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Pensieve header: A unified verification notebook for the $sl_2$-portfolio project, Uxi version. Continues
pensieve://Projects/PPSA/nb/Verification.pdf.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio"];
NotebookOpen [wdir <> "\\MakeSnips.nb"];

Inf+]:= HL[& ] := Style[&, Background - Yellow];

DocileQ

DocileQ

n=  DQ[&] := (Exponent[Normales /.

{a-a/e, ai_ »ai/e, (Uix|y) »et?

u, (Uix|y)i =»e?u}, e, Min] 2 0);
1= DQ /@ {ezxyaz, e? x? y3}

ouf-1= {True, False}

Initialization / Utilities

It is verification-risky to work with low $E!

D
mp= $p =25 $k=1; $E := {$k, $p};

$trim := {8~ /;p>$p->0, € /5 k> $k->0};

SetAttributes[{SS, SST}, HoldAll];

TRule = {T; - "%, T>e”t}; qn=e’*";

SS[& , op ] :=Collect[
Normal@Series [If[$p > O, &, & /. TRule], {&, O, $p}1],
h, opl;

SS[& ] :=SS[&, Together];

SST[& ,0op__ ] :=SS[& /. TRule, op];

Simp[& , op_ ] := Collect[s, CU| _QU, opl;

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] := Collect[s5, _CU | _QU, SST[#, Expand] &] ;

K6 /:Ké; ,; :=1If[i===3,1,80];

Differential polynomials (DP):

Utils

Inf+]:= DP, 5o, ,s -0, [P_1[1_1] :=
Total[CoefficientRules [NormaleP, {a, B}] /. ({m_, n_} » c_) = € dp,m}, (y,n} A1

HL [DPyp,,y0, [XP ¥?] [€°€7] == 6?7 6° €+6e°7¢ 6% n €2 +e°7¢ 8° n €]

True
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CF

Inf+]:= CF[&_ ] := ExpandDenominatore
ExpandNumeratoreTogether [Expand[&] //. e &'~ = e /. e eFlT];

SeriesData

m-1=  Unprotect[SeriesData];
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd_SeriesData] := MapAt[Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData] MapAt [Simplify, sd, 3];
SeriesData /: Together[sd SeriesData] MapAt [Together, sd, 3];
SeriesData /: Collect[sd SeriesData, specs ] := MapAt[Collect[#, specs] &, sd, 3];
Protect [SeriesData];

Self-Pair (SP):
sP

np= SPGIP_1 3= P3 SP(sx ,ps y[P_1 t= Expand[P // SP,31 /. f . €% 8, f

SP(eax) [ (§2 + &+ 3) (X5 e* + 7x) +99 a]

7+99a+21x+20e*x3+15e*x* +5eXx’

SP{g_,x,n_,y}[(§2+§+3+2§r]) (xsex+7x) +993+e5xy§n]

7+99a+21x+20e*x3+15e*x*+5eX x>+ &Y% 5+ YO xy 52

DeclareAlgebra

QLImplementation

Inf+]:= Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x_] := x;
NCM[X_, VYV 5, Z__ ] i= (X*%xY) %% Z;
Oxx _=_*%x0=0;
(X_PLuS) *x) = (H*xY) &/@X; X_ ** (y_PLuS) = (X *x 1) & /@Y;
B[x ,x ]1=0; B[Xx ,V ] t= X*%xY -y *%xX;
B[x_,y ,e_] :=B[x,y, e] =B[x, y];
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QLImplementation

Inf+]:= DeclareAlgebra[U_Symbol, opts _Rule] := Module[{gp, sr, g, cp, M, CE, pow, k =0,

gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals -» {}},

(# =Uern) &/@gs;

gp = Alternativeseegs; gp =gp | gp ; (* gens x)

sr = Flatten@Table[{g —» ++k, gi - {i, k}}, {g, gs}]; (» sorting - =*)

cp = Alternativese@cs; (* cents =x)

SetAttributes[M, HoldRest]; M[O, _] =0; M[a_, x_ ] :=ax;

CE[& ] := Collect[&, U, Expand] /. $trim;

Ui [6]1:=6/. {ticpsti, uUs (# &) /eu};

Ui [NCM[]] =pow[& , @] =Ue{} =1,=U[];

B[Ue(x )i ,Ue(y_): ] :=U;eB[Uex, Uey];

BlUe(x )i ,Ue(y_); 1 /; i=1=7 := 0;

B[Uey , Uex ] :=CE[-B[Uex, Uey]];

x_#% (c_.1y) :=CE[cx]; (c_.1y) #*x_ :=CE[cx];

(a_. Ulxx___, x_1) #* (b_. Uly_, yy___1) := If[OrderedQ[{X, y} /. sr],

CE@M[ab /. $trim, U[xx, x, ¥y, yy11,

Uexx xx CE@M[ab /. $trim, Uey xx Uex + B[Uex, Uey, $E]] xxUeyy 1;
ve{c_.=* (L:gp)™,r___}/; FreeQ[c, gp] := CE[cUeTable[L, {n}] »xUe{r}];
ve{c_ .xL:gp,r_ _} := CE[cU[L] **xU@{r}1];
ve{c_,r___} /; FreeQ[c, gp] := CE[cUe{r}];
ve{lL Plus, r___} := CE[Ue{#,r} & /e L];
ve{L ,r } := Ue{Expand[L], r};

U[&_NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly ] := Module[{sp, null, vs, us},

sp = Replace[{specs}, L _List = L1, {1}];

vs = Joinee (First /@ sp);

us =Joinee (sp /. L, = (L/.x_; »x));

CE[Total|

CoefficientRules[poly, vs] /. (p_-c_) » cUe(us’)
]] /e X_pu11 2 x];
pow[&E , n_] := pow[&, n-1] ** &;
Syl& , ss___Rule] := CE@Totall[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » cNCMe@e MapThread [pow, {Last /@ {ss}, p}1];
(crs. (t: cp)j_ = tj/.rsy) U[Listee (u /. v_; = Vj, )]s
CE[((c /. (t: cp)j > t;) DeleteCases [u, _jjk]) **

UeeCases[u, w_; = W] »x UeeCases[u, _.]];
U/: c_.xu Uxv_ U := CE[cu**V];
Si [c_.*u U] := CE[((c /. Si[U, Centrals]) DeleteCases[u, _;]) »*
U; [NCM @@ ReverseeCases [u, x_; =» SeUex]]];
Ai 55,k [€_.#u_U] := CE[((c /. Aisj,x[U, Centrals]) DeleteCases[u, _;]) **

(NcMee Cases [u, x_; = 01,j,2-c@A@U@x] /. NCM[] - U[1)]; ]

ors __[c_. *xu_U]

mj .k [C_. *u_U]
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DeclareMorphism

QLImplementation
Inf+]:= DeclareMorphism[m_, U -V _, ongs List, oncs_List: {}] := (
Replace[ongs,
{(9_ »img_) =» (m[U[g]] = img), (g_ = img_) =» (m[U[g]] :=img /. $trim)}, {1}];
m[1y] = 1y;
m[U[g_; ]] := Vilm[Ueg]];
m[U[vs__]] := NCMee (m/@U /@ {vs});
m[& ] := Simp[& /. oncs /. u_U:smlul]l /. $trim; )

Meta-Operations

QLImplementation
Infe]= ors [& Plus] := ops /@S5
m; ,; = Identity; m; ., [0] = O;
m; ,r [& Plus] := Simp[m;,. /@ &];
Mis  ,i,j -k [E.] t=mj @M i ,;@5;
Si [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[Ais /@ &];

Implementing CU = U(sl%°)

Verify g and A! Also Generalize Ato Ajj, j,,....
cuU

Inf+]:= DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[acus Yol = -¥ Ycs; BI[Xcs acw] = =¥ Xcus
B[Xcus Youl = 2 €acy - t 1cy;
(S@ycy = -yeu; S@acy = -acu; S@Xcy = -Xcus)
S: [CU, Centrals] = {t; » -t;};
Ae@yqy = CUey; + CUey,; A@acy = CU@a; + CU@a,; A@Xxqy = CU@x; + CUex;;
Ai i ,r [CU, Centrals] = {t; » tj+ ty};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:
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With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
z1 %% (z2%%23) -rhs // Simp // HL
}] 77 Timing
{1.32813,
{(282y*+116ty°€) CULY, ¥, ¥, X, X] + <<21>> + CU[Y, ¥, ¥, ¥, ¥, @, @, @, 3, X, X, X, X], @}}

Implementing QU = Uy(sl%®)

Aside
Series[(1-Te?°*") /na, {a, @, 3}]

Aside

+2Tea-2 (Te’n) a2+iTe3h2a3+O[a]4
g 3
n-1- HL/@DQ /@Series[{(1-Te2¢?") /n, e”°?}, (e, @, 5}]

ouf-]= {True, True}

QU

Inf+]:= DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
B[agu, Youl = =¥ Yous B[Xqu, au]l = -y QUex;
B[Xqus Youl :=SS[qn-1] QUe{y, x} +Oqu[{a}, SS[(1-Te2¢??) /a]];
(Seyqu := Oqu[{a, ¥y}, SS[-T*e"°?y]]; Seaq = -a; S@xq := Oqu[{a, X}, SS[-e"°?x]];)
Si_[QU, Centrals] = {t; » -t;, T; > Ti'};
A@Yqy 1= Oqu[{Yy1s @1}1, {¥2}2, SS[Y1+Tie " M y,]];
A@agy = QUea; + QUea,; A@xXq := Oqu[{a1, X1}1, {X2}2, SS[X1+e™ % x,]];
Ai 55 ,r [QU, Centrals] = {t; » tj +tx, Ti » T3 Ti};

With[{bas = QU /e {y, a, x}}, Table[{zl, z2} - Simp[zl % z2 - z2 *x z1], {zl1, bas}, {z2, bas}] ]
{{1Quly], Quly]} » @, {QU[y], QU[a]} - ¥y QU[y],

-1+T) QU

{QUIy], QU[x]} —><E>QH—2T€QU[31 -yehQUly, x1},

{{Qufal, QUly]} » -vQU[y], {QU[a], QU[a]} - @, {QU[a], QU[x]} —» v QU[x]},
1-T)QU

{{QUix], QuUly]} - Uwumqum +yehQy, x],

{QU[x], QU[al} » -¥QU[x], {QU[x], QU[x]} - @}}

Verifying associativity on triples of generators:

With[{bas = QU/e{y, a, x}},
Table[HL[zl *% (22 *% 23) - (zl *% ZZ) *k Z3] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $p=5, $k=2):
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With[{z1 =QU[y, y, a, a, X, x], 22 =QU[y, a, x], 23 =QU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp |
}] 77 Timing
28y -56Ty*+28T2y* 82y° € -280T «<1>> € +198T2y% ¢
n? i ol
<«<18>> + (1+8yeh) QUly, <<11>>, x], e}}

{3.78125, {

Verifying that Limpa-o QU = CU using a “random” product (~23 secs @ $p=5, $k=2):

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, x], 23 =CU[y, Yy, a, x]}, {
Short [th =271 %% (22 * % 23) ] R
Short|[rhs = (QUeez1) + ((QUeez2) »+ (QUeez3))],
Expand[Limit[rhs /. TRulel{J {QU - CU}, A -» 0] -1lhs] // HL
}] /7 Timing

{10.125, {28 t2y* CULy, ¥, ¥, X, X] +

115tY5€CU[y: Ys Vs Xy X] + <<44> +CULY, Y, Y, Y, Y, @, @, @, @, X, X, X, X],

Yr O2TY* T2y* Yhe 2T¥Pe T ybe
- + + - + QUIY, ¥, ¥, X, X] +
h? n? n? bal ol A

<<209>> + (1+8yeh) QULY, ¥, Y, <7>, X, X, x], 0}}

2

Verifying g, m, S, and A.

