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Pensieve header: A unified verification notebook for the $sl_2$-portfolio project; continues
pensieve://Projects/PPSA/nb/Verification.pdf.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog
Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio"];
NotebookOpen [wdir <> "\\MakeSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.

™D

$p=2; $k =1; (» $k can't be » at least because of Faddeev-Quesne. =)
If[$k=0, €=0, € /: € /; R>$k :=0]; (» $k=0 fails in Series[..{e,...}] *)
SetAttributes[{SS, SST}, HoldAllj;
TRule = {T; - "™, T &"*};
SS[&_]1 := Block[{h, €}, (* Shielded Series =x)

Collect[NormaleSeries[&s, {n, @, $p}], 2, Together] ];
SST[&. ] :=

Block[{%, €}, Collect[Normal@Series[& /. TRule, {#, @, $p}], 2, Together] ];
Simp[& , op_] := Collect[s, _CU| _QU, op];

Simp[&_ ] := Simp[&, Collect [Normale@Series [, {7, @, $p}]1, 2, Expand] &];
SimpT[& ] :=

Collect[s, _CU| _QU, Collect[NormaleSeries[# /. TRule, {#, @, $p}], &, Expand] &];

Differential polynomials (DP):
Utils

DP, 4p, ,5-p, [P_1[A_1] :=
Total [CoefficientRules[P, {a, 5}] /. ({m_, n_} »c_ ) =»cD[A, {x, m}, {V, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x_, VY ,Z ] = (X*%)Y) *%xZ;

Ox% _=_*%x0=0;

(x_Plus) #xy_i= (#Z*xy) &/@x; x_#x (y_Plus) := (x** 1) &/@y;

B[x_, x_ ] =0; B[x_,Vy ] = X**xy -y *x*X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts__Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}},
() = Uen) &/@egs;
gp = Alternativeseegs; gp=gp | g8p ;5 (* gens x)
sr = Thread[gs » Range@Length@gs]; (* sorting - #)
cp = Alternativeseecs; (x cents =x)
CE[&.] := Collect[s, U, (Expand[#] /. b /; d>$p:=0) &];
Ui [&.] := & /. {t:cp» ti, u_U > Replace[u, x_ » Xxi, 1]};
Ui [NCM[]] =pow[&_, @] =Ue{} =1,=U[];
BlUe (x_): , Ue(y_)i ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@(x_):,Ue(y_); ] /5 i=t=37 := 0;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
X_**x1y i=X; 1y*x*xX_ 1= X;
(_. #x_U) %% (b_. xy_U) := If[ab === 0, @, CE[ab (x*+y)]];
Ulxx___,x_ ] *%x U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YY1, U@xx x* (URy x+x U@x + B[U@x, URy]) »*xUeyy];
ve{c .= (L:gp)™, r___}/;FreeQ[c, gp] := CE[cU@Table[L, {n}] x»Ue{r}l;
ve{c .xL:gp,r___} := CE[cU[L] »*xU@{r}];
vUe{c ,r___} /; FreeQ[c, gp] := CE[cUe{r}];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL ,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[specs___, poly_] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}];
vs = Joinee (First /@ sp);
us = Joinee (Sp /. Lg = (l_ /o X_i xs) );
CE[Total]
CoefficientRules[poly, vs] /. (p_->c_ ) = cUe(us?)

]] /. X_null = X

3
pow[& , n_] :=pow[&, n-1] ** &;
Syl& , ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] #*
U; [NCM @@ ReverseeCases [u, x_; =» SeU@x]]]; ]

DeclareMorphism

QLImplementation
DeclareMorphism[m_, U_- V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g - img_ ) = (m[U[g]] = img), {1}];
m[ly] = 1y;
m[U[g_:_ 11 := Vi[m[Ueg]];
m[U[vs__]] := NCMee (m/@U /@ {vs});
m[&_] := Simp[& /. oncs /. u_Uswsmlull;)
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Meta-Operations

QLImplementation

Si [&_Plus] := Simp[S; /@ &];

Implementing CU = U(sl5°)

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
B[acus Yol = =¥ Ycs; BI[Xcs acw] = =¥ Xcus

B[Xcus You]l = 2 €acy - t 1cy;

(S@CU@Y = -Ycu; S@acy = -acy; S@Xcy = -Xcui)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (z1 %% 22) »x23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, 0}, {0, 0, 0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

with[{zl =CU[y, VY, a, a, X, x], z2=CU[y, a, x], z3=CU[y, y, a, x]}, {
(rhs = (z1 %% 22) %xx23 // Simp) // Short,
z1 %% (ZZ *% 23) -rhs // Simp // HL
}] 77 Timing
{0.859375,
{(28t2y*+116ty €) CULY, ¥, ¥, X, X] + <<21>> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], @}}

