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Pensieve header: Analyzing Reidemeister moves by hand.

Integration

As in Talks/Beijing-2407

inf-1.= CFlw_. & E, specs___] :=CF[w, specs] CF[#, specs] & /@ &;
CF[& List] :=CF /e &;
CF[g_, vbo_, h_] := Module[{H}, Expand@Collect[g, vp, H] /. H> h];
CF[q , vp_] :=CF[qg, vp, Factor];
CF[g_]1:=CF[g, e | (PIxX|x|& | (IX|®|&.|(PIX|7]|E_];

in[-]:= E/:E[A_]E[B_] :=E[A+B];
in[-1:=  $ = Identity;
in[-]:= Unprotect[Integrate];

jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, 20, Z, A, DZ, DDZ, FZ, a, b},

n = Lengthevs; L0 =L /. e > 0;

Q = Table[ (-8yspap,vsgoy LO) /- Thread[vs - @] /. (p|X) -, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Returne"Degenerate Q!"];

Z=1720=CF@$r[L +vs.Q.vs/2]; G=1Inverse[Q];

FixedPoint [ (DZ = Table[8,Z, {v, vS}];

DDZ = Table[8,DZ, {u, vs}];
FZ = Sum[G[a, b] (DDZ[a, b] +DZ[a] DZ[b]), {a, n}, {b, n}]/2;

A
Z= CF[ZO+ j $7[FZ] dl)L]) &, z],-
(2]
PowerExpand@Factor [~ A™/2| E[CF[Z /. A > 1 /. Thread[vs » 8] ]] ];
Protect[Integrate];

Inl-]:= j]E[—uxz/2+i§x] d {x}

Out[«]=
2
-5
21

N

In[]:= Fo-FG=J-]E[—u (x—a)2/2+i§x] d {x}
Out[«]=

E[j(zau+j§)£:|
2u

Ju
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In[-]:= jFo-FG]E[-i Ex] d{&}
Out[«]=

E[-= (a-x)%y]

N R

1 ab
n[-]:= L === {Xg, Xz}-(b )-{Xn X2} + {€1, €2} . {X1, X2};
2 C

712 = jIE[L] d{xq, Xz}

Out[«]=

]E[ € ba&s  _ ag ]
2 (-b’+ac) b%-ac 2 (-b*+ac)

-b%>+ac

Ine]:= {21 = JE[L] d{x;}, 212 = jZldl{xz}}

Out[«]=

(-b?+ac) x} bx, £ g2
]E{— - =25 2y x ]
2a a 2a 2§2

{ Va

, Tr‘ue}

il 1= $r = Normal[# +0[e]™] &; jIE:[—¢2/2+e¢3/6] d{¢}

out[e]=

+ + + + +

52 5¢e* 1105e® 565e® 82825¢%° 19675612}
24 16 1152 128 3072 96

E|

The Quadratic

Matrices from SSAlexander4Tangles.nb

Kotk 1-1 2 o

NE iy |e e e o

-1 J “le 1 -10

-l -i\-i 1 o0 -10 .
nlel= 1 -1 0 o) |’

Xt | 15 o o o

k k/_’ M=121 1 o

-l d 0 -1 0

'l/-i -1

nl-1= Qi ,j5 ,k ,t_ 2= {Pis> Pjs Prs> PL}- ('CM-'C_1 MT) «{Xi, Xj5 Xps» X }3
Qi ,j .kt = {Pis Pjs Prs PL}. ('Cﬁ-t_1 M) . {Xis Xj5 Xes X(}3
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in[-]:= CF[Q4,5,k,1]

