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Pensieve header: A unified verification notebook for the $sl_2$-portfolio project; continues
pensieve://Projects/PPSA/nb/Verification.pdf.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog
Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio"];
NotebookOpen [wdir <> "\\MakeSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.

™D

$p=2; $k =1; (» $k can't be » at least because of Faddeev-Quesne. =)
If[$k=0, €=0, € /: €* /; R>$k :=0]; (» $k=0 fails in Series[..{e,...}] *)
SetAttributes[{SS, SST}, HoldAll];
TRule = {T; - "™, T e"*};
SS[&_]1 := Block[{h, €}, (* Shielded Series =x)
Collect [NormaleSeries[&s, {n, @, $p}], 2, Together] 1;

SST[& ] :=

Block[{%, €}, Collect[Normal@Series[& /. TRule, {#, @, $p}], 2, Together] ];
Simp[& , op_] := Collect[s, _CU| _QU, op];
Simp[&_ ] := Simp[&, Collect [Normale@Series[, {h, @, $p}]1, B, Expand] &];
SimpT[& ] :=

Collect[s, _CU| _QU, Collect[NormaleSeries[# /. TRule, {h, @, $p}], A, Expand] &];

Differential polynomials (DP):
Utils

DP. sp, ,5-p, [P_1[11 :=
Total[CoefficientRules[P, {a, 5}] /. ({m_, n_} »c_ ) =»cD[A, {x, m}, {V, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x _,y ,Z ] = (X*%Y) *%x2Z;

Ox% _=_*%x0=0;

(x_Plus) #xy_i= (#Z*xy) &/@x; x_#x (y_Plus) := (x** 1) &/@y;

B[x_ , x ]1=0; B[x_,Vy ] = X**xy -y *x*X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts_ _Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}},
() = Uen) &/@egs;
gp = Alternativeseegs; gp=gp | g8p ;5 (* gens x)
sr = Thread[gs » Range@Length@gs]; (* sorting - #)
cp = Alternativese@cs; (* cents =x)
CE[&] := Collect[s, U, (Expand[#] /. b /; d>$p:=0) &];
Ui [&.] := & /. {t:cp» ti, u_U > Replace[u, x_ » Xxi, 1]};
Ui [NCM[]] =pow[&, @] =Ue{} =1, =U[];
BlUe (x_): , Ue(y_)i ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlUe(x_):,Ue(y_);1 /; i=t=7 := 0;
B[Uey , Uex_] := CE[-B[Uex, Uey]];
X_**x1y i=X; 1y*x*xX_ 1= X;
(@_. #x_U) %% (b_. xy_U) := If[ab === 0, @, CE[ab (x**y)]];
Ulxx___,x_] %% U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YV], U@xx x* (URy x*x U@x + B[U@x, URy]) »*xUeyy];
ve{c_. (L:gp)™, r___} /; FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;
ve{c .xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c ,r___} /; FreeQ[c, gp] := CE[cUe{r}];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL ,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[specs___, poly_] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}]1;
vs = Joinee (First /@ sp);
us = Joinee (Sp /. Lg = (l_ /o X_i xs) );
CE[Total|
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)
]] /e X_pu11 x];
pow[& , n_] := pow[&, n-1] ** &S
Sy[&_, ss___Rule] := CE@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u_U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] *=*
U; [NCM @@ ReverseeCases [u, x_; =» SeUex]]]; |

DeclareMorphism

QLImplementation
DeclareMorphism[m_, U_ - V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g_- img_) = (m[U[g]] = img), {1}];
ml1y] = 1y;
mlU[g_i_ 1] := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_Uw»mlull;)
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Meta-Operations

QLImplementation

Si [& Plus] := Simp[S; /@ &];

Implementing CU = U(sl5°)

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
Bl[acus Yol = =¥ Ycs; B[Xcws acw] = =¥ Xcus

B[Xcus Yol = 2€acy - t 1;

(secuey = -ycy; S@acy = -acy; S@Xcy = - Xcus)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[zl *% (22 *% 23) - (Zl *% 22) *%x 23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, 0}, {0, 0, 0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
z1 %% (ZZ *% 23) -rhs // Simp // HL
}] 77 Timing
{0.859375,
{(28t2y*+116ty €) CULY, ¥, ¥, X, X] + <<21>> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X], @}}

Verifying that S is an anti-homomorphism on CU:

With[{bas = CU /@ {y1, a1, X1}},
Table [HL@Simp[S;[Zz1 %% z2] - Sy [22] #* S;[z1]],
{z1, bas}, {z2, bas} ] 1]

{{e, e, @}, {0, 0,0}, {6,0,0}}

Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [zl #% z2 % 23 - S, @S, [21 **x 22 x%x 23] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{e, @, 0}, {0, 0,0}, {0,0,0}}, {{0,0, 0}, {0,0,0}, {6,0,0}}}
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Implementing QU = Wq(slf)

Aside
Series[(1-Te2°2") /h, {a, @, 3}]
Aside

h

4
+2eTa-2(e*hT)a’+—e*h*Ta*+0[a]*
3

Qu
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q=SS[e"*"];
B[agu, Youl = =¥ You; B[Xqu, a] = -y QUex;
B[Xqus Yul = (9-1) Que{y, x} + Og[{a}, SS[(1-Te??") /n]];
(Seyqu = Oqu[{a, ¥}, SS[-T*e" ?y]]; Seaq = -aq; S@xq = Oqu[{a, X}, SS[-e"*?x]];)
Si [QU, Centrals] = {t; » -t;, Ti > Ti'};