Verifying 0 ki
n-1= CU@Xq + CU@X, // 013,24
outf-]= CU[X3] + CU[Xg4]

Verifying relabeling using m:

1= t1 t3 CU[Y1, A1, X2] + t1 €1 CULy1, @2, X21 // my3

our-]= CU[@z2, X2, Y3] t5+CU[Xa, y3, @3] t3

Verifying the meta-associativity of m:

in[-]= Module[{z, u},
Table[u = CU[z[1]1, z[2]l2, z[3]3]; HL[mMy,3,3@mMy,3,3@U == my,3,3@My,5,,@uU],
{z, Tuples[{y, a, x}, 31}, {U, {CU, QU}}]]
our-j= {{True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True},

2018-04-17 07:01:33

QULY, ¥, ¥ X, X] +

{True, True}, {True, True}, {True, True}, {True, True}, {True, True}, {True, True},
{True, True}, {True, True}, {True, True}, {True, True}, {True, True}, {True, True},

{True, True}, {True, True}, {True, True}, {True, True}, {True, True}}

Verifying the involutivity of S on CU on products of triples:

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: Archive: Verification-180417.nb 2018-04-17 07:01:33

Inf[«]= With[{bas =CU/e {Y1: di, Xl}},
Table[HL@Simp [zl #* z2 %% 23 - S; @S, [Z1 *% Z2 »% 23] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
our-;= {{{0, @, 0}, {0, 0, B}, {0, 0,0}},
{{e, 0,0}, {0,0,0}, {06,0,0}}, {{0,0, 0}, {0,0,0}, {6,0,0}}}

Verifying that S is an anti-homomorphism on CU/QU:

1= With[{bas = U /@ {y1, a1, X1}},
Table[HL@Simp [S1[Zz1 x* z2] - S1[z2] **S1[z1]],
{z1, bas}, {z2, bas}, {U, {CU, QU}}]1

our-1= {{{0, @}, {0, O}, {0, 0}}, {{0, 0}, {0, 0}, {0,0}}, {{0, 0}, {0, 0}, {0,0}}}

Verifying the co-associativity of A:

n-1= Block[{bas = U/@ {y1, a1, X1}},
Table[ (21 %% 22 #%23 // Ayy1,2 // Bosa,3) - (21 %% 22 %% 23 // Dysays // Agsa,2) // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas}, {U, {CU, QU}}] |

our-1= {{{{0, @}, {0, 0}, {0, 0}}, {{0, 0}, {0, 0}, {0,0}}, {{0, 0}, {0, 0}, {0,0}}]},
{{{e, @}, {0, 0}, {0, 0}}, {{0, 0}, {0, 0}, {0,0}}, {{0,0}, {6,0}, {0,0}}},
{{{e, @}, {0, 0}, {0, 0}}, {{0, 0}, {0, 0}, {0,0}}, {{0, 0}, {6,0}, {6,0}}}}

Verifying S-A compatibility:

n-}= Block[{bas = U/@ {y1, a1, X1}},
Table[zl x%xZ2 %% 23 // Ag,1,2 // Si // My,2,1 // Simp // HL,
{U, {CU, QU}}, {i, 2}, {z1, bas}, {22, bas}, {23, bas}] ]

our-]= {{{{{e, @, 0}, {0, 0, B}, {0, 0,0}}, {{0,0,0}, {0,0,0}, {6,0,0}},
{{e, 0, 0}, {0,0,0}, {6,0,0}}}, {{{6, 0, 0}, {0, 0, 0}, {0,0,0}]},
{{e, o, 0}, {0, 0, 0}, {0,0,0}}, {{6,0, 0}, {0,0,0}, {0,0,0}}}]},
{{{{e, 0, 0}, {0, 0, 0}, {0,0,0}}, {{6, 0,0}, {0,0,0}, {0,0,0}]},
{{e, e, 0}, {0,0,0}, {6,0,0}}}, {{{6, 0, 0}, {0, 0,0}, {0,0,0}]},
{{e, e, 0}, {0, 0, 0}, {0, 0, 0}}, {{6, 0,0}, {6,0,0}, {0,0,0}}}}}

Verifying S-A compatibility for opposite m, only for CU:

n-1= Block[{bas = CU /@ {y1, a1, X1}},
Table[zl x%x z2 *x%x 23 // A141,2 // Si // My, // Simp // HL,
{i, 2}, {z1, bas}, {z2, bas}, {z3, bas} ]]
Out[« |= {{{{@, 9, 9}: {@, 9, 9}, {@, 0, 0}}: {{0) 9, @}, {6: 9, 0}, {0: 9, @}}:
{{0,0,0}, {0,0,0}, {6,0,0}}}, {{{0, 0,0}, {6,0,0}, {6,0,0}},
{{e,0,0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}}

Verifying m-A compatibility:
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1= Block[{basl = U/@ {y1, a1, X1}, bas2 =U/@{yz, a3, X2}},
Table[ (z1#% 22 %23 %% 24 // My 5,1 // B1sa,2) -
(21 4% 22 4% 23 4% 24 // Aszya // Daus,e // Maysa // Mayesy) // Simp // HL,
{U, {CU, QU}}, {z1, basl}, {z2, basl}, {23, bas2}, {z4, bas2} | ]
our-= {{{{{0, @, 8}, {0, 8, 0}, {0, 0, 0}},
{{o0, 0, 0}, {0, 0,0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}},

{{{o0, 0,0}, {O0,0,0}, {O0,0,0}}, {{O0, 0,0}, {O0,0,0}, {0,0,0}},
{{e, 0, 0}, {0,0,0}, {6,0,0}}}, {{{6, 0, 0}, {0, 0, 0}, {0,0,0}},
{{e, o, 0}, {0, 0, 0}, {0,0,0}}, {{6,0,0}, {06,0,0}, {0,0,0}}}]},

{{{{e, 0, 0}, {0, 0, 0}, {0, 0,0}}, {{0, 0, 0}, {0,0,0}, {0,0,0}]},
{{e, o, 0}, {0, 0,0}, {6,0,0}}}, {{{6, 0, 0}, {0, 0,0}, {0,0,0}]},
{{e, e, @}, {0, 0, 0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}},

{{{e, 0, 0}, {0, 0,0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {6,0,0}},

{{0, 0,0}, {0,0,0}, {0,0,0}}}}}

Implementing 6

theta

n1=  DeclareMorphism[C6, CU -» CU, {y - -Xcy, @ - -acy, X~ -Ya}, {t->-t, T>T}];
DeclareMorphism[Qe, QU » QU, {y = Oq[{a, x}, SS[-T*?e"¢?x]],
a--aq, X=»O0q[{a,y}, SS[-T*2e"*?y]]}, {t>-t, T>T1'}]

Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[CO[CO[Z2]]], {Z, bas}] ]

{CU[y] » -CU[x] » CU[y], CU[a] » -CU[a] » CU[a], CU[x] - -CU[y] » CU[x]}

Verifying that 6 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[Co[z1l % z2] -CO[z1] *xCo[z2] // HL, {zl1, bas}, {z2, bas}] ]

{{e, e, @}, {0,0,0}, {6,0,0}}

Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » Q6[z] » HL[Simp[QO[Q©[z]], PowerExpand]], {z, bas}] ]
QU[x] ehQUla, x]

fQuiy] - - - QU[y], QU[a] - -QU[a] - QU[a],
VT VT

QU(x] - [— L Ty - SRR AL oy
NT T T

Verifying that 8 is a multiplicative homomorphism on QU:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[Q6[z1l »* z2] - QO [z1l] **Q6[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QU[y]} > @, {QU[y], QU[a]} @, {QU[y], QU[X]} - @},
{{Qu[al, QU[y]} - @, {QU[a], QU[a]} - @, {QU[a], QU[x]} - @},
{{QU[x], QU[y]} > @, {QU[x], QU[a]} > @, {QU[x], QU[x]} - @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequantl.pdf.

ADeq
t t- 2
Infe]:= AD$F = y Cosh[h (ae+ﬁ——)]—C05h[h ( ye) +ew] /
2 2 2
B ((a+y) e-t/2) 3 yeh 2
(he ¥ sinh[—] (a e+a7e—at—w)) G
2
Docility of ADSf:
n-;- HLeDQ@Block [ {$p = 4}, Collect[SS@AD$f /. w- a;, €]]
ouf-]= True
Scaling behaviour of ADSf:
HL@Simpli'Fy[A]D$'F = ((A]D$'F /. y->1) /. {e-»ye, ao-yla, wax'lw})]
True
HL@FullSimplify [
AD$f == ((AD$f /. y>1) /. {8 > ¥’h,e>e/y, a»a/y, t->y72t, w>y>w})]
True
ADeq

n-  AD$w = ¥ CU[y, x] +€ CU[a, a] - (t-ye) CU[a];

ADeq

Inf+]:= DeclareMorphism[AD, QU - CU,
{a > acy, X > CU@X, y §cu[ss [A]D$'F] s @ dcyy W~ A]D$w] * % ycu}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} - HL[SimpT[AD [z1 x* z2] - AD [z1] »* AD [z2]]], {zl1, bas}, {z2, bas}] ]

{{{QuUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}
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The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequantl.pdf.

SDeq

Infe]:= S]D$g=\/([27 [COSh[I;]\/t2+Yzez+4ew] _c°sh[t—ezw/—2ea]]]/
h

(Sinh[%] (t (2a+%) -2a (a+¥) € +2a) h)]

SDeq

w1 SD$F = Simplify[e” (/3¢ (sp$g /. {a—>-a, t--t})];

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequantl.pdf:

Cosh[a (%+ea)] - Cosh[a tz:’l—ezusw]

Inf]:= {S]D$P =

nsinh[=2] (w-ea’+ (t-€)a+t/2)

Simplify[SD$P == (SD$P /. {a-»-a-1, t--t})] // HL,

Power‘Expand@Simplify[ (S]D$P /. {h > y’h,e»e/y, analy, toy?t, woy3 w}) =
Sp$g (Sp$g /. {a--a-y, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a-»c-1/2}],

Simplify[SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

Fullsimplify [SD$g = FullSimplify |
'\/m /. c—>a+1/2 /. {h > y’h,e>e/y, a»aly, t>y2t, w->7'3w}]] // HL,

HLeDQ@Block[{$p = 4}, Collect[SS@SD$g /. w - a;, €11,

HLeDQ@Block[{$p = 4}, Collect[SS@SD$f /. w - a;, €]]

}

ae+1 (7t+<—:) h] —Cosh[

out[+ J= {f Cosh[
2

(t?+e?) +ew n] Csch[ﬂ} /

2

FNQRN

t 2
((—+a(t—e)—a e+w| al|, True, True,

2
_((4 (t_2ce)ﬁ]—Cosh[lmh]JCsch[ﬂ}]/

Cosh|
2 2
((4ct+e-4c’e+4n) h)), True, True, True, True}

N |

SDeq

n1- SD$w =y CU[y, X] +eCU[a, a] - (t-ye) CU[a] -t¥ylwy/2;
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SDeq

Inf+]:= DeclareMorphism[SD, QU - CU, {a - acy,
X > §CU[SS[S]D$‘F], a = dcuy w—»S]D$ar] *% Xcu,
y scu[SS[S]D$g], a = dcu, w—>SD$w] ** Ycu }]

Verifying the 8-symmetry:

Table[HL@SimpT[CO[SD[z]] == SD[Qe[z]]], {z, QU/@ {y, a, x}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL@SimpT[SD [z1 x% z2] - SD[z1] **» SD[z2]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} —» @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The representation p

rho

n= P@Yey = P@Yqu = (: g);p@acu=p@aqu= (; g);

)3 p@Xqy = (Z (1'e_”h)/(eh) )

pP@Xcy = (0 9 5

Y
0 0
p[e‘s—] := MatrixExp[p[£]];

pl& ] i= (5/. TRule /. t»ye /. (U:CU|QU)[u___] = Fold[Dot, (; ?),p/@U/@{u}])

Verifying that p represents CU and QU:

Table[HL[SS[p[2z1 »* 22] = p[21].p[22]] /. € /; k> $k > @],
{U, {CU, QU}}, {21, U/@{y, a, x}}, {22, U/@{y, a, x}} ]

{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

Commuting @29 with e¢*:

Table [HL [p[ef;'U@x] .p[eaU@a] == p[eaU@a] 'p[ee-‘lﬂ§U@X] ] , {U, {cu, QU}}]
{True, True}

& and the logoi A

Logoi from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

MultiplyingOEs

Inf]:= G [s1__,Q1 ,P1_]1G [s2__,Q2 ,P2 ] ":= G[s1, s2, Q1+Q2, P1P2];
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CdsO
ne1=  CU@Gey[specs___, Q_, P_] := Oq[specs, SS[e?P]];
QU@GQU[SpeCS___, Q__, P_] = OQU[SpeCs, SS [eQ P]];
Logos
Inf<]:= c_Integery rpteger = C+ 0[e]®1;

Ay_k [{a s BYs (X 5 x_}] :=G[{x}, (a+B) X, 1];
Ay e [{€ a}, (X, a}] :=G[{a, X}, aa+e ¥ X, L];
Ay e [{a_s 7.} {3, Y}] 1= G[{y, a}, aa+e ¥y, L];

Table[
{Au,2[{a, B}, {u, u}l,
lhs = UeGy[{uy, Uz}, A (aus+BUz), 1], HL[1lhs == veay,:[a {a, B}, {u, u}1l},
{U, {CU, QU}}, {u, {y, a, x}}]