Oout[-]=
(-1+t) (1+t) piXi PjXi 2PpkXi
- + - +tp1Xiftpin+
t t t
PiXk (-1+1) (1+1t) prXk Pi X1 Pk X1
tkaj+2‘tpiXk— - -tp1 X - +
t t t t
in[-1:= {CF[Qi,4,k,1 /+ X_->X], CF[Qi,j,k,1 /- P_~PI}
Out[«]=
{0, 0}
in[-]:= Collect[Qi,4,k,15 P_» Simplify]
out[«]=
Py (Xi - Xk) Pr (-2X3 + 12 X5 + Xp - £ Xp + X1 ) 1 X1
— +tp1 (X5 - X¢) + +pi([f—t Xi —txy+2txe-—
t t t t
in[-]:= Collect[Qj,j,k,15 X » Simplify]
Oout[-]=
(Pi-t*pi+pj-2pc+t?p1) X 1 (=Pi +Pk) X1

Pj
+1 (-pi +Pk) X5+ (thi*¥+ (E*t) Pk - tp1| Xk +

t t
inl-]:= CF[Q4,5,k,1 /7« {Pi= (P« +P-) /2, P= (P+—-P-) /2, Xi=» (Xo +X_) /2, Xg = (X, =X_) /2}]
Out[e]=
(-1+1) (1+t)p.x.  (1+t¥)xp. (1+t*)p-x. x pj P X1
+ + +Ixopr-tpoxy-
t 2t 2t t

il = CF[Qa 4,11 7+ {Pi—> (Pe+P2) /2, P> (Pa-P-) /2, Xi» (X, +X.) /2, Xk = (X, -X_) /2}]
Out[e]=
(-1+t) (1+t)p.x.  (1+t¥)xp. (1+t*)p_x, x_ p; p- X1
- + + +tx_p1-tp.xy-——
t 2t 2t t

i1 CF[Q4,5,k,1 = Qiyg,k,1 7+ {Pi= (Pe+P-) /25 P> (Pe=P-) /2, X3 (X, +X) /2, X (X, -X_) /2}]

Out[e]=
2(-1+t) (1+1) p.x

t

The Trefoil
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in[]:= L =CF[Qq,2,3,4+Q3,2,5,4 +Q5,2,1,4]

Out[«]=
2(-1+t) 1+t)p1x1 2p3xg
- - +2tp5X1+2tp1X3*

t t
2(*1+t) <1+t) pP3 X3 2p5X3 2p1X5 2(*1+t> <1+'t) Ps Xs
- - +2tp3X5—
t t t t

in[]:= {CF[(8p, L) + (8p,L) + (8p,L) 1,5 CF[(Ox, L) + (Ox,L) + (Ox, L)1}
out[e]=
{0, 0}

i ﬁE[L] A{p1, P3» Xu» X3}

Out[«]=
t2E[0]

4 (1-t*+1t%)

i CFIL, (P | X)s]
Out[e]=

2ps (t?x1-%3) 2 (-pixg+t?piXs+P3Xs - t?p1Xs-P3Xs+t?psxs)
- +

t t
2 (-p1+t?p3) Xs 2 (-1+t) (1+1) psXs

t t

in[-]:= CF[L /« {P5 = P. = P1 - P3s X5 = X, =Xz -~ X3}]

Out[e]=
2 (-1+t) (1+t)p,x, 2(-2+t%)x,p1 2 (-1+2t%)x,p3s 2 (-1+2t%) p.x
- + + + -
t t t t
6 (-1+t) (1+1t) p1X1 2 (-2+t%)piXs 6pyxs 6 (-1+t) (1+t) psxs
-6tpsXy+ + -
t t t t
in[-]:= CF[L /+« {Ps = P+ = P1 - P35 X5 > X, = X1 = X3, P3 > Po - P15, X3 > Xo = X1}]
Out[«]=
2(-1+t) (1+1) p.x, 4x,p1 2 (-1+t) (1+t) X,p3 2P, Xe
- +2tX+p9— + - -
t t t t
2(—1+t) <1+t) Po Xo 2p3Xe 4p9X1 8(—1+t) (1+t) P1 X1
+4tp1Xg+7+4tp+X1— - -
t t t t
2 (-1+t) (1+1t) p. X3 4pyx3 2 (-1+1t) (1+t) p3 X3
4tpsxg+ -2tpgxs+ -
t t t
In[-]:= jIE[L] d{p1s Ps> X1, X5}
Out[«]=
t2E[0]
4 (1-t*+1t%)
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in[]:= CF[Q1,2,3,4 + Q3,2,5,4 +Q5,2,1,4 /+ {P1= -P3-Ps5, X1 = =X3 - X5}]
Out[«]=
6(*1+t) <1+t) P3 X3 6p3X5 6(*1+t) (1+t) Ps Xs
- *ths X3 + -
t t t

