]

in[-]:= U[x34] ® Echo[U[x23] ® U[x12]]
—qU[x13] +q?U[x12, x23]

Out[-]=
q?U[x14] - g3 U[x12, x24] - q>U[x13, x34] + q* U[x12, x23, x34]
in[-]:- Module[ {Bas = Echo@Select [$PBWGens, t[#] == "x" &]},
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
(X5 Y, Z} » ((Xy BYy) BZy) - (Xy & (Yy B Zy))
11
1
{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45}
out[-]=

{1
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in[-]:- Module[{Bas = Echo@Select [$PBWGens, t[#] = "x" &]},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
{W, X5 Y, Z} > Wy & ((Xy BYy) BZy) =Wy & (Xy & (Yy B Zy)) ==
(Wy B Xy) & (Yy&Zy) == ((WyBXy) BYy) 8Zy== (W& (Xy&Yy)) &2,
11
1

{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45}
Out[«]=

{1
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