With[{bas = QU /e {y, a, x}}, Table[{zl, z2} » Simp[zl ** z2 - z2 »% z1], {z1, bas}, {z2, bas}] ]

{{{Quly], Qulyl} » @, {QUly], QU[a]l} - v QU[y],
(-1+T)Qur]
h

yl, {QU[a], QU[a]} > @, {QU[a], QU[x]} - ¥ QU[x]},
QU]

{QUIy], QU[x]} - -2TeQU[a] -yenQUly, x]},

{{QU[a], QU[y]} » -¥vQU
(1-T

—_

{{QUix], QUly]} ~ +2TeQuUlal +yehQUly, x],

o

{QU[x], QU[a]} » -v QU

x], {QU[x], QU[x]} >@}}
Verifying associativity on triples of generators:

With[{bas = QU/@ {y, a, X}},
Table [HL[21 %% (22 % 23) - (21 %% 22) »% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{6, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $p=5, $k=2):

With[{z1 =QU[y, y, a, a, X, x], 22 =QU[y, a, x], 23 =QU[y, ¥, a, x]}, {
(rhs = (z1 %% 22) %»x23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp ]
}] 77 Timing
28y -56 Ty*+28T2y* 82y € -280 «<3> +198T2y° ¢
h? i gl
<«<18>> + (1+8){€h> QU[ «<1>7, 0}}

{8.60938, {

QULY, ¥, ¥ X, X] +

Verifying that S is an anti-homomorphism on QU:
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With[{bas = QU /@ {y1, a1, X1}},
Table[{z1, z2} » HL@Simp[S;[z1 *% z2] - S1[Zz2] ** S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} - @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}

Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $p=5, $k=2):

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, x], 23 =CU[y, Yy, a, x]}, {

Shor‘t[lhs = z1 %% (22 *% 23) ] B

Short[rhs = (QUeez1) «* ((QUeez2) »» (QUeez3))],

Expand[Limit[rhs /. TRulel{J {QU - CU}, & - ©] -1lhs] // HL

}] // Timing
{13.0156, {48ty e CULY, ¥, ¥, X, X] + <<77> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X],

4¥°e 8Ty’e 4T?ye
- + QULY, ¥, ¥ X, X] +
h h h

<«<217>> +8yehQU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], 0}}

Implementing 6

theta
DeclareMorphism[C6, CU - CU, {y - -Xcy, @~ -aw, X -Ya}, {t--t, T>T?}];
DeclareMorphism[Qe, QU » QU, {y - Oq[{a, x}, SS[-T*2e"¢?x]],
a--aq, X-0q[{a, y}, SS[-T*2e*?y]|]}, {t->-t, T>T}]
Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[CO[CO[Z2]]], {z, bas}] ]

{CU[y] » -CU[x] »CU[y], CU[a] - -CU[a] »CU[a], CU[x] » -CU[y] » CU[x]}
Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[CO[zl *% z2] -CO[z1] *xCo[z2] // HL, {z1, bas}, {z2, bas}] ]

{{0, 0,0}, {0,0,0}, {6,0,0}}
Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » Qo[z] - HL[Simp[Qo[Q6[Z] ], PowerExpand]], {z, bas}] ]

QU[x] €hQU[a, X]

{Quiy] - - T - QU[y], QU[a] » -QU[a] - QU[a],
T VT
1 h hQU[y,

QIx] > |- ——+ L5 y) - PO Ay )
VTONT VT

Verifying that 6 is a multiplicative homomorphism on QU:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[Q6[z1l »* z2] - QO [z1l] **Q6[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

ye t t-ye)?
AD$f = Cosh|h +— - —|] -Cosh(a +
D$f = ¥ | |Cosh|[ (ae " 2)] osh| \/( ; ] ew | /

(he”(‘a"’f) e-t/2) Sinh[m] (a2e+axe—at—w)) 5
2

Scaling behaviour of AD$f:
HLeSimplify [AD$f == ((AD$f /. ¥y->1) /. {e>ve, asyta, w->y'o})]
True
HL@FullSimplify [
AD$F == ((AD$f /. y>1) /. {n > ¥*h,ese/y, ana/y, to>y?t, w->y3w})]
True
ADeq

AD$w = ¥ CU[y, x] +€CU[a, a] - (t-ye) CU[a];

ADeq

DeclareMorphism[AD, QU - CU,
{a = dcys X = CU@X, y-> §cu[SS[A]D$'F] /. e €y, d—=dcy, W~ A]D$w] **yCU}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[SimpT[AD [z1 #% z2] - AD [z1] %% AD [2z2]]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} —» @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{Qu(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.
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SDeq
S]D$g=\/[[27 [Cosh[f—I\/t2+72e2+4ew] —Cosh[ﬂ]]]/
2 2/n
(Sinh[ﬁ] (t (2a+~() -2a (a+Yy) e+2w) h)],
2
Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:
Cosh|n (%+ea)] - Cosh[n tz“;ez+ew]
{spsP =
hsinh[%] (w-ea?+ (t-e)a+t/2)
Simplify [SD$P == (SD$P /. {a—>-a-1, t--t})] // HL,
PowerExpand@Simpli-Fy[(S]D$P /. {ﬁ > y’h,ese/y, ana/y, toy?t, w>y? w}) =
Sp$g (SD$g /. {a-»-a-y, t>-t})] // HL,
SD$Q = Simplify[sD$P /. {a-»c-1/2}],
Simplify [SD$Q = (SD$Q /. {c—>-c, t—>-t})] // HL,
FullSimplify [SD$g = FullSimplify |
\/sp$Q /. c—>a+1/2 /. {fz > y’h,es>e/y, ana/y, to>y2t, w—>7'3w}]] // HL
}
{-|]||Cosh[|ae+ — ]h]—Cosh[ 1(e2+‘c2)+ew n| Csch[ﬂ} /
2 4 2
) t
((—a e+ —+a(-e+t) +w] h] , True, True,
2
(4 fCosh[lx/e2+t2+4ew n| +Cosh[cen- tﬁ]] Csch[ﬂ})/ (((-1+4c?)e-4(ct+w))n),
2 2 2
True, Tr‘ue}
SDeq
SD$f = Simplify[e” */2¢? (sp$g /. {a—>-a, t->-t})];
SDeq
SD$w = y CU[y, x] +e CU[a, a] - (t-ye) CU[a] -tylw/2;
SDeq