Re-sectioning

inf-]:= {CF[Qi,5,k,1 /7« (P | X);s»0], CF[Qi,j,k,1/. (P | X),—>0O]}

Out[«]=
PiXk (-1+1) (1+1) prXk Pk X1
{thXj* - -tpr X+ B
t t t
(-1+t) (L+t) pixy PjXi pi X1
- + +tp1Xiftpinf }
t t t

in[-1:= {lhs, rhs} = {jE[Qi,j,k,l /(P X)i->0] d{pk, Xk}> JE[Qi,j,k,l /e (P X)—>0] d{pi, Xi}}

Out[e]=

th{_ tPi X o tphxy Pi X1 __tpx ]
(-1+t) (1+t) (-1+t) (1+%) (-1+t) t (1+t) (-1+t) (1+t)
- B
-1+ t?
J'LtIE[_ thxy oty Ps X1 ___tmx ]
(-1+t) (1+t)  (-1+t) (1+1)  (-1+t) t (1+t)  (-1+t) (1+t) }
-1+ t?

in[-]-= 1lhs == rhs
Out[«]=
True

in[-1:= F = &5 X5 + 75 pj + 1 X1 + 71 P13
{1lhs, rhs} =

{jE[(Qi,j,k,l +f) /. (p| X);»0] d{pxs> Xk}, fE[(Qi,j,k,l +f) /. (p| xX)~»0]d{pi, Xi}}

lhs == rhs
Out[«]=
{— itE pjﬁj+p17T1———
14t (-1+1) (1+1)
£ p1 x4 Pj X1 tp1 X1
_ - +X5 &5+ X181,
(-1+t) (1+1t) (-1+t)t(1+t) (-1+1t) (1+1t)
1 tpy X4 3 py x4
- itE P57ty + P11 — - -
“1+12 (-1+t) (1+t) (-1+t) (1+1)
Pj X1 tpixy
- +Xj§j+X1§1H
(-1+t)t(1+t) (-1+1t) (1+1)
Out[«]=

True
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inf-]:= £ = &5 X5+ 75 Pj + E1 X1 + 71 P1+ 70 (Pi = Pk) + & (Xi = Xk) 3
{1hs, rhs} =

{jE[(Qi,j,k,l +f) /. (p| xX); »0] d{pxs Xk}, JE[(Qi,j,k,l +f) /. (p| X)—» 0] d{pi, Xi}}

lhs == rhs
Out[e]=
1 ntéE 7T P 1t pp
{7 1tE + + +
-1+t? (-1+t) (1+1) (-1+t) (1+1) (-1+t) (1+1)
t2§Xj tp] Xj t3 P1 Xj
P57t + P17 - - - -
(-1+t) (1+7%) (-1+t) (1+1) (-1+t) (1+71)
& X1 pj X1 tpix;
- - +X5&5+X1 810
(-1+t) (1+1) (-1+t) t (1+1%) (-1+t) (1+1)
1 it & P4 t? pp
- itE + + + Py Ty +
-1+ t2 (-1+t) (1+1t) (-1+t) (1+1) (-1+t) (1+1t)
t2§Xj tpj X5 t3 pP1 X5
p1 7t - - - -

(-1+t) (1+t)  (-1+t) (1+t) (-1+t) (1+1t)

Exy Pj X1 tp1xy

- - +Xj§j+X1§1]}
(c1+1) (1+t)  (-1+t)t(1+t) (-1+t) (1+1)