{{{Cu |1y}, y (a+B), 1+0[e]?],

O(th BZhZ
CU[] + (ah+Bh) CU[Y] + +aBh+ ]CU[y, yl, True},
2
O(ZEZ BZhZ
{GCU[{a},a(a+/3),1+0[e12},cuu+(ah+5h)CU[a]+[ +aBh?+ JCU[a, al,
2 2
True}, {Gu[{x}, X (a+B), 1+0[e]?],
O(th BZﬁZ
CU[] + (aA+BhA) CU[X] + +o R+ JCU[X, x], True}},
2 2
2 sz 2 32
[{Gu[{y}, y (@+B), 1+0[e]?], QU[] + (xh+Bh) QU[y]+( +aBh?+ )QU[y, yls

True}, {Gu[{a}, a (a+B), 1+0[e]?|, QU[] + (ah+Bh) QU[a] +

2 22 2 2
o h h
+O(/31”12+B
2 2

]QU[a, al, True}, {Gu[{x}, X (a+p), 1+0[e]?],

O(ZEZ 5 2};12
+af3he+

QUI] + (ah+Bh) QUIX] + ]QU[X, x], True}})

{As1[{E, a}, {X, a}], lhs = #@C,[{x, a}, h (§x+aa), 1],
HL[1hs == #@A,,1[h {&§, a}, {x, a}]]1} & /e {CU, QU}

{{Gu[{a, x}, aa+e ¥ x&, 1+0[e]?],
2 1 2 32 2 1 2 22
CU[] +ahCU[a] + (Eh-ay ER?) CUIX] + —o®h*CU[a, a] +a Eh®CU[a, x] + — E2h® CU[X, X],
2 2
True}, {Gu|{a, x}, aa+e“ x&, 1+0[e]?], QU[] +ahQU[a] +

(Eh-ayEn®) QUIX] + loczﬁz QU[a, a] +a&A?QU[a, X] + l§2f12 QU[x, x], True}}
2 2
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{Az2[{a, n}, {3, y}], lhs = #eC.[{a, y}, A (ny+aa), 1],
HL[1hs == #@A,,[h {a, n}, {2, Y}]]1} & /@ {CU, QU}

{{€u[(y, a}, aa+eyn, 1+0[e])?],

2 1 2 22 2 1 2 22
CU[] +ahCU[a] + (nh-aynh?) CULy] + —o®h*CU[a, a] +anh®CU[y, a]l + —n*h®CU[y, y],
2 2

True}, {Gu|{y, a}, aa+e“ yn, 1+0[e]®], QU[] +ahQU[a] +

(nh-aynn?) Quly] + 2212 Qura, a] < an 2 QULY, a] « = 72 2 QUTY, ], True} |
2 2

Goal. In either U, compute F= e~V e e™ ™%, First compute G = e ye ¢*, a finite sum. Now F
satisfies the ODE 8,F = 8,(e~"" @) = —yF + FG with initial conditions F(n = 0) = 1. So we set it up and
solve:

If[$k >0, With[{U = CU},
Module|[{G, F, s, bs, e, b, es, sol},
G = Echo@sSimp [Table[&g* /k!, {k, @, $k+1}].NestList[Simp[B[xy, #]] & yu, $k+1]];
fs = EchoeFlatteneTable[fy i 4, [n], {1, @, $k}, {i, 0, 1}, {j, @, 1}, {k, @, 1}1;
F = Echo[fs. (bs = fs /. f._,i ,; . [n] = €' Ue{y’, al, x*})];
es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1,/.n >0, FxxG-yy**F-0,F}}, {b, bs}11;
sol = Echo@First[F /. DSolve[es, fs, n]];
Echo[sol /. {e- > 1, U- Times}];
Collect[sol /. {e- »1, U Times}, e, Simplify]

111

“tECU[] +2eECU[a] -ye E2CU[X] + CULY]

{fa,a)a,a (11, f1,0,0,0(115 f1,0,0,1[115 F1,0,1,6[1]>
f1,0,1,1(115 f1,1,0,0(1]5 f1,1,0,1[015 F1,1,1,0[0]15 F1,1,1,1[7] }

CU[] fo,0,0,0[Nn] +€CU[] f1,0,0,0[NnN] +€ CU[X] f1,0,0,1[n] +€CU[a] f1,0,1,6[Nn] +€CU[a, X] f1,0,1,2[NN] +
€ CU[y] f1,1,8,0e[n] +€CU[Y, X] f1,1,6,2[n] +€CU[Y, @] f1,1,1,0[n] +€CU[y, a, X] f1,1,1,1[n]

1
el U]+ et tyen? iU +2e T encCUlal —e T yen 2 CUIX] —e T yen?sCUy]
2
2 2 1 2 2
l+2aené-yvyen &-xyeng +;tyen 3

1
1+Een§<4a+y(—2yn—2x§+tr)§))
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Logos
Ay ke [{S1_5 71}, {X, Y}] = Ay [{€1, 71}, {X, Y}] =
Block[{$k = RR, $p = RR}, Module[{g, n, G, F, fs, £, bs, e, b, es},
G = Simp[Table[&* /kt, {k, @, $k+1}].NestList[Simp[B[xy, #1] & yu, $k+11];
fs = Flatten@Table['Fl,i,j,k[n]: {1, o, %k}, {i, @, 1}, {j, 0, 1}, {k, 0, 1}];
F=fs.(bs="Fs /. f_,i,j . [n]l=»e ve{y’, al, x*});

es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1,/.n >0, FxxG-y,*+xF-0,F}}, {b, bs}11;

F=F /. DSolve[es, fs, n][11;

Gu[{y: a, X},
Ex+ny+ (U /. {QU>-tng, QU ne(1-T) /a}),

F+OQy /. {e- > 1, U- Times}
| 7. (€~ €1, n>713]];

Inf[]:=

Inf«]:= Timing@AQU,z[{fJ n}, {X, y}]
1-T)n¢ 1

our - {1.64063, Gou|{y, a, X}, yn+x&+ - , 1+ .
né (}/77§—4T7{77§+3T2yr]§+8anz+Zy}/r]ﬁ—6Tyyr]h+2Xy§h—6TXy§h+4xyyh2) €+

—aTyyn? € (-n€+3TnéE-3n) -aTxyné&* (-n€+3Tng-3n)+2a°Tng (Tné-n) +
1 1
2aTxyyn2§2h—;xy272n2§(—n§+3Tn§—h)h—Ex2yy2n§2(—n§+3Tn§—h)fz+
1 24,2 2,2 232 1 2.2 .3 2 1 2 2 3
=Xy ety =y PP € (3n€E-18TnE+27T°nE+4n-28Th) + —xX*¥*né&
24 24

1
(3n€-18TnNE+27T°nEg+4n-28Th) + —aTyn? & (NE-4TnE+3T°nE+4h-6Th) +
2hn

24 n

1 1
=xy¥Y'néE(2n* € -10Tn? 2 +12T2n? €2 +5nEh-21TnEh+2h%) - ——
4

YV E (-3 421 T2 &2 -45T* 2 2427 TP 2 -10nEn+68TNnEN-82T néEh -

1
6h2+30Th2> - ——xvy?né&? (—3n2§2+21Tn2§2—45T2n2§2+27T3r72§2—1@r7§h+
241

68TnEh-82T2nEh-61%+30TH?) + ST i e? (~on? €263 T2 &2 -
288 1

135T2 02 &2 +81T>n*E2-40n Eh+272TnER-328T?nEh-360%+180 T h?) 62+O[e}3”

{Acu,1 [{&5 N}, {X5, ¥}], lhs = CU@G [{x, Y}, A (Ex+nYy), 1],
HL[1lhs == CU@Acy,1[B {§, n}, {X, ¥Y}11}

1
{Gu[{y, a, x}, yn+x&-tné&, 1+;n§(4a—2y>m—2xy§+tyn§) e+0[e]?],
(1-tnén*) CU[] +2ené&n®*CUlal + EACU[X] +nhCU[y] +

1 2 22 2 1 2 32
=& n*CUIx, x] +n R CULy, x] + —n*h*CUly, y], True}
2
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nr= {Bqu,a[{€5 n}s {X, y}1, 1lhs = QU@ [{X, y}, & (§x+nY), 1],
HL@SimpT[lhs == QUeAq,1[h {&, n}, {X, ¥}11}

(1-T)n¢ 1
7,1+7

h 4hn
nE(ynéE-4TynéE+3TyneE+8aTh+2yynh-6Tyynh+2xyEh-6TxyEh+4xyyh?) e+

0[e]?], (1+n&n-Tn&Eh)QU[] +2Ten&n’QUlal + EAQU[X] +

out[+J= {quu[{y, a, X}, yn+x<&+

1 1
nhQULY] + = E2n*QUIX, x] +n ERQULY, x] + =12 K2 QULy, y], True}
2 2

{tt = Last[Acy,2[{&5 1}, {X, y}]1], Log[tt],
Exponent [NormalelLog[tt] /. {§>2 &, n>hAn, Xx>hX, y->hy}, A]l} // Expand

2 2 1 2 o2
{1+12ans-yyn*E-xyne¢ P tynt e e

1
(232n2§27a7n2§272ay7n3§2+y>f2773§2+£y272n4§272aan2§3+xx202§3+atxn3§37

1 1 1 1 1
—t P axy PP - Sty nt &+ =32 et - Stx P P&t 2y nt gt €2+ 0le)?,
3 2 2 2 8

1
(Zanéfyngf—xméﬂ;tmzéz €+

1
favrn2§2+yyzn3§2+xyzn2§3f;txzrf’?”) e+
0le]?, 6}

{tt = Last [Aqu,2[{&5 n}s {X, ¥}11, Log[tt],
Exponent [NormalelLog[tt] /. {§>d&, n>dn, x->dx, y-»>dy}, d]} // Expand
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1 2 3 2
{1+ 2aTnes ZywntE-ZTyyn’ e

yn*& Tyn*é? +3T2w72§2
4n h 4n

1 3
;xyn@z—ETxy0§2+ +Xyynéh|e+

1 3 5
[2a2T2r]2§2+2aTY}72§2_3aT2Y”2§2+_YZUZé‘Z__TYZUZ§2+_T2Y27,]2§2+
8 4 8
5 17 41 1
aTyvn’ € -3aTyyn’ &+ —y P’ &-—Ty¥n’ &+ — Ty’ &+ =y’ ¥ n*e?-
12 6 12 8
32242922242 2 3 2 23522317 2.2 ¢3
—Ty ¥y n &+ —-—Ty ¥yn & +aTxyn & -3aTxyn &+ —xXy n & -—Txy n &+
4 8 12 6
41 1 5 1
_TZXY2U2§3+_XYYZW3§3—_TXYY2773§3+3T2XYY2773§3+_X2Y2772§4—
12 2 2 8
4+Y2U4§4_TY2774§4+11T2Y2r]4§4_3T3Y2r]4§4+
32h2 4 n? 16 h? 4 n?
9T4Y27’]4§4 aTYf73§3 2aT2yr73§3 33T37{7’]3§3 5)’277353 13TY2773€3
+ - + + - +
32 h? 2h h 2h 36 h 12 h
25T2Y2773§3 41T3)/27’]3§3 yY2n4§3 7Ty7{27’]4§3 15T2y§(2r]4§3 9T3yYZU4§3
- + - + - +
12 h 36h 8h 8 h 8h 8h
X}(ZT’]35477TX7{27’]3§4+15T2X7‘(27’]3§479T3X}(27’]3§4
8h 8h 8h 8h

3 9
ZTX2Y2U2§4+§T2X2)’2772§

~2a’Tnén+3aTyyn’Eh+
1 5 1 7 1
—y¥yrnten-=Tyy*nPea+ —y ¥yt en- —Ty*¥y?*nPch+3aTxyné&lh+ —xy?n&*h-
4 4 6 6 4

5 5 21 1
“Txy?né&lh+2aTxyyn?&n+ —xyy*n*&h- —Txyy*n?&n+ —xy*¥*n*&n-
4 4 4 2

3 1 7 1 3
7TXy2Y2n3§Zh+7X2Y277§3h*7TX2Y2T7§3h+7X2yY2772§3f1*7TX2yY2772§3h+
2 6 6 2 2