DeclareMorphism[SD, QU -» CU, {a - acy,
X > Scy[SS[SD$f] /. e > €, a > acy, w > SD$W] ** Xcy,
Yy > Scu[SS[SD$g] /. e > €, a- acy, w - SD$w] ** Yy } ]

Verifying the 8-symmetry:
Table [HL@SimpT[CO[SD[z]] == SD[QO[z]]1], {z, QU/@ {y, a, x}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:
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Quesne

With[{bas = QU /e {y, a, x}},
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Table[{z1l, z2} » HL@SimpT[SD [z1 *% z2] - SD[z1] ** SD[z2]], {z1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},

{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

in QU.

Faddeev-Quesne’s formula:

k. (1-qg)3x3
ey ,r [x ] :=e” [Z %], e, [Xx_] = eq ek [X]
J

Table[Together@SeriesCoefficient[e,,s[x], {X, @, n}], {n, @, 5}]

{1, 1, L, ! s ! 5
1o (1+p) (1+p+0%)  (1+p)% (1+0%) (1+p+0?)

1/((1+p>2 (1+pz) (1+p+pz) (1+p+pz+p3+p4))}

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[x], {X, @, n}]], {n, @, 5}]

{1,1,1,1,1, 1}

QUIR; ,; ]
QIR |

S;@QU[R:,;]1;

QU[Rs,4] // Short
e hQU[as, az] <«<1>>
QT+ 2 L hQULYs, Xa] +
Y Y

«<1>> € <«<3> h?2QU[ys, as, Xa] tz h%2QU[as, a4 t}
<<1>> - - 5 - +

Y ¥ Y 2+y?

+

Verifying R2 (~2 secs @ $p=4, $k=2):

QU[Ry,2 #*Ry%] 7/ Simp // HL // Timing
{0.09375, QU[]}

Verifying R3 (~156 secs @ $p=4, $k=2):

Oqu[{y1s @1}is {325 X2}, SS[e"®® eq[hy1Xz] /. by > ¥y (ea1-t:)]];

{Shol"t[lhs = QU[R]_,Z * % R1,3 * % R2,3]], HL@SimpT[th—QU[R2,3 * % R1,3 ** Rl,Z]]]’ // Timing

2
{0.421875, {QU[] + €nQlas, &) ;

Y
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The representation p

p@yCU=p@yqu= (2 g); p@acu=p@aQU= (g g);
P@Xcy = (g g); p@XQu=SS@(2 (1_6_762)/(61’1) );
ple”] := MatrixExp[p[511;

p[& ] =

10

(5 /. {t->ye, T>e?¥¢} /. (U:CU|QU)[u___] :>Fold[Dot, (e :

), p/@U/@{u}])

Verifying that p represents CU and QU:
Table[p[zl % 2z2] = p[z1].p[22] // SS // HL,
{U, {CU, QU}}, {z1, U/e{y, a, x}}, {z2, U/@{y, a, x}} ]

{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

(E and the logoi A

Logoi from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.
CdsO
CU@Cy[specs___, Q_,
QUety [specs___, Q_,

Ocy[specs, SS[e’P]];

P_]
P_] Oq[specs, sS[e’P]];

HL [D[QECU@x] .p[eaCU@a] " p[eacU@a] .p[e‘e_w“l’@x]]
True
Logos

Ay [{<, a}, (%, a}] :=G[{a, x}, va+e ™ <x, 1];
Ay [{a s 7.}, {2, ¥}] :=GU[{y: a}, ca+e ¥y, 1]3

{Ax[{E, a}, {x, a}], lhs = 7@C,[{X, a}, A (§Xx+aa), 1],
HL[lhs == 7@A.[h {£, a}, {X, a}]1]} & /@ {CU, QU}
{{Gu[{a, x}, aa+e " x&, 1],
1 1
CU[] +ahCU[a) + (Eh-oayEh®) CU[X] + —a®h*CU[a, a] +aER*CUla, X] + — E2h® CU[X, X],
2 2
True}, {Gu|{a, x}, aa+e® x&, 1], QU[] +ahQUlal + (Eh-ay En?) QUIX] +

lthZQU[a, al] +a£n%QU[a, x] + 1 £ n*QU[x, x], True}}
2 2
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{A[{a, n}, {3, y}], lhs = 7@€,[{a, Yy}, A (ny+aa), 1],
HL[1lhs == 7@A,[h {a, n}, {3, y}]1]} & /@ {CU, QU}