Out[«]=
True

inf-1:= F = &5 X5 + 75 pj + E1 Xy + 71 P1+ 70 (Pi - Pk) + & (Xi = Xk) 3

{1lhs, rhs} =
{jE[(ai,j,k,l*"F) /+ (P X);~0] d{ps Xk}, fE[(Gi,j,k,l*"F) /+ (P | X))~ 0] d{pi, Xi}}
lhs == rhs
Out[«]=
1 nteE 7T p5 Tt% py
{— Jit]E[— - - +
-1+t? (-1+t) (1+1) (-1+t) (1+1t) (-1+t) (1+1)
t2 € x; t pj x; t? p1xy
p5 7ty + p1 7ty + + + +
(-1+t) (1+1) (-1+t) (1+1t) (-1+t) (1+1)
Exy pj X1 tp1xy
+ + +Xj §j+X1§1 >
(-1+t) (1+1t) (-1+t) t(1+1) (-1+t) (1+1)
1 nté 7T P4 1t py
- i1tE|- - - + Py 7Ty +
-1+t (-1+1t) (1+7%) (-1+t) (1+1) (-1+1t) (1+7%)
t2§Xj tpj X5 t3 P1 X5
p1 71 + + + +
(-1+t) (1+1t) (-1+t) (1+1) (-1+t) (1+1t)
£x Pj X1 tphixa
+ + +Xj§j+X1§1]}
(-1+t) (1+1t) (-1+t) t (1+1) (-1+t) (1+1)
out[e]=

True

https://drorbn.net/AcademicPensieve/Projects/Semi-Seifert/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: Semi-Seifert: ReidemeisterByHand.nb

In[«]:=

Out[e]=

In[«]:=

Out[«]=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

Q1,2,3,4 + 63,2,5,4 // CF

(=1+1) (L+t) p1Xy P2aXa 2p3Xg

- + - +tp4X1—tp1X2+tp5X2+
t t t
P1Xa PsXa P2Xs 2P3Xs
2tp1X3*2tp5X3* + - + *tp4X5+
t t t t

CF[Q1,2,3,4 + Q3,2,5,45 (P | X)3]

2p3 (X1 - Xs)
2t (Pl*Ps)&*f*

(—1+t) <1+t) Ps Xs

2025-08-11 10:22:41

~P1Xq + %Py Xg - P2 Xg - t2 paXq + t2 Py Xy — % Ps Xp + P1 Xa — Ps Xa + P2 X5 + t2 pg Xs + Ps Xs — t? Ps Xs

t

Expand[Q1)2,3)4 +Q3,2,5,4 /+ {Ps > P1, X5 X1}]
0
CF [Q1,2,3,4 +63,2,5,4 /o (P X)3~ 0]

(-1+t) (L+%) p1xs pP2X1
- + +tpaXxy-tpiXxy+

t t
P1Xs PsXs P2Xs (-1+1t) (1+1) psxs
tstZ* + - *tp4X5+
t t t

CF[Q1,2,3,4+Q3,2,5,4 /- (P|X)320/.p_-p]

2px; 2pXs

t t

CF[Q1,2,3,4 +Q3,2,5,4 /- P_ - P]

%]

R3
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<IN <
)
G ;/\/ - Q/\\?J'Z
- —

in[-]:= 1hs = CF[Q1,2,7,6 + Q2,3,4,7 + Q7,4,5,61 5

rhs = CF[Q;,3,7,1 + Q1,7,5,6 + Q7,3,4,5]

Out[«]=
(-1+t) (L+1) p1x1 pP2X1 2psXxg 2p7 X1
- - +tp6X1+ +tp1X2*
t t
(-1+t) (1+1) paxa PpP3Xa 2p7X PaXsg (-1+1%) (1+1t) paxg
+ - —tp2X3+tp4X3— -
t t t t t
Paxs (-1+t) (1+t) psXs 2 p7 Xs
tp5X4+2tp7X4+2tp1X5+ - —tpsxs— -
t t t
P1Xe PsXe 2 pg X7 2 (-1+1t) (1+1t) p7xy
+ -2tpi Xy +2tpyxy- +2tps X7 -
t t t t

in[-]:= Simplify[1lhs == rhs]