1 1 1 1

—xyyinents —xy i ent s —xtyy?in&n?s —x?y*y?n?&2n?| €+ 0[e)’,

2 2 2 2

1 3 1 3 yn? &2
(ZaTn&yvmzsc—Tyxnz&Xynéz—Txvrn§2+—
2 2 2 2 4n

Tyn?&? N 3T2yn?&?
n 4n

+Xyynéh|e+
2 2 22212223222522225232
2aTYT]§—3aTYU§+;YU§—ZTYU§+gTYW§+EYYU§—

17 41 5 17 41
Ty 3 STy —x 2t s T TxyE 2 S —Tixy2n2 e
6 12 12 6 12

5Y2n3§3 ) 13TY2773§3 . 25T2Y2n3§3 _41T3Y2n3§3
36 h 12 h 12 h 36 h

-2a’Tnéh+3aTyyn?Eh+

1 5 1 7
Yyt Eh- =Ty Eh+ — Y VPP En- — Ty ¥ nPEh+3aTxyn&lh+

4 4 6 6

1 5 5 21 1
nyznﬁzh—ZTxyznngHnywznzﬁzh—:waznzgzmgxzyzn?h—

7 1 1 1
T nEn+ —xyy*nEnt+ —xy? ¥ nPent+ —xXPyy*n&2n?| e2+0[e)?, 6}
6 2 2 2
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Logos

Infe]-= Simp [€, [specs___,Q , P_1] := G[specs, CF[Q], CF[P]];

Logos
In[<]:= AU_,k_[{Ul_J Wl_, 5}y {U_, W }] := Simp@MOdU1e[{U: w, yax, q, p, Q, d},
{yax, q, p} = Listee sy, [{v, w}, {u, w}1;
€ [yax, Q= (vu+ww+suw+dvo) /(1-d5),
Expand[ (1-d ) e ®DP,,p,,u0, [P] [€?]] +@:] 7. {d=8,,,9} /. {v> o1, 0> w1}];

Block[{$p = 4, $k =1},
{Acu,sk [ {E, Ny, 6}, {X, ¥V},
Short[lhs = CU@Gy[{X, ¥}, B (§X+ny+SxY), 14, 51,
HLeSimp [1lhs - CU@Acy,s« [B {&, n, 6}, {X, Y}]11}
1

Xysh+ynh+x&h-tn&hn?
{(Ecu[{y; a, X}J E)
1+téh

1

1+tén
4yyésnh?+daxsEn’-4xysEn?+d4anchn?+12at?5*n®+8atxysind+
4t2ySPnd-12txyysPnd-4xPy?ysini+8atysinhd-4tyysinhnd-
6xy’y&?nhd-2y?’yon?nd+8atxs?end-A4txysieni-extyyslendy
8atonecn’+4tyonen’-8xyyonéEnd-2yyn?end-2x2yo&2nd-2xyn&rnd+
dat?o*ntrdat’xystat 23y etAt -4t xyyestat -3t X2yl yatat .
4dat’ySnhat-4txy’ vy nhat -ty vy n?at+dat?’xsPent a4t xPyyoPents
dat?Pnent+at?y P nEnt-dtxyy S nEnt-txiy st atvtyn? 2t e) /

(2+10t5n+20t2 5% 0% +20t25° 1 + 10t 6% 1* + 2t° 6° 1°) +0[e]?],

+((4a6n+12ats’n*+4axys®h®+2ty6*h’>-8xyy s h® +4aysnh -

1-t6h+t282n2+tys2en?-tnen?-t383n°-312y82echn’>+2t26nER>+
2tysencn?+ttstntretdiystent-3t362nent-
9t2y626n§h4+§t2n2§2h4+%tyenzgzh“ CU[] +

(26en-4ts’en’®+2enEn®+6t?6°en’-8toenen’-8t3s*ent+
18t*c*enécnt-2ten®?n) CUlal +

<«<37>> + iég’nh“CU[y, Vs ¥s ¥y X5 X, X] +

1

—&*nt
24

CULY, ¥, ¥s ¥s X5 X, X, X, O}
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{Aqu,2[{E5 ns 8} {X, Y}], 1lhs = QUe@CGy[{X, Y}, A (§X+ny+d6XxYy), 1],
HL@SimpT[1lhs == QUeAq,1[h {&, 1, 6}, {X, Y}]11}

{GQU[{yJ a, X}, —  —,
5 féh +((-8aTo*n2+24aT26*n?-24aT3 6% n2 +8aT4 6% n? + +
4x2y2y52f16+4xy2y6nh6+4x2yyéghs+4xyyn§h6> 6)/
(-46°+20T6°-40T265°+40T3 55 -20T46° +4T5 6% + s

4052h3—89T62h3+40T262f137206h4+20T6h4+4h5) +

j—;JrO[e}ﬂ, , True}

large output show less show more show all set size limit...

{tt = ComposeSeries|[ (1 +t &) Last[Ac,2[{E; s 8}, {X5 Y}11, (1+t5)4e +0[e]*®];
TogetherelLog[tt],
Exponent [Normale@eTogethereLog[tt] /. {§>d&§, n»>dn, x>dx, y->dy}, d],
Exponent [Normal@Together@eLog[tt] /. {Xx »dXx, y->dy}, d]
} // Expand

[|2ac6+6ats®+2axys®+tys®-4xyys®+6at?c+4atxys +2t2y 6> -6txyyo®-

2x2y2y63+2at364+2at2xyé4+t3764—2t2xy>/64—th2y2y64+2ay6r]—
2yyon+datyd?n-2tyysin-3xy’yé?n+2atiysPn-2txy’ysin-
yzyénz—ityzyéz772+2ax65—2Xy6§+4atx62§—2txy62§—3x2yy62§+
2at?x83c-2txPyyoiE+2anc+datonE+2tyonE-AxyyonéE+2at?6?neE+
2t27r6277§72txy7f6277§7y>/772&Xzyéézf%txzyézézfxynﬁhitxnzéz e+

2a26%-2ays?+12a%t S +4atxysP-8atysi-20axyy s -2ty? 52 +18xyy2 63+

15
30a%t?6%+20a%txyst-10at?yst-88atxyyst-13ax?y?yst- —t2y? st
2

64txyy?o*+34x2y?y? st +40a2t35° +40alt?xy5° -152at’xyy s -48atxPy?y 80 -
10t3y?2 5% +86 2 xyy? 6°+ 107t X2 y? y? &° + 117y y? 6° +30a* t* 6 +40a’ tP x y 6% +

247
10attys®-128at3xyy ol -66at?x2y?y ol -5t4y2 58 +54t3xyy?2 68+ — t2x2y?y2 50+
2
80 3,32 <6 2 45 <7 2 44 7 5 7 4 7 3 2 2 7
—txXy’y o +12a°t? 6" +20a°ttxysd +8at’yo -52attxyvydo -40at’xy yvo +
3
4 2 <7 322276423327 2 46 <8 2 45 8 6. <8
16t" Xy vy o' +62t°xy vy o' + —t*xy’y 6 +2a°t°S°+4a°tPxyd®+2at°yo° -
3
5 8 4 ,2,,2 81628 5 2823422281733328
Bat’xyydo®-9at™x y v+ — Py 8% +2Xy ¥y 6+ —tOX Y ¥ OT+ —EXTY v O+
2 2 3
4a’ys*n-12ayy&°n+6yy*6°n+20a’tysn-48atyysin-20axy’ysin+
14ty y? 83 n+40xy?y2 82 n+40a2t?ys*n-72at’?yy&*n-72atxy’yé*n+6t2yy?6in+
115t xy? 2 6*n+23x2y3y? 6 n+40a2t3ys° n-48atdiyys°n-96atixy’ys° n-

6t3yy? 8 n+118t2xy2¥?2 8 n+53t X2y y?2 8 n+20alttystn-12attyysin-
56at3xy?y e n-4ttyy? et n+51t3xy?y2 88 n+40t2x2y3y? st n+4altiysn -
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12atixy?y6 n+8trxy?y2 6’ n+10t3x2y3y2 6’ n-7ay’y62n?+10y>y2 62 n? -
37
2daty’y P n®+ 24ty y? & n? +15xy>¥? 62 n® -30at’y v 64 P+ — Py P 5t 4
2
32txy3¥?otn?-16atdy?y 8P +5t3y2y? P 2+ 222 xy3 it n?-3atty?yshnl+

1 17 10
Et“yzyzés772+5t3xy37{266772+3y37/262773+?ty37/253n3+?t2y37264n3+

2
3y 2P 143 x 2 E-12axy 52 E+6 XY 5 E+20altxSPE-48atxy S E-
3

20ax2yy S E+14txy2 82 E+40x2y 253 E+40a’t2 x5t E-T2at?xy 5t E-T2at X2y y St E+
6t2xy2 64 E+115t X2y 2 6% €+ 233 y?y2 5t e+ 40a2t3xs° E-48atdixy s € -
96at?xPyyS”E-6t3xy?2 5 £+118t2x2yy2 82 £+53tx3y?y? 5 E+20attx o0 -
2attxys®e-56atdx?yys®e-4ttxy?o®c+51t3x2yy2sbc+40t2x3y?y?25%¢+
4a%t°x8-12at* Py y s £+8t* Py v2 5/ g+10t3x3y2 Y2  E+d4atosnE-daysné+
20a2t5°nE-8atydinéE-28axyyS?néE-6ty??nE+38xyyioinE+40alt?sine+
8at?y s’ néE-96atxyy S neE-1412y283neE+88txyy? 83 nE+44x2y?> > 83 né+
40a’t3s*ne+32atdyoine-120atixyysinc-6t3yi ot ne+ 62t xyy28tnE+

93t X2y’ y2 8t nE+20alttsPnE+28atty P nE-64atixyy S nE+6ttyr St ne+
12t3xyy? 6P néE+63t2x2y2y? o nE+d4alt’o®ne+8at’yobne-12atixyysbne
41228 e+ 143 X2y 2 6% nE-8ayyoniE+6yy?ronE-24atyysinie+

S5ty y?62n?E+25xy? 262 n?E-24at?yy 8P n?E-8t2yy? &P n?E+45txy?’ 283 ne-
Batdlyy o n2ec-7t3yy2 8?2 € +24t2xy? Y2 64 2+ 43 xy?2 Y2 8" 2 E+4y? Y2 o nd e+
Sty?y2 2P E+t2y? 2P P E-7ax?y 622 +10x2y2 822 -24at Py &+

37
24tx2y263§2+15x3yy263§2—30at2x2y64§2+?tzxzyz64§2+32tx3y7264§27

1
16at’ Xy 2 +58 X0y 6% 2+ 2282y y? 82 €2 -3att Py s 2+ —tt X250 &+
2
S5t3x3yy?2 60 E2-8axyonEl+6xy?onE2-24atxy2nEr+5txy? 6% nEl+
252y y? 82 nE2-24at’xy P n 2 -8t2xy? 3 n 2+ 45t X2y ¥y nE-8atdixystnel-
7Pxy? M N2+ 282Xy St n 2 +A Xy S nEl-aynt 2 -3tyr e+
5
1xyy?6n*&?+6at?yo*n* &2 - —t?y?* 8 n* &+ 12txyy? 6*n* €2 +8at? vy &2 n? &2+
2
7
4t3Y253772§2+3at4Y54772§2+;t47(254772§2—t3xy7(254772§2+y¥2773§2—
2 ¢ .3 2 2,2 2 .3 2 32231732331623243
tyy2onP 2282y 2?82 nP 243328283+ —t 3yt — 23y et e
3 3
2
;t3X3Y255§3+4X2Y26n53+StX2Y262T,]§3+t2X2Y253n§3+XY2n2§3_tXY25UZ§3_

1 1 2
2t2X7262r]2§3_;tY2n3§3+;t2726n3§3+;t3Y262U3§3 €2+o[€]3, 6, 6}

{tt = Last [Aq,2[{&, n, 6}, {X, Y}11;
Log[tt],
Exponent [Normal@TogethereLog[tt] /. {§>d&§, n>dn, x>dx, y->dy}, d]} // Expand
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h 2aTs°h 8aT2&°h 12aT136°h
{Log + = =
-5+T 6+h (-6+T 6+h)° (-6+T 6+h)° (-6+T 6+h)°
8aT*5°h + x2y2 y 52 b xy2y 5nht x2yy5EnS Xy yné&hns ) +
(-6+T &+h)° (-6+T &+h)° (-6+T &+h) > (-6+4T &6+h) > (-6+4T 6+h) >
32 2T2610h2 144 212:212§2h11
[(a)er + < = €2+0[€}3, 6}
large output show less show more show all set size limit...