{{ch[{y: a},aa+e®fyn, 1],
1 1
CU[] +ahCU[a) + (nh-oaynh®) CU[y] + —a®*h*CU[a, a] +anh?*CUly, a] + —n*hA*CULy, y],
2 2
True}, {Gu[{y, a}, ac+e® yn, 1], QU[] +ahQU[a]l + (nh-aynh®) QIly] +

1 1
~a?n’QUla, al +anh2QUly, al + — 1> #>QUly, y], True}}
2 2

Goal. In either U, compute F=e™™ ¥ e e~¢*. First compute G = e* ye¢X, a finite sum. Now F satisfies
the ODE 0,F =8,(e™™ e”G) = -yF + FG with initial conditions F(n=0)=1. So we set it up and solve:

With[{U = CU},
Module[{G, F, fs, bs, e, b, es, sol},
G = Echo@Simp [Table[€* /k!, {k, ®, $k+1}].NestList[Simp[B[x,, #]1] & yu, $k+11];
fs = EchoeFlatteneTable[f,,; j,k[n], {1, 0, $k}, {i, @, 1}, {j, 0, 1}, {k, @, 1}];
F =Echo[fs.(bs =fs /. f,_,i ,5 . [n] » €' UVe{y', a/, x*})];
es = Flatten[
Table[Coefficient[e, b] == 0, {e, {F-1y/.n >0, FxxG-yy*xF-0,F}}, {b, bs}]1;
sol = Echo@First[F /. DSolve[es, fs, n]l;
Echo[sol /. {e- » 1, U - Times}];
Collect[sol /. {e- »1, U Times}, €, Simplify]

1]

tECU[] +2€e&ECUa] —ye 2 CU[X] + CULY]

{'Fe,e,e,e (115 f1,0,0,0(n15 T1,0,0,1[N15 F1,0,1,6[71]>
f1,0,1,1[115 f1,1,8,6(0])5 F1,1,0,0(1]5 F1,1,1,0(0]5 F1,1,1,1 (7] }

CU[] fo,0,0,6[Nn] +€CU[] f1,6,0,6[Nn] +€ CU[X] f1,6,0,1[n] +eCU[a] f1,6,1,6[Nn] +€CU[a, X] f1,6,1,1[N] +
€ CU[y] f1,1,0,0[N] +€CU[Y, X] f1,1,0,2[N] +€CU[y, a] f1,1,1,0[n] +€CU[y, a, X] f1,1,1,1["]

1
e[+ —e T tyen? iUl +2e VT encCUlal —e T yen&2CUIX] —e e yent ECUly]
2
2 2 1 2 2
l+2aené-yven &-xvyeng +£t7r€n 3

1
1+;er7§<4a+7((—2yr7—2x§+tr7§))
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Logos

AU,[{S(IfJ 71 Y, {X, YY1 1= Ay[{ST, 71}, {X, Y}] = Module[{g, n, G, F, ‘FS, f: bs, e, b, es},
G = Simp[Table[&* /k!, {k, @, $k+1}].NestList[Simp[B[x,, #1] & Yyu, $k+11];
fs = Flatten@Table['Fl,i,j,k[n]) {1, o, $k}, {i, 0, 1}, {j, @, 1}, {k, @, 1}];
F=fs.(bs="Fs /. f_,i,j,[n]»e vely',a,x});
es = Flatten][
Table[Coefficient[e, b] =0, {e, {F-1,/.71 >0, FxxG-y,*xF-0,F}}, {b, bs}11;
F =F /.DSolve[es, fs, n][11;
Gu[{)': a, X},
EX+ny+ (U /. {CU—)—tnf, QU > n§(1—T)/ﬁ}),
F/. {e->1, U- Times}
] 7. (€~ &1, n> 713];
(*A[U_]:=Last[Ay[{E,n}, {X,Y}1]5*)

{Acw[{&5 n}s {X, y}1, 1lhs = CU@CGy[{x, ¥}, A (§X+nYy), 1],
HL[1hs == CUe@Acy[2 {&, n}, {X, Y}]11}

2 2 1 2 o2
{(ECU[{y, a, X}, yn+x&-tné&,1+2aené-yyen &-xyené +;tyen §],
(1-tné&n*) CU[] +2enéEn*CUla) + EACU[X] +nhCU[y] +
1 1
—&n*CU[x, x] +nEn*CUly, x] + —n*h®CU[y, y], True}
2 2
{Al{&s n}s {X, y}1, 1lhs = QUeCGy[{x, ¥}, A (§x+nYy), 1],
HL@SimpT[1lhs == QUeAq [ {§, n}, {X, ¥}11}
(1-T)n¢
el

- (-1+3T) xyen&?+ (-2+T) (-2+3T)yen’ &
2 4n
(1+n&n-Tngn) QU] +2Ten&n*QUla) + £nQU[X] +nhQU[y] +

1
[(Gu[{y, @, X}, yn+x&+ , 1+2aTen§—; (-1+3T)yven®e-

+xyyenén],

2 e2m2Quix, x] + 1 ERQULY, X] ¢ = 2 R2QULY, Y], True}
2 2

{tt = Last[Aw[{&, n}, {X, y}]1], Normal@Series[Log[tt], {€, @, $k}]}

1 1
{1+Za€n§fy7ren2§fxyen§2+;twenzéz, € 2a77§fy7mz§fxvrr7§2+£tw72§2 1

{tt = Last[Aq[{E, n}, {X, Y}11, Normal@Series[Log[tt], {e, 0, $k}]}
{1+2aTen¢- 1 (-1+3T)yven®€- 1 (-1+3T) xvené&+
2 2