Out[«]=

2t2p1X7+2p4X7+p2 (X1+t2X4— <1+t2> X7> +p5 (X1+t2X4— <1+t2> X7>> =0

in[-]:= CF[1hs, (p | X);]
Out[«]=
2p7 (*X1+t2 X2*t2X4+t2X5)

t

&+ |-

<—2P7X1—t2P1X2—P4X2+P7X2+t2P7X2—2t2P7X4—t2P1X5—P4X5+P7X5+tzp7xs+

2025-08-11 10:22:41

(-p1xa+t?p1Xs - paxs - t? pe X+t p1Xa -~ PaXp + £ P2 Xa — P3 X + 2 Pa Xo + 12 Pa X3 -t paxs -

2t% Py X4 + P3 Xg — Pa Xa + £ Pa Xg — t7 Ps X4 + Pa Xs - Ps Xs + t% Ps X5 + t7 P X5 + P1 X6 — Ps Xe ) +

2 (2p1-P2+Pa-Ps) X7 2 (-1+t) (1+1) prX

t t
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il 1= ﬁE[lhs] d{pr, X7}

Out[«]=
1

2 (-1+t%)

. (1+t4) P1 X1 <1+t2> P2 X1 2 pg X1 2 ps X1
]lt]E[— + - + +t pg X1 +
(c1+t)t (1+1) (-1+t)t(l+t) (-1+t)t(l+t) (-1+t)t (1+t)

t (1+12) p1x (1+t%) p2x2 p3x, 2 ps X2
- . . -

(-1+t) (1+t) (-1+t)t (1+1t) t (-1+t) t (1+1)

2tp5X2 2t3p1X4 2t3p2X4
(-1+1t) (1+1) (-1+t) (1+1) (-1+1t) (1+7%)

P3 Xg (1+t4) Pa Xg t (1+t2> Ps Xa 2t3 pP1 Xs

t (-1+t) t(1+1) (-1+t) (1+1t) (-1+t) (1+1)

2tpyXs (1+t2) P4 Xs (1+t4) Ps Xs P1Xs PsXe
+ - _thXS_
(c1+t) (1+t) (-1+t)t(l+t) (-1+t)t(l+1) t t

in[-]:= CF[rhs, (p| X);]

Out[«]=
2
2p7 <X1*X2+t X4*X5>

t

(-p1xa+t2prXg+ PaXy+2Ps Xy - t2 PeXa — t2P1Xo - PaXo + t2 Py Xo - P3 Xp + t2 Py X3 - t7 paxs +

t |~

P3 Xa - Pa Xa + £ Pa Xg + t% Ps X4 - 2t% p1 X5 - Pa Xs - Ps Xs + t% Ps X5 + t7 P X5 + P1 X6 — Ps X6 ) -
2 (t?pr-t?pa+pa-t2ps) X7 2 (-1+t) (1+t) prXy

t t

infe i< (le[rhs] aips, x7}) (JE[lhs] d{ps> X7}

Out[e]=
True
R1s
in[-]:= Rls = Simplifye {Q2,3,2,1) Q,3,2,15 Q1,2,1,3 Q1,2,1,3}
Out[«]=

{0, 0, 0,0}
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R2C, and R2C_
3
A
/
PR St
RS A an

Info]:= {Collect [64’1,2,5 +Q2,3,a,5, T, Simpli-Fy] , Collect[62,5,4,1 +Q4,5,2,3, T Simplify]}

Out[«]=
(P1 - P3) (X2 - Xa) (P2 — Pa) (X1 -X3)
{t (P2 - Pa) (X1-X3) - . > . +1 (p1-p3) (XZ*XA)}

i1~ {Collect|[Qa,1,2,5 + Q2,3,4,55 t, Simplify], Collect[Qz,s,4,1 + Qa,s,2,35 t, Simplify]}
Out[e]=
(P1-P3) (X2 -Xa) (P2 - Pa) (X1-X3)

{t (p2-pa) (xa-x3) - - St (P1-p3) (x2-Xa) |
t t

inf-]:= E [64,1,2,5 +Q2,3,4,5+1 (2:1 (7 Pk + €k Xk) )]