Reorderings with Rord

Rord

mier= RoPdy_ u s ok [@u [L___s {Lo__su_; s w_j, r-___}s_, R___,Q,P_]] :=
SimpeModule[{v, w, &, A1, yax, q, p, kk = P[5], 61 = dy,,.,Q},
{yax, q, p} = Echo[Liste@If[51 === 0, Ay, [{v, 0}, {u, w}],
Ay, [{v, w, 8}, (U, WYTT /o {Y > Yy @ Ap, X Xy T o1, T T}
G [L, {L, Sequence @@ yax, r}s, R, q+ (0 /. u; | w; > @), e 9DP,_p, .0, [P1[pe’]] /.
{U>0,0/.Wj>0,w>8,0/.u;i>0, 5-51}];

Rord

mier= Rordy s ok [@u [L___s {Lo__su_; s w_j, r___}s_, R___,Q,P_]] :=
Simp@Module[{u, w, 6, Al, yax, g, p, n, kk = P[5], 61 = 8y,,u; 0},
{yax, g, p} = ListeeIf[51 === 0, Ay, [{vs w}, {Uy, WY1, Ay [{v, w, S}, {U, W}11 /.
{Yy=2Yns@a-an, X=X, to>t;, T T}
(*EChO@{{{uiJU}){wj)w}})PJp el};*)
€ [L, {L, Sequence@@yax, r}s, R, q+ (@ /. ui | w; > @), e ISPy ,umuy[PP]] 7.
(N>R, u>08,Q/.W; >0, w>8,Q/.u; >0, &6-51}];

With[{co = Gy [{Y1> Xa}1, {X25 32, Y2}2s Btiay+At]* (€™ -1) y1xy, L1 +eXiya]}s
{Short[rhs = co // Rordy,,a,,3, 31, HL[CU[co] == CU[rhs]]}]

e vt (@Yhtl has t% -hX3y1+ et h X3 yl)

t1

{CGu[ Ty1s Xa}1s {235 X35 Y2l2s » 1+x1y2€+0[e]?], True}
With[{co = GCU[‘[YI) ay, az}i, {X25 X1, Y2}a,s
B(lptiar+lptiay+ Lntrar+ 1o tr @y + w11 Xa Y1 + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 V2 )
1L +e (11a1+1zaz+p11X1Y1+P12X1Y2+P21X2y1+P22XZYZ)]}:
{Short[rhs = co // Rord,,,a,53 // Rordy, x4, 3], HL[CU[co] = CU[rhs]] }]
{Ceu[{y1s a3}1s (Xa5 ¥2l2s

haslpti+haslpti+haslato+haslpto+hxayivia+hXaYavia + A Xa Y1 ¥21 + A Xa Y2 Y22,
1+ (@31y+a31y+ P11 Xa Y+ ParXa Y1+ P12 Xay2+ P22 Xayz) €+0[e]?], True}

fla3111t1+.ﬁa3112t1+ﬁa3121t2+ﬁa3122t2+
AxXayivu+BXaYr¥12+BXqY1¥21 +AXaY2¥22 // Simplify

B (a3 (laaty+ lipty+ (Lo +12) t2) +Xa (Y1 (var+va1) +Y2 (viz +v22)) )
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With[{co = Gy [{Y15 @15 Xa}1s {X25 25 V2}2s
B(lptiar+liptiay+ Lntrar+ 1o th @y + w11 Xa Y + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 2 )
1, +€ (11a1+1zaz+P11X1Y1+P12X1Y2+P21X2Y1+P22X2YZ)]}:
{Short[rhs = co // Rordy,,a,,3, 31, HL[CU[co] == CU[rhs]]}]
{ch[{yl, A1, X1}1, <1l>>,, <1>»> «<1>,
14eilutivnlaty (erhlotivhlnt g ], erhlativhlati g ), eviletivilatip vy by Xy +

o<1+ <<l> P12 X1 Y2 + P22 X3Yo - ¥YhlyXsy1 ¥ -vhlyXsy; 7(22> e+0[€] 3} N TI"UQ}
With[{q@ = CEQu[{yl, ai, X1]’1) {XZ) az, yZ}ZJ
B(lptiar+lptiay+ Latrar+ 1y thay + ya1 Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2)
1L, +e (11a1+1zaz+P11X1Y1+P12X1YZ+P21XZY1+P22Xzy2)]}:
{Short[rhs = qo // Rordy,,a,53, 3], HL[QU[qo] == QU[rhs]] }]
{(EQU[{yl, a1, X1}1, <<I>>p, <<I>> «<1>,
1+evhlntiynlat (eYﬁlu Gevhilnt g 1) 4 eVlutinvilnt g 1, | e¥ ety il gy vy poy X3y +
e T T D Xy Yo + P X3 Y2 - v h Lo Xs Y1 var - v h 1 X3 Yo Yzz) €+0[€] 3} ’ Tr‘ue}
With[{q‘D = GQU[‘[Yl: a1, X1}1, {X2, A2, ¥Y2}2,
B(lptiar+liptiay+ Lntrar+ 1o th @y + w11 Xa Y + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 2 )
1, +€ (11a1+1zaz+P11X1Y1+P12X1Y2+P21X2y1+P22X2YZ)]}:
{Short[rhs = qo // Rord,,,y,,3, 31, HL[QU[qo] == QU[rhs]]}]

{«<1>>, True}

TimingeWith[{qo = Gou[{X1, Y1}1, {X25 32, ¥2}2,
B (liptra;+ 1ty @y + w11 Xa Y1 + ¥12 X1 Va2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
0, +e€ (12 az+P11X1Y1+P12X1Yz+P21XZY1+P22X2y2)]},
{Short[rhs = qo // Rordy,,y,,3, 5] }]

<1>>
{116.156, {Gqu|{y3, a3, X3}1, <<1>>2, s

1- <1>» + «<1>
((hazly+p11-PraTi+ NP Xa Yo + I P1a X3 Yo + <<46>> + 21 p1p Ty Xa Y2 Y11 Vo1 -
B P12 T3 X2 Y2 Y11 Y21 + P11 Xa Y2 ¥12 Yo1 - 2 P11 Ta Xa Y2 Y12 va1 + B P11 T3 X2 Y2 v12 ¥21) €) /
(h-3hAy1+3hTiyn+3hyi -60Tivh +3hTiyi -hyi  +30 Ty -3ATiyi + AT ya;) +
((8 as P11 T1 + <<1>> + <<2726>> + 3y <<6>> }(21> <<1>>> /
(4-28y11+ <«<48> +4T]v];) +0[e]’]| }}
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TimingeWith[{do = Gou[{X1, Y1}1, {X2, 225 Y2}2s
B (liptra;+ 1oty @ + w11 Xa Y1 + ¥12 X1 Va2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
L+e (12 az+P11X1Y1+P12X1Y2+P21XzY1+P22XZY2)]},
{Short[rhs = qo // Rordy,,y,,3, 5], HL@SimpT[QU[qo] == QU[rhs]]}]
{388.922,

<«<1>> 1
{Gu [ (Y35 @3, X3}1, {<<1>> 1}, s +((4nazly+4p1-4puTi+4hprnX Y, +
<<1>> 1 - Y11 +T1 Y11

<3395 sy 1 )3 Yi v vh - Ay B Ta G Y3 v vh + 3v T TE XS Vi vh v ) €) /
(4n-20nvy11+200 Ty y11+40h ¥ -80h Ty vyl + 400 T v, -40h vy + <«<13>> +
20n Ty}, -40NnTi Y3, +40 N T3 y3 -20 0TIy + 4B T3 v3,) +
(576 as p11 T1 + <<8073>> + <<1>>) <«<1>>

+0[e]?|, True
<«<79>> +288 T3 ¥3; } ’ } }

TimingeWith[{qo = Gu[{X1, Y1}1, {X25 325 Y2}2,
B (liptia;+ 1oty @y + w11 Xa Y1 + ¥12 X1 Va2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
L +e (12 az+P11X1Y1+P12X1Y2+P21XzY1+P22XZY2)]},
{Short[rhs = qo // Rordy,,y,,1, 5], HL@SimpT[QU[qe] = QU[rhs]]}]
{336.781,

<«<1>> 1
{@u | (Y1, a1, Xa}1, {<<1>> 1}, s +((4nazly+4p1-4puTi+4hpu Xy +
<<1>> 1 - Y11 +T1 Y11

4hpy Xa Y1+ <<338> +y WP X3 Y5 vi, v -4y h* Tu x5 Y3 vi, vh + 3y 1A Tix3ysvi w5 ) €) /
(4n-20hvy11+200 Ty y11+40h Y3 -80h Ty vyl +40 0T v, - 40hy3; + <«<18>> +
20nTiy] -4hy3; +200 Ty vy 400 Tiv3; +40h T v3; -20h T v3; +4h T3 y3;) +
(576 a; p11 T1 + <<8073>> + <<1>>) <«<1>>

+0[e]3]|, True
<«<79>> + 288 T3 ¥3, } ’ } }

Canonical ordering with Cord

mep= Cord[@y [L___, {L___,u_; ,w_j, r___}s_, R___,0Q,P]] 7
OrderedQ[{w, u} /. {y>1,a->2, x-» 3}] :=
((*EChO@‘[uiJWj}i*)cor‘d[Rordui,wj-»unique[] [Gy[L, {L, ui, Wj, r}s, R, Q, P]]]).;
Cord[E, [specs__, @ , P_]1] := @[SequenceeeSorte {specs}, @, P] /.
Flatten[{specs} /. {yax__}s_ = ({yax} /. u_; = (ui - us))]

Cord@Ccy[{X15 Y1}1s @, 01 + X1 Y1]

Eu[{y1s 315 X1}1, @, (-ti+X1y1) +2a1€+0[€]?]
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Block[{$p = 4, $k = @, co = Gy[{Y1, 315 X15 X2, A2, Y2}1,
B(lptiar+liptiay+ Lntrar+ 1o th @y + w11 Xa Y + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 2 )
Lo+e (11a1+1zaz+P11X1Y1+P12X1Y2+P21X2Y1+P22X2YZ)]}:
Timinge {Short[Cord[co], 8], HL@Simp[CU[co] - CU[Cord[co]]] }]

{4.53125,
hlppti+2yhlgt Alyty+2yhlynt hlppt+2yhlgt Alyty+2yhlynt
{CECU[{le ai, X1}1, <e‘{ uti2yhlp oy bl be2ynlnto g g 1), 4 + e P tr2yilo iy il G2yl b

hay 112 T+ «<12> + (EYh lntiyhlp oy hlby ey hls t hz di 122 tith v +A Xy Y1 7{22> /
(eyh luti+2ynlptisyhlnte+2ynlnt, | el lutisvhlptisyhla ey hlant, htq vy +

1 1 1 1 erhlutisyhlnts
@Yﬁ 1ty hly tivy hla tovy h Zztzhtlez), e - +O[€}1}, @}}
eriie At s fty vy, + hty v

BlOCk[{$p =4, $k =1, co = ch[{)h, a1, X1, X2, a2, Y2},
B(lptiar+liptiay+ Lntrar + 1o th @y + w11 Xa Y1 + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 2 )
1, +e (1la1+1zaz+P11X1Y1+P12X1Y2+P21X2y1+P22X2YZ)]}:
Timinge {Short[Cord[co], 8], HL@Simp[CU[co] - CU[Cord[co]]] }]
{81.2656, {Gcy|{y1, a1, X1}1, (e/tntr2yilutiviintavilat pa) 1)) ) + «<14> + h X1 Y1 v22) /
(e*h Lt 2y nlp iy il te 2y hlats | oyhlutivs2e oy h <>t g yoo o
eflntivhlotiyhlntohlnt ¢ 7(22) ,

evhlntisyhlnts

+ ((2(627{?1111t1+6yh112t1+27{h121tz+67{hlzztz a 11 + <<419>>) €> /
erflutiyilat o pt) yyp + Aty va
<2 eth lnti+6yhlp ti+2yhalg t+6yvhlsnt, +10 (EZYh linti+5yhlp ti+2yv Al ty+5yvhln t el tl Y12 +