(-1+T) (-143T) yen?&?
4n
8aTn&Eh+2yyn*Eh-6Tyyn*Eh+2xyn&h-6Txyn&h+axyynéEn®)}

1
rxyvenen, e (v -4Tyn?+3Tyn* &+
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Logos

Ny [{o, v, O}, {U_, Ww_}] = My[{v, @}, {U, W}];
Simp [, [specs___, Q_, P_]1] :=
G, [specs, ExpandNumerator@Together [Q], Collect[P, €, ExpandNumerator@x Together]];
Ny [{A_, 01, O}, {U_,W_}] := SimP@MOdU]-e[{U: w, yax, g, p, Q, d},
{yax, g, p} = Listeeay[{v, w}, {u, w}];
G [yax, Q= (vu+ww+suw+dvw) /(1-ds),
Expand[ (1-d 5) ™ e ®DP,p,,ump, [P][€?]]] 7+ {d> 0,00} /. (v 1, 0> w1}]

{Acw[{Es ns 6} {X, ¥}], lhs = CUGGy[{X, ¥}, B (EX+nYy+EXYy), 1],
HL[1hs == CU@Acy[2 {&, n, 6}, {X, ¥}11}
Xys+yn+x§&-tné 1

{(ECU[{y) a, X}, > +
1+t 1+to

1
€(4as6+12ats’+4axys’+2ty s’ -8xyys +12at? 6> +8atxys’ +4t2y &’ -

2 (1+t5)°
12txyy &P -4x?y?’ vy +d4at3ot+d4at’xys*t+2t3 vy -4t2xyy st -3tx2y?yot+
dayon-4yyon+8atysin-4tyysin-6xy’y&in+dat?ysin-4txy?’ysin-
2y 2y ot -ty?y 62 n?+4axSE-4xySE+8atxS2E-4txyS2E-6X2yySEPE+
4at’xsPE-4txPyySPE+d4anc+8atonE+4tyonE-8xyyonés+datisine+
A2y’ NE-Atxy Yy NE-2yy P E-2X0y 62 -t xXPy 22 -2xyn 2 +tyn? &),

(1-ton+t?&?n?+tysfen’-tnen®) U]+ (26eh-4t8%eh®+2enEn?)

CU[a] +

(§h—2t6§h2—2yée§h2) CU[X] +

(nh-2ténh®-2ys6enh®) CULy] +

45eEh%CU[a, x] +

lgzhz CU[X, x] +

2

45enh?CUly, a] +
(6n-2t6°n*-4ys&®en*+n&n®) CULy, x] +

1
;nzhz CUly, y] +

45%2eh’CUly, a, x] +
5ER CULyY, X, X] +
snh*CUly, y, x] +

1 2 22
— &2 n’CUly, y, X, x], True}
2
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{A[{&5 ns 6}, {X, ¥}1, lhs = QUeGyw[{x, ¥}, A (§x+ny+6xy), 1],
HL@SimpT[lhs == QUeaq[h {§, n, 6}, {X, Y}11}
nE-Tné+xXxyodh+ynh+x&h

{GQU[{yJ a, X}J b
-6+T6+h

I + : €(-8aTs*n*+24aT?6*n*-24aT6* n?+8aT* 6" n*+ 2y 5% h? -
-5+T6+h 4 (-6+TS6+h)°
12Ty 6*n2+24T2y6%n2-20T3y 6% n2+6THy 5% n?+24aT63n3-48aT1263R3 +
24aT383nd-4ayednd+20Ty PR3 -28T2y PR+ 123y 53 n3+8aTxys*n -
16aT?>xyo*n®+8aTixys*n?-8Txyys*n?+16T2xyys*hn®-8T3xyystnd+
8aTyo’nhnd-16aT?ys®nnd+8aTlys®nh’+8aTxs>En-16aT?xs3end+
8aT’xs3cn*+8aTé’nen®-16a1262neEn®+8at136?neEn’-4ays?neni
20Ty 82 neEn-28T2y 82 neEn+12T3y 62 neEn®-24aT82h*+24aT26%R% +
2y&2ht-8Tys?n*+6T2ys?n*-16aTxys>rt+16aT?xy s> n*+24Txyy &3 a* -
24T xyy &3 nt + X2 Y2y &5 nt + 4T X2y vy 64 nt -5 T2 X2 y2 y6*n* - 16aTy &2 nht +
16aT2y 8?2 nh*-4yy&innt+16Tyy &2 nh* -12T?yy 82 nh*+8Txy?y &3 nht -
8T2xy?y&3nnt -y? vy 822 n* +4Ty? v 82 n?n*-3T2y2y 62 n?h*-16aTx 62 En +
16aT2 X2 En* -a4xy 2 cn*+16 TXxy 2 ER* - 12 T2 xy 62 En*+8T X2y vy &3 €n* -
8T2x2yvyoiecn*-16aToncn*+16aT’oncEnt+4yoneEnt-16TyonEnt+
12T2y6nEn*+8TXYyYS2nER*-8T2xyy 82 neEn*t-x2y 82 e2n*+4Tx?y 628204 -
3722y &2 2Rt vy n? 2Rt -4Tyn? 2Rt +3T2yn?&%n*+8aTon’+8aTxys%h’ -
AXxyyoin® —12Txyy &2 n° -4x2y’y o3 n° -4Tx2y?ys3n°+8aTysnh®+4yyéonh® -
12Tyyonh® -2xy?y&2nh®-10Txy? y&82nh° +2y?yon?hn’ -6Ty2yon?n’+
8aTXOEN +A4XYSER - 12TXYSER -2 X2y y 62 ER°-10T X2y y 82 ER°+8aTnéEh -
16 TXYYSNER +2yyn? ERP-6Tyyn2ER +2x2y6E2R° -6TX2ySE2R° +2xyn &2h° -
6TXyn&h° +a4xyyont+4x2y> y 52 n®+aAxy’yonh®+4x%yysen®+axyynent) |,

1 3
1+6-T6+62-2T62+T28%2+ —y8%eh-2TyS%eh+ —T?y82ch+nEh-Tnén
2 2

QU] +
(2T6eh+4T6°eh-4T>6%ch+2TenEn?)