Out[«]=

P1 1 2py 1 Ps  2pa
E[(tpz—tp4)xl+ -—— 4+ |-—+t P2 + *tps Xy + e P2+ — - +tp5 Xy +
t t t t t
ps (1 P1 1
(—tp2+tp4)X3+ 2tp2—*+ - -t p4—tp5 Xg + f—th2+ -—+t p4+tp5 Xa +
t t t t

(Pz P4) ( P2 Pa
— - — | Xg+ |[-— + —
t

" . " X5+]1(P17T1+P27T2+P37T3+p47T4+X1§1+X2§2+X3§3+X4§4)}

in[-]:= pX; :=Sequence[p;i, Xi];

In[]:= JE [64,1,2,5 +Q2,3,4,5+1 (Z:ﬂ (7 Pk + €k Xk) ) ] d{pxs}

Out[«]=
Degenerate Q!

in[-]:= CF [E [64,1,2,5 +0Q2,3,4,5+1 (Z:::l (7 Prc + €k Xk) ) ] s (P X)4]
Out[e]=

E[p4 (1714 -t Xy + T X3) +

]Il'tp17'(1+]Iltp27T2+].ltp37T3+t2p2X1*p1X2+p3X2*t2p2X3+]’ltX1§1+].ltX2§2+]lltX3§3

t
Xg (P1-Pp3+1t&,)
t
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In[-]:= IE [64,1,2,5 +Q2,3,4,5+1 (Z:ﬂ (7 Pk + €k Xk) ) ] d {px3, PX4}

Out[«]=
7 €3

E[jp17T1+Jip27T2+Jip17T3+]ip27T4+]IlX1§1+]I1X2§2+ +]IlX1§3*t7T3§4+]IlX2§4

inf-1:2 (le[64,1,2,5+Q2,3,4,5+:1(Z:=1 (mi P+ €k ) ) | A pxss PXa}) /.

{m > -73, €1 -&3, M > -7y, §2 -&4})
Out[e]=

E[ﬂ4§3

. *t7T3§4]

in[-]:= CF [64,1,2,5 +Q2,3,4,5 +1 (71y (P1-P3) + &y (X1 -X3) +7h (P2 - Pa) +En (X2 - Xa)) ]

Out[e]=

. \ . . P1 X3
1 P2 7Th =1 Pa7th+1P17ty—1pssy+tprXy—tpsXg- +
p3 X3 P1Xs P3Xs . . .
. -tpaX3+tpaxs+ P +iXoEh -1 XaEp+ 1 X1 &y -1 X3 &y

Inl-]:= ﬁE [Qa,1,2,5 + Q2,3,4,5 + & (7V (P1 - P3) + EV (X3 - X3) +7th (P2 - Pa) + €N (X2 - X)) | d{pPX3, PXg}

Out[«]=

—&vith + t2 Eh nv
_ . }

E|

The potentials
/\L( [/IN’/on//J &;/\J(:‘Z\/\/Q

ATTEA = (oot e s -t 0p) TR 18-, T thr)
AN > (3,2 (R0, 2 (7)) A= (3o tln) ) 02 17 (R r)

(False: The left two seem to have side terms)
For the crossings:

nil= L= Q4,5,1,15 CF@{ (Bp L) + (p, L), (3x, L) + (9, L) 5 Bp, L, Oy, L, Op L, Oy, L}
Out[e]=
(1+t2> Xi (1+t2) Xk <1+t2> Pi <1+t2> Pk X4 Xk pi Pk

{_ + > - s — - — —tpi+tpe, tXx -Tx, _7"'7}
t t t t t t t t

mil= L=Qy,5,k,15 CF@{ (Op; L) + (8p, L) 5 (By, L) + (Ox L) Op L, 05 L, Oy L, ale}

Out[«]=

(1+t2) Xi (1+t2) Xe (1+t%) p; (1+t2) Pk Xi Xk Pi Pk
{_ + ) - Ji_il_tpi*'tkatXi_th) _7+7}
t t t t t ot t ot