«<18>> +2eth111t1+7(h112t1+27(h121t2+yh122t2 hS ti Y32> +0[6}2], 0}}

With[{go = Gu[{y1, 31, X1, X25 32, Y2 }1,
A(lutiar+lptiay+ Lntrar+ 1pth @y + y11 Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2)
lo+e (liar+ 1@ +PuXay1+ P2 Xa Y2 +PaXa Y1+ P22 X2 Y2) ] }s
Cord[
qel]
CEQU[{yl: a1, X1}1,
<eyh lutie2yhlptisyhlata2yhlat p a; 13ty + e¥ilutis2ynlnptisyhlates2ynlnts a; 1oty +
eYilutir2yhlptisyhla a2y hlnt p a; 1ty + eriluti2yhly iy hlate2yhlat 5 a; 1oty +
eYn Il tisvyhlp ity hlg ty+yhln t AXyY1 Y11 - evh lntivvhalptivvhlatoryhlnt haglit vy -
e¥n I tisvhlptityhlag th+yhlnt Aaglyty yio - e¥h lntisyhlptivyhlantoryhlnt hailytyyn-
erfilutivilotinyhlateyilat p g, 1,) ¢, yy, + e Plntevilutihlatvilats g0 15, 4 Ty yap +
erfilntivilotinyhlateyilats p g 1), €9 Ty ypp + e Plutivilutiviln ey ilate b g) 1)) ) Ty vy +
eIt nlu iy nln o ilat fan 100ty Ty v + A Xg Y1 v1a +
evhlutisyhlptisyhla sy nlnt p X1 Y1 Y21 - erhilutisyhlp tisy hlntosynlnts 5 a; 111 t1 v -

(ey{h lunti+vyhlp iy aln tyvyhlyn s A ai 112 vhluntieyhlp iy hla ey hlant, h ai 121 tz Y22 —

tivn-e
hlnpt hlpt hlyt hlxnt hlppt hlpt hlyt hlnt
eY 11 T1+Y 12 Ta+Y 21 T2+Y 2%t p a 122 -tz Y22 + (EY 11 T1+Y 12 1ty 21 T2+Y 2% p a 111 tl '|'1 Y22 +

hlppt hlpt hlyt hAlynt Al t Al t hlnt hlyt
eY 11 T1+Y 12 Tty 21 T2 +Y 2% p a 112 tl T1 Y22 + eY 11 Tty 12 T1+Y 21 To+Y 2% p a ]_21 tz Tl Y22 +
hlppt hlpti+yvhlyty+yhlnt
eV ilutisy il tisy ila oy ilnts p g0 15 €, Ty vy + A Xg y1722> /
(eYh lynti+2vhlp tivyhlanth+2yhlnty eYh Iy tivyvhloti+vhla ty+vhlnt Y12 + eYh I tivvhlotivvhla ty+vhlnt
Al t hlpt hlyt hlypt Al t Al t hlyt hlynt
Tl Y12 - (EY 11 Tty 12 T1+Y 21 To+Y 22 T2 Y22 + @Y 11 T1+Y 12 T1+Y 21 Tty 22 Ty Tl YZZ) ,

eYhlutisyhlnt

: : +0[e]?]
Al tiyhlpt
ety it vy + Ty v12 - vo2 + T1 v22
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Stitching &E’s.
StitchingOEs

Inf+]:= m; .. [® [specs__, Q_, P_1] := Cord[@&[Sequence @e Append [DeleteCases[{specs}, {__};jrl,
Flatten[{Cases[{specs}, {us__}; > {us}], Cases[{specs}, {us__}r = {us}1}1kl,
Q, P1 /. {tj>tp, Tj > Te}]

co = €y [{y1, a1, X1}1, {Y2, 22, X2}2,
{Y3, as, X3}3, ﬁsum[llei+j ti aj +¥10i+j Yi X5 {i) 3}) {J: 3]’]: 12]5
{co // m3,,, HL@Simp[CU[msz,s[co]] - M3, 4[CU[cO]]]}

{Ccu [ (Y15 @15 Xa}15 (Y2, @25 X2}25 (Va5 sy Xa}as
h (al 111 tl + dp 112 'tl + ag 113 t]_ +dj 121 tz + dp 122 't2 + dg 123 tz +
Ayl ta+aylanty+as 1s3ta+ X1 Y1 yaa + X Y1 Y12 + Xa Y1 ¥13 + X1 Y2 Y1 +
X2 Y2 Y22 +Xa Y2 Y23 + X1Ya Y31+ X2 Ya Y32 + Xa Ya v33), 1+0[e]?], @}

Verifying that m commutes with evaluation, in CU:

co = Gy [{Y1, A1, X1}1s {Y2, A2, X2}2,
{y3, a3, X3}s3, hS'-m'[]-lei+j ti a5 + Y10i+j Yi Xj» {i.v 3}, {J: 311, 1215
Timinge@ {co // my,3, HL@Simp[CU[my,3[co]] -my,3[CU[cOo]]]}

{513.453, {&u[{y1, a1, Xa}1, {¥35 a3, X33, s
e
_ 1 + ((4 eZw/hllztyr +2yhlssts hZ as X1 Y1 Y12 731_2 Y31 + ) 6)/
1+h t3 v32
(2 eth112t1+27{h113t1+ +2yhls;ts +10 e ﬁt3 Y32 + +

+2(827(h11zt1+ e hsthgz) +£—)i2+0[€]3],@}}

large output show less show more show all set size limit...

Verifying that m commutes with evaluation, in QU:

qo = Gou[{Y1, a1, X1}1, {¥Y2, A2, X2}2,
{y35 A3, X3}z, BSum[ligi,jti aj + v1ei.j Yi X5, {i, 3}, {J, 3}1, 1.1;
Timinge {qo // my,3, HL@SimpT[QU[m,,3[qo]] - my,3[QU[qo]]]}

1
{7831.47, {Gqu[{y1, a1, Xa}1, {¥3, 83, X3} 3, s +
1-¥32+T3 ¥32
((8 e?Yhinti 2vhlnt n2 a3 T3 Xy Y1 v12 va1 + 4 Y31+ ) 6)/
(4 @2vhlnptis2ynltys 2ynlsts _2g e Y32 + +

(eS| e
4 e2¥nlntir s T§y§2> + - +O[e}3},0}}

e

large output show less show more show all set size limit...
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Inf[«]= (Eu_ [Spl__, Ql__, Pl_] = Gu_ [sz__, QZ_, P2_] o=
Sort[{sp1}] == Sort[{sp2}] ASimplify[QI == Q2] A Simplify[Normal[P1 - P2] == O]

Verifying meta-associativity in CU:

co = Cy[{y1, a1, X1}1, {Y2, 22, X2}2,
{y3, a3, X3}z, B SUM[A4pi.5 ti @5 + Y101+ ¥Yi X5 {1, 3}, {3, 3}1, 1ol;
Timing@HL[(lhs =co // My, // m1,3_,1) = (rhs =co//my3,// m1,z-»1)]

{41.9219, True}

co = Cy[{y1, a1, X1}1, {Y2, 225 X2}2,
{y3, @3, X3}z, A SUM[A4pi.5 ti @5 + Y101+ ¥Yi X5, {1, 3}, {J, 3}1, 11]1;
Timing@HL[(th =co // M1, 251 // m1,3_,1) = (l"hS =co // my,3,2 // ml,z_,]_)]

{30119.8, True}

mexamples
co = Gy [{Y1, a1, X1}1, {Y2, @2, X2}2, B SUM[1l1pi.j ti @5 + Y101+ Yi X5 {1, 2}, {J, 2}1, 11];
Short[Simplify /@ (cexample = co // my,z), 12]
Short [Simplify /@ (qexample = (qo = co /. CU-QU) // my,;), 12]
mexamples
Ecu|{Y2s 825 Xa)2, Bay (i + lop+ 1on+ 1pp) o v —————
1+h t2 Y21
e vh (Lia+11p+121+152) t2 AXy Yo (7(21 +e¥h (Lig+112+121+122) 2 Y12 (1 + Aty 7(21> "
eVl (l12+122) t2 Y22 + Y11 (eYh (lin+1n) to _ el (lig+112+151+122) T2 at, YZZ) ) s

1 . 1 e-2vh (lu+lp+laly) t p (4 a (1+0t, Yz1>2
l+htyvyar 2 (1+ht27(21)5

<eyh (l11+112+151+127) ty A (@Yh (L11+112+121+122) T2 t, + X y2> Y§1 + (EZYh (laa+lia+la+la) to h x, Y2 ¥11 Y22 +

Y21 <62Yf1 (Lua+lp+la+lan) ty | 5 X2 Y2 (eYﬁ (2111+112+2 121+12;) t2 Y11 + eVt (112112412142 157) 12 YZZ) ) )
Yy h (72 @2 h (lurlotlarln) & ) Y3 (1 +ht, }(21> 214 «5> ( <«<1> ) +
A <<l>> (3 at, Y%l 2 eVt Qutlan)t, Y22 + Y21 (4 Fe¥y <3 p t, YZZ) +
erl (l11+121) t2 Y11 <2 +ht, (721 _ erl (l12+122) t2 YZZ) ) ) ) ) €+ 0[6]2
mexamples
Gou | (Y25 825 Xa}2, Bay (L + 1op+ 1o1+ 1pp) ta +
1

1+ (-1+T2) va
e?/fl (l12+122) t2 Y22 + Y11 (eYﬁ (l11+121) T2 _ @Yh (l11+112+121+122) T2 (_1 4 Tz) YZZ) ) ,

1 4 1 e 2vn (l1a+1l12+151+12) T2 Fal

1+ (-1+T2) v 4 (1+ (-1+T3) var)®

-y h (113+135+15;+1 t h (111+112+1p9+1 t
e ¥ (lia+112+1p1+122) 2ﬁX2y2 <Y21+<EY (lia+112+121+12) 2 y12 (1+ (—1+T2) YZI) +

(8 a T, (1 N (_1 + TZ) YZl) 2 (eyh (113+115+151+155) s <_€7{h (Laa+lap+lon+lan) o |

A (113+195+157+1 t 2 2y h (133+155+15+1 t
e¥ B (lu+lia+la+lan) Ty + A Xy yz) Y +e vh (lu+lip+latlyn) 1o 3 X2 Y2 Y11 Y22 +
Y1 (eth (lu+lp+la+la) ty | 5 X2 V2 (eYﬁ (2112+112+2 151+12) T Y11 + eVt (1112112415142 155) T YZZ) ) ) +

¥ (Z(EZYE (Luz+li+121+122) 2 <1_4T2+ 3T%) Y%l (1+ (—1+T2> 721>2+

4 vt Qurlurlarla) gy, y, 5y <1+ <—1+T2) 7/21) (<<1>>) - <<1>>)) € +O[€]2]
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Rin QU.

The Faddeev-Quesne formula:

Faddeev
R+l (1 = q)j x3
Infe]:= € ,r [X_ ] i=e” — |5 e [x_ 1 :=eq,¢x[X]
= 3(-4)

Table[Series[eq,,k[X], {€, O, 4}], {k, @, 5}] // Column

e
x_ 1 X 42 1 x4 22 .2 1 X 2 [ 4\ 3 33 3 ex* (-32+x%) vy ntet 5
e 4(exyh)6+32@xyfze 384(ex(8+x)yh)6+ o142 +0[€]
x_ 1 X 2 1 X3 232 22
e - (e X yh)e+288<e X (32+9x)y n2e? -
(eX x? (-24+32x3+3x%) ¥ n?) &3 N e* x> (-4608-864 x+1024 x3+576 x*+27 x°) y* n* &* +O[€]5
1152 165 888
x_ 1 X 2 1 X3 232 22
e - (e X yh)e+288e X (32+9x)y n2e? -
(eX x? (-24+72x2+32x3+3x%) ¥¥ n?) &2 . e* x> (-4608-864 x+3616 x>+576 x*+27 x°) y* h* e* +0[615
1152 165 888
X 2 2 3 4 33 3
ex_ L (exxzyh) c 4 L exy3 (32+9x) y2h2e? - (eXx? (-24+72x%+32x3+3 x%) ¥3 1?) € . 1
4 288 1152 4147200
e* x3 (—115200—2160@x+165888 X% + 90400 x3 + 14400 x* + 675 XS) y*hte*+0[e]?
X y 2 [ _ + ZJr 3+ 4 3 %3 3
eX- L (eXxtyh) e+ b eXxd (324 9x) y2nte - X (TR I S 1
4 288 1152 4147200
e* X3 (-115200 - 21600 x + 165888 X + 99400 x> + 14400 x* + 675 x°) y* h* e* + 0[e]®

Table[Together@SeriesCoefficient[eq,5[x], {X, @, n}], {n, @, 5}]
1 1 1
{1, 1, ) ) )
1+q (1+q) (1+q+q2) (1+q)2(1+q2> (1+q+q2)

1/((1+a)? (1+a) (1+a+07) (1+q+a?a*q*]]]

Table [HL@FunctionExpand [QFactorial[n, q] SeriesCoefficient[eq,5[Xx], {X, @, n}1]1, {n, 0, 5}]
{1, 1,1,1,1, 1}

nr= QUIR: 5 1 i= Oqu[{Y1> @1}, {32, X2};, SS[e”™ ¥ eq, [AYy1X2] /. by » ¥ (ear-t:)]];
QU[R,; ] :=S;@QUIR:,;1;

QU[R3,4] // Short

e hQU[asz, az] € <«<l1l> <«<1>
Q]+ —————+AQU[y3, Xa] + —————————— +
Y Y
«1>> eh? «<1>t; H2QU[ys, as, Xa] tz Hh2QU[as, ag] t3
— <<1l> «<1> - - - +
2 Y ¥? ¥ 2 y?