Qia] +
(En+266n-2T6Eh+y6e &N’ -3TybeEn)

QU[x] +
(nh+26nh-2Tonh+ysenh*-3Tysenh?)

QU[y] +
1
ATSeEn?QUla, x] + — E2R2QU[X, X] +
2
4TS e

nn*Quly, aj +
(6h+28°h-2T6*h+ybeh®+4y6>en’-8Tys*ehn® +nEn?)

QU[y, x] +
1
—n?n?QUly, y] +4T5*en*QUly, a, X] +
2
5En*QULY, X, X]
577f12QU[y) Y, X]

1 2 22
;é n?Quly, y, x, x], True}

+
+
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{tt = Last[Ac[{E, ns 6}, {X, Y}]]1, Normale@eSeries[Log[tt], {e, O, $k}]}
{

1

1+t6
1

+

——————¢c(4as+12ats’+4axys+ 2ty -8xyysi+12at’ S’ +8atxy s + 4Py 6 -

2 (1+t06)°
12txyyd3-4x?y?’y&P+4d4atdot+d4at?’xys*+2t3y ot -4t2xyy st -3t x2y?y et
daysn-4yyon+8atydin-4tyys?n-6xy’yoin+dat’ySin-atxy?ysin-
2Y2 vy ot -ty vy N +4axoE-AXYSE+8at X E-AtXxyS2E-6XPYyYSE+
4at’x&PE-4txPyyS E+danc+8atons+a4tyons-8xyyoné+datioine+
APy &N E-Atxyy?nE-2yyntE-2X0y6 8-t xXPy 5 2 -2xyn & +tyn? €Y,

1 2 2 2 2 2 <3 3
se(4ac+12ato’+daxy o’ -2ty o’ -8xyy o+ 12at? S +8atxy s’

2 (1+t6)
4t2y 52 -12txyy 82 -axPy?ysi+4atist+d4atixyst+ 23y st -atixyyst-
3txX?y?yst+daysn-4yyon+8atysin-4tyySin-6xy>ysin+
4at?y8Pn-4txy’y&3n-2y?yont-ty?yo6in?+4axSsE-4xySE+
8atxs2E-4txys?E-6xX2yyoiE+dat’xsPc-4txlyysiE+dancs+
8atonéE+4tyonc-8xyyonés+4at?o?nE+4t>y o6 nE-4txyyoiné-

I}

2yy P E-2x2y 68 -t xXPy &2 -2xyn &+ tyn?E?) +Log[1 o
N
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{tt = Last[A@w[{&, n, 6}, {X, Y}]1], Normal@Series[Log[tt], {€, @, $k}]}
h

[——.
-6+TS&+h
1

€ (-8aT54h2+24aT254ﬁ2-24aT354h2+8aT454h2+2y54h2-12Ty54h2+
4 (-5+TS6+h)°
24T?y 6 n?-20T3y 6% R +6T4yo6*n2+24aT6%n>-48aT?2 63 n®+24aT3 6313 -
4v52n+20Tyo3n-28T2yo3n3+12T3y %2 +8aTxys*rd-16aT?xys*nd+
8aT3xys*R-8Txyys*nP+16T2xyy&* n®-8T3xyys*n’+8aTys nh’-
16aT?y&>nn3+8aT’ys*nh*+8aTxs>cn’-16aT x> ¢n®+8atT3xs3¢nd+
8aTo’neEn’-16aT282nen®+8aT 82 nen® -4y 62nend+20Ty&2nend -
28T2y 82 nen?+12T3y 82 neEn*-24aT82n*+24aT262n* + 2y 62 n*-8Ty o2 at+
6T2y82n*-16aTxyshn*+16aT?xy &3 n* +24Txyy 63 n*-24T2 xyy 82t +
Xyl y ot nt v 4Ty y 8t -5 T2 xXPy?y st nt-16aTy o’ nh*t+16aT?y 62 nh* -
4yySPnnt+16Tyy o2 nh* - 12 T2y vy &2 nh* +8Txy? vy &3 nh*-8T* xy?y &3 nha* -
Y2yt nt + ATy y 82 n?at -3T2y2ye?n?ht-16aTxs?cnt+16aT?x 62 En* -
AxyS2ER*+ 16 TXx Y2 ER - 12T xy 52 En*+8T X2y vy 83 En*-8T2 x2yy &3 €n* -
16aTénéEn*+16aT?6nEn*+4yoneEn*-16TyonER*+12T2 yo6nEnt+
8TXYy Y& neEn*-8Tixyy & neEnt - X2y 82 &2 n*+4Tx?y 82 &2n*-3T2x2y82&2nt+
vyn?&at - aTyn? 2% +3T2yn??h*+8aTohn’+8aTxys?h’ -4xyys2h® -
12Txyy&2 0 -4x2y’y83n° -4TxX2y?yo3n°+8aTysonh’+4yyonh -
12Tyyénh®-2xy?y 82 nh°-10Txy? v 82 nh°+2y?yén?h® -6Ty>yon?hn®+
8aTXSER +AXYSER —12TXYSER -2X2yy &2 ER°-10TX2yy 82 ER +8aTnéR® -
16 TXYYONnER +2yyn? ER° 6Ty yn? ER +2 X2y S8 E2R° -6 TX2 Y6 2R +2Xxyn &2 A° -
6TXyNE N +AXyySn®+4X2y vy 6°n® +Axy>yonn®+4x>yy 5 En®+4xyynEn®),
1