For R2b:
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i1 L=Qq,2,3,4+Q3,2,5,45
CF@{(aplL) + ((3,,3 L) + (apsL), (ale) + (ast) + (6x5 Ly, apz L, OXZ L, ap4L, ax4|-}

Out[e]=

(1+t2) X1 (1+t2) Xs (1+t2) p1 (1+t2) Ps  X; Xs P Ps
{— + s - ,———,—tp1+tps,txl—txs,——+—}
t t t t t ot t ot

w1 L=Q1,2,3,4+Q3,2,54/+ (P|X)3-0;

CF@{ (0p,L) + (Op, L), (Ox, L) + (Ox,L), Bp,L, Ox,L, Op, L, Oy, L}

Out[«]=
(-1+1t) (1+1t) xq (-1+1t) (1+1t) x5

g + ,
t t
(-1+t) (L+t)pr (-1+%t) (1+t)ps X1 Xs P1  Ps
- + :7_71_tp1+tp55txl_tx51 _7'*'7}
t t t t t t
For g%

in[-]:= L =0Q1,2,3,4+Q3,2,5,45
CF@{(aplL) + ((3’,3 L) + (apsL), (ale) + (ast) + (ast), apz L, OXZ L, aPAL, ax4L}

out[«]=

(1+t2)x1 (1+t2)x5 (1+t2) psg (1+t2) Ps  X; Xs P Ps
L tpiatPs, tXy - txs, - — |
t ot t

{_ + J - B
t t t t t
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in[-]:= 1hs = CF[Q1,2,7,6 + Q2,3,4,7 + Q7,4,5,61 5
rhs = CF[Qy,3,7,1 + Q1,7,5,6 + Q7,3,4,5] 5
L=1hs; CF@{(dp,L) + (Bp,L) + (Bp, L), (By,L) + (By, L) + (By, L),
(Op, L) + (Op, L), (Ox,L) + (Ox,L), Op,L, Ox,L, Op L, Oy, L}
L=rhs; CF@{(dp,L) + (Bp,L), (By, L) + (3y, L),
(asz) + (6p7L) + (6p4L), (6x2L) + (ax7L) + (ax4L), apsL, Oy, L, Op, L, axeL}

L= Cases[(j]E[lhs] d{py, x7}), E[L ] L] [11;
CF@{ (8p, L) + (Op, L), (Ox, L) + (Ox, L), (8p,L) + (8p, L), (Ox,L) + (Ox, L), Op, L, Ox, L, Op L, Ox L}
L= Cases[(le[r‘hs] d{ps, x7}), E[L_]» L] [11;

CF@{ (0p,L) + (Bp, L), (Ox,L) + (Ox, L), (8p,L) + (8p,L)s (Ox,L) + (Ox, L) Op, L, Ox, L, Bp, L, Oy, L}

Out[e]=

(1+t%) xq (1+1t%) xs
{—f-Fth—tX;lﬁ-f,
(1+t%) pr p, ps (1+t%)ps x; (L+t%)xa (1+t%) x4 xs
T — _— = + - —
t t ot t ot t t t’
(1+‘t2) P> (1+t2> Pa Xy Xg P11 Ps
-tpy+ - +tP5;*—*)—tP2+tP4:tX1—tX5)—*+*}
t t t ot t ot
out[e]=
(1+t%) xq (1+1t%) xs
{—7+tx2—tx4+7,
t t
(1+t?)p1 p, psa (1+t%)ps xg (L+t%)xa (1+t) x4 xg
—_— -t — -, — - + - —
t t ot t ot t t t’
(1+t%) p2 (1+t%) pa Xo  Xa P1  Ps
_tp1+ - +tp5:*—*)—tp2+tp4:tX1—tX5)—*+*}
t t t ot t ot
Oout[-]=
(1+t?) x (1+1t?) xs
{—7+tx2—tx4+7,
t t
(1+t%)p1 p, ps (1+t%)ps x; (1+t%) %2 (1+t*) x4 xs
777+777J77 + )
t t ot t t t t t
(1+‘t2) P2 (1+t2> Pa X2 Xa P1  Ps
-tpy+ - +tp5,f—f,—tp2+tp4,txl—tx5,——+—}
t t t ot t ot
Out[«]=
(1+t?) x (1+1t?) xs
{—7+tx2—tx4+7,
t t
18P pe (1) Ps o (100 (10X xs
t t ot t Tt t t t’
(1+t?) p2  (1+t%) pa Xo X4 P1 Ps
-tp1+ - +tp5,———,—tp2+‘tp4,txl—tX5,——+—}
t t t ot t ot