Verifying R2 (~2 secs @ $Sp=4, $k=2):
QU[Ry,> **Ri%] // Simp // HL // Timing
{0.078125, QU[]}

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: Archive: Verification-180417.nb 2018-04-17 07:01:33

Verifying R3 (~156 secs @ $p=4, $k=2):

{Short[lhs = QU[Ry,» ** Ry,3 ** Ry,31], HL@SimpT[lhs - QU[Ry,3 #* Ry,3 **Ry,211} // Timing
hQU[ay, a hQU[a;, a
{@.203125, {QU[] + €hQUlai, 3] €hQUlai, as]

¥ Y
<«<73> +2en*QUly1, a2, X3] T2+ QU[y1, X3] (A-hTy), 0}}

Rin CEQu.
RinOE

1= Gu,e [Ri ;51 = GQU[{yi: ai, Xi}is {Yj» @j5 X5}, Ay tiaj+hy; X5,

Ser‘ies[eﬁ”_lt" 3B YiXs (ef‘bi Y eq,, [BYiX;] /. bi > ¥t (eai-ti)), {e,0, k}]]

{Gqu,1[R1,2], Gqu,2[R1,21}

ha,ty haia 1
{CEQU[{yl: a1, X1}, {¥Y2, @2, X2}2, - +hXay1, 1+ [7— ~yn*xiyi|le+0[e]?],
Y Y 4
hapty haja, 1
Eu[ (Y1 a1, X1}1, {Y2, @2, Xa}2, - +hXay1, 1+ [ - ZYEB X3yi| e+
Y Y

o (144n?afa3-72v*h*aray x5yl + 32y ° 3y + 9y ¥ X3 yi) €+ 0[e]?] ]
Y

The morphism & k.

MorphismOE

mr= Gy e [@_xb_1 = @yrlal E,r[b];
€ ,r [Mmis [a_1]1 := mis[E,r[a]];

Equ,1[R1,2 R3,4 Rs5,6]

cEQU[{yl.v ai, Xl}ll {Y2: daz, XZ}ZJ {y3.v as, X3}3) {Y4, ag, X4}4)

ha;ty hagts hag ts

{Yss as, Xs}s, {Y6, @65 Xel6s +hXay1+hXgY3+hXeYs,
Y Y Y
ha,a, hasas hasag 1

+ + -

1 1
1+ Syn?x3yi- = ynPxiyi- —vyhn’xiy:| e+0[e]?]
4 4 4

Y Y Y
Gqu,1[R1,2R3,4Rs,6 // M1,3,1 // My,5,2 // Mg, 6.4]

CEQU[{yl.v a1, X1}t1s {Y25 @25 X2}2, {Yas 21, Xa}a, —

Y
(—f’lazt1—7’la4t1—ﬁa4t2+7(7’1X2)/1+7ff’1X4Y1+@hthT’lXM/l—Yf’szX4Y1+<€ht‘YﬁX4Y2),

1+ — <4f1a1a2+4ha1a4+4f1aza4—4yh2a4x2y1—8@ht2yf12a2x4y1+
4y

8yhtarTaxayi -V R3 X3yl +4e" ey R3xy x4 y2 -4 2R3 Toxa Xa y2 -2 03 x5y -
2Pt y2ndx2y 23 Tax2yl _deltiynlaixay+4e iy A3 Xy xay1 Yo +
4eht1+ﬁ‘t2 YZhB X421Y1 y2_4eht1 YZ h3 T2 X421Y1 yZ_Ethl YZ h3 X[Z1 y%> e +0[6J2}
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Equ,1[R1,2R3,4Rs5,6 // M3,1,1 // M5,2,2 // Mg, 4,4]

CEQU[{yl) ai, Xl}ll {Y2: az, XZ}ZJ {y4) ag, X4}4) -
Y

(—haztl—ha4t1—ha4‘t2+yhx2y1+){hx4y1+eht1yhx4y2),
1
1+—(4ﬁa1a2+4ha1a4+4ﬁa2a4—4yh2a4x2y1—yzh3x§yi—yzh3xﬁy%—
4y
4"y n?arxay, + 4" Y B3 xa Xxay1 Y2 - @y 0P xG y3) e+0[e]?]

Equ,1[R1,2R3,4Rs5,6 // My,3,1 // My 5,5 // Mg 6,4] = Cqu,1[R1,2R3,4Rs,6 // M3,1,1 // M5 2,5 // Mg, 4,4]

h ((Ehtz—T2> Xa Y1 == 0&8&ech (ehtz —Tz) Xa Y1 (8 a+yh <—4X2y1+X4 ((@htz +T2> y1—4ehtl y2>)> ==
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Exponentials as needed.

1= Block [ {$p = 2, $k = 2}, TableForm[StringSplit[
"yla|x]|Céeycy|Co@acy | CO@Xcy | Q6RYqy | Q6@agy | Q6@Xqy | AD@Yqy | AD@agy | AD@Xqy | SD@Yqy | SD@agy | SD
@Xqu | S@Ycy | S@acy | S@Xcy | S@Yqu | S@agy | S@Xqu | A@Ycy | A@acy | A@Xcy | ARYqu | A@agy | A@Xgy" s
"|I"]1 /. s_String »
{s, NormaleSimplify@Series[ToExpression[s] /. CU| QU - Times, {e, 0, $k}1}]]

Oult[~ J//TableForm=

Exp

y y
a a
X X
Co@ycy -X
Co@acy -a
CG@XCU -y
o __x_axeh a*xe’n?
Q5@ JTAT 2T
QG@aQU -a
QO@xoy _Y ,y(Camyeh yl(ay?eln?
¢ VT T 2T
AD@yqy §a2y62h2+§y (6+3tn+t2n?) + iyeh (xyvyh-4a(3+2th))
A]D@aQU a
A]D@XQU X
1 42 2, 1 _ 2,1 2 2 22
SD@yqy y+ o tyn +24y( 2at+xyy)eh +ya’ye’n
S]D@aQU a
7 2 232 th | 7t%h? 1
SD@xqy S aixe?n?+x <1+ S T )+ L, X€n (xyyh—Za (12+7th))
S@ycy -y
S@acy -ad
S@Xcy - X
_ Y y(asy)eh y(a-y)?e*n?
@Yo T’ T 27
S@aQU -a
S@xqu -x-axeh->a’xe’n?
A@Ycy Yi+Y2
A@acy d; + djz
A@XCU X1 + Xz
1
A@Yqu y1+T1y2—eha1T1y2+;ezfzza%lez
A@agy a; + ar
A@XQU X1+X2—€h31X2+%€2ﬁ23%X2

Task. Define Expy, [€, P] which computes &4 @) to € in the algebra U;, where £ is a scalar, X is x; or y;,
and P is an e-dependent near-docile element, giving the answer in E-form. Should satisfy

U@Expy kL€, Pl == Sy[es”, x> O(P)].

Methodology. If Py := Pe—g and €4 &) = O(e% " F(§)), then F(€ = 0) = 1 and we have:

O(e* " (Py F(§) + 0 F) = O(0s 85" F(€)) = 0 06 ™ F(£)) = 9s 64 ®P) = &2 OF) O(P) = (64 ™ F(£)) O(P).
This is an ODE for F. Setting inductively Fy = Fx_1 + €“ @ we find that Fo = 1 and solve for ¢.

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: Archive: Verification-180417.nb 2018-04-17 07:01:33

Exp
m-1= (% Bug: The first line is valid only if O (ef)=e®®). «)
(* Bug: & must be a symbol. )
Expy , ,e[< > P_1 := @ [{Yi, @is Xi}i, NormaleP /. € -9, 1+0];
Expy , e [<_, P_] := Module[{yax = {Yi, @i, Xi}, P9, 0, 0s, F, j, rhs, ato, atg},
PO = NormaleP /. € - 0;
@S =
FlatteneTable[¢j1,42,53[ <15 {32, 0, R}, {j1, 0, 2k +1-32}, {33, 0, 2k+1-32-31}];
F = Normal@Last@Expy,,.-1[£, P1 + € 0s. (05 /. s [£] = Times @@ yaxt}) ;
rhs = NormaleLastem; i,;[E[yax;, £ PO, F+0,]lm,i@E[{Yi, @i, Xi}i, O, P+0r]11;
ate = (# = @) & /@ FlatteneCoefficientList[F-1 /. £->0, yax];
atg = (# = @) & /@ FlatteneCoefficientList[(8,F) +POF - rhs, yax];
G [yaxi, £PO, F+@,] /. DSolve[Andee (atoats), ¢s, £| 11 ]

1= Timinge@Block [ {$p = 4, $k = 2}, {
s =S;[QU[y1]] /. QU - Times,
exps = Expgu,,sk [, S1, (* Warning: wrong unless $p=$k+1! =)
HL@Simp[S;@0qu[{y1}1, SS[e""¥]] - QUe (exps /. n > 5an) ]|

H

€eh e hn? 1 en 2e2p? e?n?a?
ou - {35.8281, {ag |- — 4 T ]y1+ [—+—Y STy, A
T, T . T 2Ty 2Ty
Ny (2ynhTiyi-2nhaiTayi-yn?hy}) e
GQU[{Yl: a1, X1}1, - > 1+ +
T, 272

_¥nh’yy ynhlayn nh’ailyn 7y’n?h’yi 2y nihtaiyi

2T, T1 2T, 472 T2

n*htaiyi ¥ nPhlyi ynPhlaiyi vin'hlyi e 00c1?], 0]}
ZT% Ti ZTi 8T‘11
1= Timinge@Block [ {$p = 4, $k = 2}, {
s =S51[QU[a;1]] /. QU - Times,
exps = Expgy,,sk[a, S], (* Warning: wrong unless $p=$k+1! «)
HL@Simp[S;@0qy[{a1}1, SS[e"*™]] - QUe (exps /. a> ha) |

H

our-- {33.5938, {-a1, G| {y1, a1, X1}1, - ay, 1+0[e]?], @}}
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1= TimingeBlock [ {$p = 4, $k = 2}, {
s =S;[QU[X1]] /. QU - Times,
exps = Expqu,,sc[€, S1, (% Warning: wrong unless $p=$k+1! *)

HL@Simp[S;@0qy[{X1}1, SS[e"¢™]] - QUe (exps /. E- 1 &) |
H

1
our - {34.0625, {-x1-€ha;x; - ;ezﬁz a2 xq,

1 1
e+ |-—¢&n?aixg+ —¥*E2ntxi-
4

1
CEQU[{YIJ a1, X1t1, —EX1, 1+ |-&hagXg - EY§2T7X%

1 1 1 1
y§2h2a1x§+ggzhzafx%—;y2§3hzxi+;y§3h2a1xi+gy2§4h2x‘l‘ e?+0[e)’]|, 0}}

S(e" 827 6%¥)

1= Timinge@Block [ {$p = 3, $k = 1}, {
Sexp = m3,2,1,1 [EXpou,,sk [, S1[QUIY1]1] /. QU » Times] Expqu,,sk [@, S2[QU[a2]] /. QU - Times]
EXPqu,,sk [€> S3[QU[X3]] /. QU » Times]] /. {n->5an, a-»ha, £€->0¢&},
HLeSimpT [QUesexp - S1@0qu[{Y1, a1, X1}1, SS[e? (TViraar&x)]]]

H

outf+J= {9 .34375,

1

{Gu[{y1> a1, Xa}1, —— (" nER? - " n e Ty -an?a Ty -e " "€ Tyxg - e nhy;),

AT,

1

4nT?