4 (-5+TS&+h)
24T2y 6% n-20T3y 6% n+6T4y6*n+24aT6hr?-48aT? 82 +24aT> 82 -4y 53 h%+
20Ty 63n2-28T2y63n2+12T3y 82 A2+8aTxys*n?-16aT>xys*n?+8aT> xys*h? -
8Txyyo*n?+16T2xyys*n?2-8T3xyyo*hn2+8aTys nh?-16aT?y&3nn+
8aTlys3nhn?+8aTxs>En?-16aT?x8>En?+8aT>x8°ch?+8aT62nEn?-
16aT26°nNEN?+8aT> 82 NER? -4y &2 nER?+20Ty 2 nER?-28T2y &2 neEn+
12T3y6%2neEn?-24aT62n>+24aT26%°n3+2y62n-8Tyo?nd+6T2y6%2h3-
16aTxys> A +16aT?xy > h2+24Txyy 83 hn-24T xyy &3 nd+ x2y?ys*nd+
4TxX2y?y &4 -5T2x2y?yo*nd-16aTys?nn’+16aT?y &2 nhd-4yys2nh+
16Ty y &2 nh?-12T2yy &2 nh2+8Txy?’y &8 nh®-8T2xy? vy &3 nnd-y2y &2 n?h+
ATYy? vy 62?0 -3T2y?2 vy 82 n?hd-16aTx62En>+16aT?x 82 R -4xy 82 ER3 +
16 TXy &2 ER-12T2xy 82 ERP+8TXPyy S ER-8T2x2yysden®-16aTonéen®+
16aT?6nEn’+4yonEnRP-16TyonER?+12T2y6nEn®+8Txyys2nend -
8T2xyy &2 neEn -y +4TxX2y822n-3T2x2y&22n+yn?&2n’-

ATy 2R +3T2yn?2&?n+8aTon*+8aTxys?At-4xyys2r*-12Txyy &2 a*-
4x2y2y &3 nt - A4TxXPy?y 82t +8aTysnh*+4yyonh*-12TyySnh*-2xy?>y &2 nh* -
10Txy?y&?nh+2y?yon?n*-6Ty?’yon?h*+8aTxsER +4xy s ER-12Txy s En* -
2x2yy&?ent-10Txlyys2Ent+8aTnen*-16TxyysnéEn*t+2yyn?ent-
6Tyyn?ent+2x2yo&2nt-6Tx2yo&n*+2xyn&n*-6Txyn&?nt+axyysh®+

J€(-8aTs n+24aT? 6 n-24aT 6 n+8aT 6" nr2y 6" n-12Ty 6" n+

A
A2y y PP+ AXy ySnh® +4XPyy 5 ERP +Axyyn ER°) + Log[——— ]}
-5+T6+h
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Reorderings with Rord

sw
SWy, ,a;, [€ [OrderlessPatternSequence[{Lh___, X; , a; , rh___}s ,more___1,0Q_,P_1] :=
With[{q = e * Ex; +aaj},
GU[{LhJ aj, Xi, rh}s, more, e ¥* £ x; + (Q /e Xi - 0)) e DPXi—)Dg)aj—)Da [P] [eq]] /.
{a— 85,0, €~ 0x0}]
o = Gy [{Y1, Xa}t1s {X25 @2, Y2}os Btiay + B t7 (@M -1) y1Xp, 14 € X1 ;]
(-1+e™) hxyy;
Eu[ (Y1 Xa}1s {X25 82, Y2}o, HAs Ty + . , 1+exyy,]
1
SWy,,a, [CO ]
e Vit (—1+e™) hxyyy
Eu[ {82, X25 Yat2s (Y1, Xa}1, HAzty+ . » 1+exyy,]
1
With[{co = Gu[{Y1s Xa}1s {X2s 32, Y2}os Btiaz+Bt:* (e -1) y1 x5, L+exiy2]},
HL[CU[co] = CU[co // SW,,2,11]

True

With[{co = Gy [{Y15 315 Xa}1, {X25 325 Y2}2s
A(lutiar+lptiay+ Latrar+ 1 th @y + ¥11 Xa Y1 + Y12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2)
l+e(liar+1@+ P Xay1+ P12 Xa Y2+ P21 Xa Y1+ P22 X2 ¥2) | }s

{CU[co] // Short, HL[CU[co] == CU[co // SWy, 11}
1 20 42 42 2 1 27 2 42
{CU[al, a;, a1] |—eh?l; 13 2 ven? ;1 1 tito+ —eh? 1y 13 t2| + <755 +CU[] (<<1>> ) B
2 2
True}

With[{do = Gu[{y1, a1, Xa}1, {X25 32, ¥2}2s
A(lutiar+lptiaz+lytrar+lntoa+ vy Xa Y1+ ¥ Xa Y2 + ¥a1 Xa Y1+ ¥22 X2 V2) 5
l1+e (lraz+1pa +P1a X1 Y1+ P12 X1 Y2 + P21 X2 Y1 + P22 X2 ¥2) | }5