R3 with flipped middle crossing:
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il 1= 1hs = CF[Qa,2,7,6 + Q2,3,4,7 + Q,4,5,6 ] 5

out[e]=

Out[e]=

Out[«]=

Out[«]=

rhs = CF [Q2,3,7,1 +Q1,7,5,6 + Q7,3,4,5] 5

L =1hs; CF@{ (8p, L) + (8p, L) + (Op, L), (8x, L) + (8x, L) + (dx, L),
(8p,L) + (Bp, L) s (Bx,L) + (8x,L)» Op, Ly Oy, Ly By, L, Oy, L}
L =rhs; CF@{ (dp,L) + (8p,L), (Ox,L) + (Ox L),
(8p,L) + (8p,L) + (8p,L) » (Bx,L) + (Bx, L) + (Bx,L)» p, Ly Ox, Ly Bp, L, Oy L}

L= Cases[(J]E[lhs] d{py, x7}), E[L_]» L] [11;
CF@{ (0p,L) + (Op, L), (Ox,L) + (Ox, L), (Bp,L) + (8p, L), (Ox,L) + (Ox, L), Op, L, Ox, L, Op, L, Oy L}

L= Cases[(JIE[r-hs] d{ps, x7}), E[L_]» L] [11;

2025-08-11 10:22:41

CF@{(Op,L) + (Op,L) s (O, L) + (3x,L) 5 (8p,L) + (8p,L) 5 (Ox,L) + (Ox, L) s Op, L, Oy, L, Bp. L, Ox L}

(1+t%) xq (1+1t%) xs
{-7 +tXp -t Xy ———
t t

(1+t2) Pr P, Ppa (1+t2) Ps X,

-_—— e — - — J—

t t t t t

(1+t%) p2 (1+t%) pa
-tp+ -
t

+tp5)

For R2C,:

(1+t2) X5 (1+t2> X4 Xs

+ -

t t t
Xq P1  Ps
S, Sthattp, tx o tXs, —— |
t t t

(1+t2) X5 (1+t2) Xs X

+ )

t t t
Xg P1  Ps
*—*;—tpz+tp4;tX1—tX5;—*+*}
t t

(1+t%) x2 (1+t*) xa  xs

t i t t’
2 Xa P1  Ps
———,—tp2+‘tp4,txl—tX5,——+—}
t t t

(1+t%) x2  (1+t%) x4 xs

+ )

t t t
2 Xg P1  Ps
———,—tp2+tp4,txl—tx5,——+—}
t t t
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L=CF [64,1,2,5 + Q2,3,4,5] 5

CF@{ (dp,L) + (Bp, L), (Ox,L) + (Ox, L), Bp, L, Ox, L, Op, L, Oy, L}

Out[-]=
! X2 Xa X2 Xa

{0)01 —*+*)tp2—tp4;*—*:—tp2+tp4}
t t t t

R2C, with one crossing flipped:

in[-]:= L = CF[Q4,1,2,5 + Q2,3,4,5] 5

CF@{ (8p,L) + (Op,L), (Ox,L) + (Ox, L), Op, Ly Ox, L, Op, L, Oy, L}

Out[e]=
X2 Xa X2 Xq
{o.0, - =+ =, tp-tps, —-—, -tprtp}
t t t t

In[-]:= FaCtO"[Q4,1,z,5-64,1,2,5]

Out[e]=

2 (-1+1t) (1+1) (p2-Pa) (X2 -Xa)
t
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