8einecnda  T1+4e™ iy n R T2 -2y 2 &2 n* 1246222y n 20 Ty xq -
22y 2t Tix - 4e® P enda; T2x - 22 By 20 T2 32
GGZQYHY’,)Z §h4y1+4eayhynh31—1y1_262ayhyn2 ghAlel_

4" M nntarTiyr -4y nEnt Tixgy -2y’ htyl) e +0[e]?], @} }

1+ (-3e** "y n? & nt -4y ERP T+ 42y 2 20 Ty +

LinearLambda
1= TimingeBlock [{$p = 3, $k = 1}, {
(sexp = m3 5,11 [EXpqu, sk [15 S1[QUIY11] /. QU » Times] Expqu,,sk [, S2[QU[a2]] /. QU - Times]
EXPou,, sk [€5 S3[QUIX3]1] /. QU > Times]]) /. u_4 = u,
HLeSimpT[QUe (sexp /. {n->hn, a>ha, £->hE}) -
S1@0qu[{Y1, a1, X1}1, SS[e” MYiraarex) 1]
LinearLambda } ]

1
our- - {15.2969, {Gu|[{y1, a1, X1}, E(e[”n§—e‘”Tr]§—aTo¢h—e(”yr7h—e(”Tx§fz),

1
47T2h
4" TP ynEh+6e*Vyyn?En-2e**"Tyyn*Eh+6e Txyn& h-
2e? " TP xyn&hn-4ae’ ' Tynh?+4e* " Tyynh?-2e**7y*yn*h’ -

4ae‘”szé“hz—4ezaYTxy7{r]§h2—2e20‘7‘T2X27§2f12) €+0[€]2], 9}}

1+

(—Bez‘”YUZ§2+4e2°‘7T7(77252—e20"/T2y772§2+8aea’/Trlgh—4ea"Tyr]§h+
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Ar1(e™ e etn)

1= Timinge@Block [ {$p = 3, $k = 2}, {
S = A1,1,2[QU[y1]] /. QU - Times,
exps = Prepend[{y,}.] @Expqu,,sx [, S]1, (* Warning: wrong unless $p=$k+1! x)
HL@Simp[A1,1,2@0qu[{Y1}1, SS[e”"¥:]] - QUe (exps /. n > han) ]

H

1 2 22 42
our-j= {35.9531, {y1+Tyy,-ehay T1y2+;e n?alT1ya,

€ +

1
CEQU[{yz}z; (Y1, @1, X231, 71 (Y1 +T1y2), 1+ |[-nhaiTiyz + ;Yﬂthl)’lb
1 1 1
Eﬁzaleyz (n+n*T1ya) Py (v n?n2Tyya - v n? n2 T2 y3) s

€2+0[€]3], 0}}

1
(3v? R Tyy,+2v?* n? W2 T y3) + ;yf (4P Try, +3v? n* 2 T y3)

1= TimingeBlock [ {$p = 3, $k = 2}, {
S = A1,1,2[QU[a1]] /. QU - Times,
exps = Prepend[{a},] @Expqu,,sx [@, S], (* Warning: wrong unless $p=$k+1! x)
HL@Simp[Ag,1,2@0qu[{a1}1, SS[e”*™]] - QUe (exps /. a » ha) |

H

our-1= {30.5313, {a1 + ay, G| {32}2, (Y1, 1, X1}1, & (a1 +a;), 1+0[e]?], @} }

1= Timing@Block [ {$p = 3, $k = 2}, {
S = A15,1,2[QU[X1]1] /. QU - Times,
exps = Prepend [ {X;},] @Expqu,,sx [§, S]1, (* Warning: wrong unless $p=$k+1! x)
HL@Simp[A1,1,2@00u[{X1}1, SS[e”*]] - QUe (exps /. £ » B §) ]

H

1
ouf = {34.2656, {x1+X;-€chayx;+ ;ezhz ai X2, G| {X2}2, {Y1, 31, X1}1, € (X1 +X2),

1 1 1
1+ —§ha1x2+—y§2hx1x2) e+ |—h*alxy (£+82%) - —yhParxi Xy (E2+ & Xa) +
2 2 2

iyzhlexz (382+26%x,) +21—47{21”’12fo2 (4+3&%x,) | 2+0[e)?], 0}}
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LinearLambda
1= TimingeBlock [ {$p = 4, $k = 2}, {

sexp = My,3,5,1@My, 4,652@Times [
Prepend[{y>}>] @EXpqu,,sk [175 £151,2[QU[Y1]] /. QU - Times],
Prepend[{as}4] @Expqu,, sk [@s A3,3,4[QU[az]] /. QU -» Times],
Prepend[ {Xs}s] @EXpqu,,sk [£5 As,5,6 [QUIX5]] /. QU » Times]

1 /7. {n->an, a»ha, £>0¢},
HLeSimpT [QUesexp - A;,1,,@0qu[{Y1, a1, X1}1, SS[e” MYiraarex) 1]

H

LinearLambda
our 1= {162., {Gu[{y2s 32, Xa}2, (Y1, 31, Xa}1, char+ahay+Ehxg+ EAXa+nhy1+nhTyy,
1
1+ = (-26h%arx+y &P xyxp-2nhtarTiy, +yn? W’ Ty ya) €+
2
1
— (126n’al %+ 6 At xaxp - 12y 2 a1 xa Xp + 42 £ P xi xp + 12 €2 h* af x5 +
24
A8 X2 -12y &8RP arxax3+3¥2 &t xdx3i+12nndaiTiy, +
2nentalTixoy, - 12y N haiTixaxa Yo +6 ¥ 1 h* Tiy1y, - 12y n* h* a1 Tayr ys -
12)/772§f15a1T1X2y1y2+67(2r]z§2h6T1X1X2y1yz+47{2r]3h5T1y%y2+12n2h4a%T§y§+
4P Tiyiy3-12v PP ar Tiyays + 392 n* 1 Tiyly;) €*+0[e]’], o} }
Zip and Bind
E

mp= E/:E[LI , Q1 ,P1 JE[L2 ,Q2 ,P2 ] :=E[L1+L2, Q1+Q2, P1xP2];
Zip

In[]:= {t*, y*, a*, x*, z*} = {t, n, a, &, E};
{t*s n*, a*, &, 8"} = {t, y, a, X, z}; (u_i_)* t= (U*) s

Zip

nep= ZipG[P_1 1= P5 Zips,s 3 [P_1 i= (Expand[P // Zipisy] /. f_. &% » 8(po,ayf) /- £* >0

QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such zips regard the L variables as scalars.
Zip
nep=  E /i QZips 1ist@E[L_, Q_, P_] := Module[{&, z, zs, c, ¥s, ns, qt, zrule, Q1, Q2},
zs = Table[Z&*, {&, &5}
c=0Q/.Alternativesee (¢sUzs) - 0;
ys = Table[d. (Q /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (Q /. Alternatives ee &5 - @), {z, 25}];
qt = InverseeTable[KS, ~ - 0,,:0Q, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys)];
Ql=c+ns.zs /. zrule;
Q2 = Q1 /. Alternatives @@ zs - 0;
Simplify /e E[L, Q2, Det[qt] e % Zip, [e® (P /. zrule)]] |;
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1= Timing@ {E@ = E[@, Sum[aiei.j Xi &5, {1, 3}, {J, 3}1,
1+eSum[fi[x1, X2, X3] &1, {1, 3}] +eSum[f15.5[X1, X2, X3] &i &5, {1, 3}, {J, 3311,
lhs = QZip(¢,,s,; @EO,
HL[lhs == QZip(¢,; @QZips,, @EO] }

[38.6875, {E[e, ,1ve (& + + ) +
outf-J= € (&3 f1a (X1, X2, X3] + + &3 Fa3 X1, X2, X31) |, , True}}
large output show less show more show all set size limit...

Inf]:= Timing@{
Eh = E[O, hsum[alei+j Xji §j) {i) 3}, {j) 3}1,
1+eSum[f;[Xx1, X2, X3] §1, {1, 3}] +€ Sum['Flei+j [X1, X2, X3] €1 &5, {i, 3}, {3, 3311,
lhs = Normal[Eh /. E[L_, Q_, P_] :» Series[Pe"*?, {h, @, 2}]] // Zip(e,,
HL@Simplify[lhs == Normal[QZip(e,) [Eh] /. E[L_, Q_, P_] > Series[Pe"*?, {h, 0, 2}]]]}

{18.4375, {E[e, h » 1+e (& + + ) +
outf+J= €l (§%'F11[X1) X2, X3] + + &3 F33[ X1, Xo, Xslﬂ, s TT‘UE}}
large output show less show more show all set size limit...

LZip implements the “L-level zips” on E(L, Q, P) = Pe'*?. Such zips regard all of Pe? as a single”P”. Here
the Z’saretand aand the {’sare tand a.

Zip
E /: LZips 1ist@E[L_, Q_, P_] := Module[{Z&, z, 2zs, C, ys, ns, 1t, zrule, L1, L2},
zs = Table[&*, {&, &5}1;
c =L /. Alternatives ee (:sU zs) - 0;
ys = Table[d, (L /. Alternativeseezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee s - @), {z, 25}];
1t = Inverse@Table [KS,, -+ - 0,,:L, {&, &5}, {2z, z5}];
zrule = Thread[zs » 1t. (zs +ys)];
L1 =c+ns.zs /. zrule;
L2 = L1 /. Alternatives @@ zs - 0;
(* Warning: The "/. Alternativese@zs-0" in the line below may be fishy x)
Simplify /e
E[L2, Q /. zrule /. Alternatives @@ zs - @, Det[1t] e "* Zips [e"* (P /. zrule)]] |;
Bind
mi-1=  Bindgis__1ntegery [L_E, R_E] := Module[{n},

Times|
L/.Table[(v:it|a|X|y);~ Vieis {1, {i5}}],
R/.Table[(v:t|a|&|n)i-Viei, {i, {i5}}]
] // LZipFlatten@Table[(rn@i,an@i),(i,(is)}] // QZipFlatten@Table[(§n@i;yn@i))(i;{i5)}]

]
Bind[& E] := &;
Bind[Ls__, &s_List, R_] := Binds[Bind[Ls], R];
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7= Bindy [E[@, § (X1 +X2), 11, E[0, & (X2+X3), 1]]

ouf-]= E[@, & (X1 + X2 +X3), 1]

1= Bind 2y [E[@, (&2 + &3) X2, 1], E[0, (&1 + &2) X, 1]]
ouf-]= E[@, X (§1+ &2+ E3), 1]

inf-1= Bindy,2y [E[@, (&2 + &3) X2+ §1X1, 1], E[O, (&1 +&2) X, 1]]
ouf-]= E[@, X (§1+ &2+ E3), 1]

An xay = axy = ayx —> yax = xay - xya - yxa - yax test:

1= Bind [E [ag @1+ Tats, @ ® §1X1 + M1 Y1, 1], {1}, E[tati+agar, §1X +M1ys+ §17m1ty, 1]]

ouf- = Elapag+tyTa, yrna+ e’ ™ (xg+ tam) €1, 1]

In[«]:= Column@{Cor‘d [Ecu[{X1, @1}1, E1 X1 +01 a1, 1 +0p]1],
Cord[Gcy[{X15 Y1}1s E1 X1 +M1Y15, 1+0p] 1],
Cord[Gcy[{a1, Y1}1, a1@1+ 7M1 Y1, 1+0e]]}

Eu[{a1, X1}1, €7 (€™ ajoq+X1 &), 1+0[€]?]
our-= Gy [ {Y1s @15 Xab1, Y111+ X1 E1-tin1 &1, 1+0[€]?]
Eu[{y1s a1}1, €7 (€™ ajon+y1m), 1+0[e]?]

In[~]:= PXa = IE['E]_ t]_ + aq A1, e ¥ §1 X1 +1M1Y1, 1];
rxy =E[titi+aga1, E1Xa+my1-8&1mty, 115
ray =E[titi+aia;, ey + &1 X1, 1]
Bind[rxa, {1}, rxy]

ouf- - Elagag+taTe, yina+e ' (xa - ta ) €1, 1]

n-}= Expand /@ Bind[rxa, {1}, rxy, {1}, ray]

ouf - Elagag+tyiTa, @ Yy e VM xg E1-e Mty g €, 1]

n-}- Expand /@ Bind[ray, {1}, rxy, {1}, rxa]

ouf - Elagag+tyiTa, @ Yy e VM xg E1-e Mty g €, 1]

Alternative Algorithms

mr= Aaig,e [CU] := If[R =@, 1, Module[{eq, d, b, c, so},
eq = p@e§xcu.p@efl}'cu - p@edYCu.p@eC (tlw -2€aw) .p@ebxcuj
{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /. Cel - @;
Series[e—ny—§X+n§t+ct+dy—26ca+bx /. so, {€, 0, k}]]];
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{Xa1t,2[CU], HLe@Simplify@Normal([Aait,2[CU] == Last[Acy,2[{€, n}, {X, Y}111}

2 2 1 2 o2
{1+12anc-yvyn*E-xyne¢ Pty e e

1 1 2 1
5 [[2an§—yvmz§—xvm§2+;tvmz§2) +2 [—3777252+)/Y2T]3§2+XY2T]2§3—;tY2U3§3J]

€?+0[e]?, True}
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