{QU[ge] // short, HL[QU[qo] = QU[qo // SWx,,a,]11}
1 20 2 42 2 1 20 2 42
{QU[al, a;, a1] |—eh?l; 13, 2+ en? ;1 1 tito+ —eh? 1y 13 t2| + «<75> +QU[] (<<1>> ) B
2 2
True}
sw

SW,; ,y; [€ [OrderlessPatternSequence[{Lh___, a; , yi ,rh___}s ,more___1,0Q_,P_1] :=
with[{q =e¥'ny;+a aj},
G [{Lh, yis aj, rh}s, more, e ¥*ny;+ (@ /. yi »0), e“DPy p a0, [P1[e?]] /.
{a - 85,0, n-0y0}]
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SW

SW

With[{go = Gu[{y1s a1, Xa}1, {X25 25 Y2}2s
B(lptiar+liptiay+ Lntrar+ 1o th @y + w11 Xa Y + ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 2 )
l+e (1131+1zaz+P11X1Y1+P12X1YZ+P21XZY1+P22X2Y2)]}:
{QU[qo] // Short, HL@Simp[QU[qo] - QULGo // SWa, 4,11}

]

1 2 2 2 2 1 2 2 2
{QUlay, a1, a1] [—en? i1 tiven’ Ll lntity+ —en? 1315, 65| + <755 +QU[] (<1 ), @}
2 2

SWy, ,y; -k [Ecy[OrderlessPatternSequence[{Lh___, X; , yj , rh___}s ,more___1,Q_, P_1] :=
With[{g=v (Exc+nyr+8XeYr -t €M)},
Gy [ {Lh;s Yrs aks Xks Ph}s, more, q+ (Q /. Xi | y; » ©),
@ 9 DPy L, ,y;0, [P1 [ALCU, iy Tis Vs Aks Xes €5 N5 6] €] ]
/. vo (1+tk6)’1 /. {€- (0x,0/.y;>0), n (8y,0/.%;>8), 6 8y,y,0}]

With[{co = Gy[{X1> Y1}15 {X25 32, ¥2}2s
B (liptiay+lpptoaz+yia Xa Y1+ ¥12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 Y2) »
l+e (1zaz+P11X1y1+P12X1YZ+P21XZY1+P22XZYZ)]},
{CU[co] // Short, HL[CU[co] == CU[co // Sy, 5211}

]

1 2 2 2 2 1 2 2 2
{CU[az, ay, @] |—en*L 1L t3ven? L 1 lntito+ —eh? 1,13, t3| + «<54> + CU[] (<<1>>),
2 2

True}

SWy, ,y; -k_[Eu [OrderlessPatternSequence[{lh___ , X; , y; , rh___}s ,more___1,0Q , P 1] :=
With[{a =v (§Xk+nye+6xeye -0 (Te-1) £n)},
Gou [ {Lh;s Yks aks Xrs rh}s, more, q+ (Q /. xi | y; » ©),
@™ DPy,n,,y;0, [P] [ALQU, tes Ty Yes @ks Xes €5 115 8] @] ]
/ovos (1+n(To-1)8)7" /. {€- (6x,0/.y;>8), n> (8,,0/. % >8), & dy,y,0}]

With|[
{qo = ‘IQU[{Xn Yi}ti, {X2, @2, ¥2}2, B (112 tiaz+lpnptoaz+ vy Xa Y1+ ¥12 X1 Y2 + Y21 Xa Y1 + ¥22 X2 yz) P
l+e (1zaz+P11X1y1+P12X1YZ+P21XZY1+P22X2y2)]},
{QU[qgo] // Short, HL[err = SimpT[QU[qo] - QU[qo // SWy,,y,51111}

]

1 2 2 2 2 1 2 2 2
{QUlaz, a2, @2] [—en? L 15, ti+en’ Ll lyptity+ —eh? 1,15, 15| + <«<54> +QU[] (<<1>), @}
2 2

Rewrite Rules

RR: Rewrite Rule. RQ: Revised Quadratic.
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RR
RR[{u_; , w_j } »{vs__, kR }, {v, @}, RQ_, 2 ][(0:C0O|QO)[
OrderlessPatternSequence[{Lh___,u_; ,w_j ,rh___}s ,more___, E[Q_, P_]] ]] =
o[{Lh, Sequenceee (7 & /@ {vs}), rh},, more, E[
(RQ/. (viu|w|[t|T) = v)+(Q/.ui|wj—e0),
e " DP, 5, w00, [P] [ ISR ESNARIXENNaNS] %] /.
{v-(0,.07.250), w> (8,0/.v1>0), 6§0,,,0}

Bl

E[L, Q, P] means e"*? P, where L is linear in the a’s, Q is a combination of x;y;, and Pis a
perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, -..] (with some default for
direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, --.]- In themselves, CO and QO should have
an interpretation in CU/QU by casting.

Alternative Algorithms

Aa1t [CU] := Module[{eq, d, b, c, so},
eq = p@efxcu.p@enﬁu o= p@ed)’cu.p@ec (tlcy -2€aw) .p@ebxcu;
{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /. Cel > @;
Normal@Series [e7V-éxmétectedy-2ecarbx / 5o, (e, 0, $k}]];

{Ra1¢ [CUT, HL[Simplify[Xa1¢[CU] = A[CUT]]}

2 2 1 2 o2
{1ve|2anc-yyn*€-xyn¢ P Evnte » True}
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