Verifying that S is an anti-homomorphism on CU:

With[{bas = CU /@ {y1, a1, X1}},
Table [HL@Simp[S;[z1 #* z2] - S;[22] *% S;[z1]],
{z1, bas}, {z2, bas} ] 1]

{{e, e, @}, {0, 0,0}, {6,0,0}}

Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [zl #% z2 %% 23 - S @S, [21 *%x 22 x%x 23] ],
{z1, bas}, {z2, bas}, {z3, bas} ] 1]
{{{0, 0, 0}, {0,0, 0}, {0,0,0}},
{{e, 0, 0}, {0,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}
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Implementing QU = ’uq(slf)

Aside
Series[(1-Te2°?") /h, {a, @, 3}]
Aside

h

4
+2eTa-2(e*hT)a’+—e*h*Ta*+0[a]*
3

Qu
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q=SS[e"*"];
B[agu, Youl = - ¥ You; BI[Xqu, a] = -y QUex;
B[Xqus Yul = (9-1) QUe{y, x} + Oq[{a}, SS[(1-Te??") /1]];
(S@yqu = Oqu[{a, ¥}, SS[-Tte”“?y]]; Seaq = -aq; S@xq = Oqu[{a, X}, SS[-e"*?x]];)
Si [QU, Centrals] = {t; » -t;, Ti > Ti'};

With[{bas = QU /e {y, a, x}}, Table[{z1l, z2} » Simp[zl ** z2 - z2 »% z1], {z1, bas}, {z2, bas}] ]

{{{Quly], Qulyl} » @, {QUly], QU[a]l} - v QU[y],
(-1+T)Qur]
h
{{QUlal, QUIy]} » -¥QUly], {QU[a], QU[a]l} - @, {QU[a]l, QU[x]} - ¥ QU[x]},

]

1-T)QU
{{Quix], Quly]} %QQTGQUM] +yehQly, x],

{QUIy], QU[x]} - -2TeQU[a] -yenQUly, x]},

—_

o

{QU[x], QU[a]} » -v QU

x], {QU[x], QU[x]} >@}}
Verifying associativity on triples of generators:

With[{bas = QU /@ {y, a, x}},
Table [HL[z1 %% (22 %% 23) - (21 %% z2) #% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{0,0,0}, {0,0,0}, {6,0,0}}, {({6,0, 0}, {0,0,0}, {0,0,0}})}

Verifying associativity on a “random” triple (~34 secs @ $p=5, $k=2):

With[{Z]- =QULy, Yy, a, a, X, x], z2=QU[y, a, X], z3=QU[y, y, a, x]}, {
(rhs = (z1 %% 22) »x23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp ]
}] 77 Timing

28 ¥4 56 Ty*+28T2y* 82y°c-280 «<3> +198T2y%¢
+
n? A
<«<18>> + (1+8){€h> QU[ «<1>7, 0}}

{8.60938, { QULY, ¥5 ¥ X5 X] +

Verifying that S is an anti-homomorphism on QU:
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With[{bas = QU /@ {y1, a1, X1} },
Table[{z1, z2} » HL@Simp[S; [zl *% z2] - S1[Zz2] ** S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} - @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}

Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $p=5, $k=2):

With[{z1 = CULy, y, a, a, X, X], z2=CU[y, a, X], 23 =CULy, y, a, x]}, {

Shor‘t[lhs =271 %% (ZZ * % 23) ] R

Short[rhs = (QUe@z1) »x ((QUeez2) ++ (QUeez3))],

Expand[Limit[rhs /. TRulel{J {QU -» CU}, A - ©] -1lhs] // HL

}] // Timing
{13.0156, {48ty e CULY, ¥, ¥, X, X] + <<77> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X],

4¥°e 8Ty’e 4T?ye
- + QULY, ¥, ¥, X, X] +
h h h

<«<217>> +8yehQU[Y, ¥, ¥, ¥, ¥, @, @, @, a, X, X, X, X], e}}

Implementing 6

theta
DeclareMorphism[C6, CU - CU, {y - -Xcy, @~ -acws, X -Ya}, {t--t, T>T?}];
DeclareMorphism[Qe, QU - QU, {y - Oq[{a, x}, SS[-T*2e"<?x]],
a--aq, X-0q[{a, y}, SS[-T*2e"*?y]|]}, {t->-t, T>T'}]
Verifying involutivity on CU:

With[{bas = CU /e {y, a, x}},
Table[z » Co[z] » HL[CO[CO[Z2]]1], {z, bas}]]

{CU[y] » -CU[x] »CU[y], CU[a] - -CU[a] »CU[a], CU[x] » -CU[y] » CU[x]}
Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[CO[z1 %% z2] -CO[z1] *xCo[z2] // HL, {z1, bas}, {z2, bas}] ]
{{0,0,0}, {0,0,0}, {0,0,0}}

Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » Qo[z] » HL[Simp[Qe[Q6[z]], PowerExpand]], {z, bas}] ]

QU[x] €hQU[a, X]

{Quiy] - - T - QU[y], QU[a] » -QU[a] - QU[a],
T VT
1 h hQU[y,

QIx] > |- ——+ L5 y) - PO Ay )
VTONT VT

Verifying that 6 is a multiplicative homomorphism on QU:
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With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[Simp[Q6[z1l »* z2] - Q6 [z1] *»*Q6[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq
_ 2
AD$F = ¥ Cosh[h [ae+ﬁ—3)] —Cosh[h\/ (t ye] +rew ] /
2 2 2
(he”((a”)e"‘”) Sinh[ﬂ] (a2e+axe—at—w)] 3
2

Scaling behaviour of AD$f:

HL@Simpli-Fy[A]D$-F = ((A1D$-F /. 7->1) /. {e-»ye, a-»>yta, w-»y‘lw})]

True

HL@FullSimplify |

AD$f = ((AD$f /. ¥-»1) /. {h > ¥’h,e>e/y, a»a/y, t>y?2t, vy w})]

True
ADeq

AD$w = y CU[y, X] +e CU[a, a] - (t—ye) CU[a];
ADeq

DeclareMorphism[AD, QU - CU,
{a > acy, x> CU@X, y > §cu[SS[A]D$'F] /.e->€,a-»acy, w-> A]D$w] *%Ycull

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[SimpT[AD [z1 %% z2] - AD [z1] *%x AD [z2]]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} —» @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{Qu(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.
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SDeq

SDeq

SDeq

SDeq

S]D$g=\/([27 [Cosh[i—’\/tzwzezmem] —Cosh[%]]]/

(Sinh[%] (t (2a+¥) -2a(a+y) e+20) n)],

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:

Cosh[a (%+ea)] - Cosh[a tZ;eZ rew |

{sosp - nsinh[=2] (m-ea’+ (t-e)a+t/2)
2
Simplify[SD$P == (SD$P /. {a-»-a-1, t--t})] // HL,
PowerExpand@Simpli-Fy[(S]D$P /. {ﬁ > y’h,ese/y, anal/y, toy?t, w>y? w}) =
Sp$g (Sp$g /. {a—»-a-vy, t->-t})] // HL,
SD$Q = Simplify[sp$P /. {a-»c-1/2}],
Simplify [SD$Q = (SD$Q /. {c—>-c, t—>-t})] // HL,
FullSimplify [SD$g = FullSimplify|
Vsp$Q /. c»a+1/2/.{n > y*n,ese/y, ama/y, t>y2t, way3w}]] /7 H

[-|]|cosh[[ae+ (e?+t?) +ew B Csch[%]/

AR

A )h] - Cosh|

) t
_a’e+ —1+a (7e+t)+w al|, True, True,
2

fCosh[lx/e2+t2+4ew n] +Cosh[ceh—t£]] Csch[ﬂ})/ (((-1+4c?)e-4(ct+w))n),

2 2 2

(4

True, True}

SD$f = Simplify[e” /2 (sp$g /. {a—>-a, t->-t})];

SD$w = y CU[y, x] +e CU[a, a] - (t-ye) CU[a] -ty 1w /2;

DeclareMorphism[SD, QU - CU, {a - acy,
X > Scy[SS[SD$f] /. e » €, a > acy, w > SD$W] ** Xcy,
Yy - Scu[SS[SD$g] /. e » €, a - acy, w - SD$w] ** Yy } ]

Verifying the 8-symmetry:
Table[HL@SimpT[CO[SD[z]] == SD[Q6[z]]], {z, QU /e {y, a, x}}]

{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:
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With[{bas = QU /e {y, a, x}},
Table[{z1l, z2} -» HL@SimpT[SD [zl x* z2] -SD [z1] ** SD [z2]], {zl, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

R in QU.

Faddeev-Quesne’s formula:

Quesne

k. (1-q)3x3
ey ,r [ ] :=e” [Z %], ey [X_] = eq ek [X]
J

Table[Together@SeriesCoefficient[e,,s[x], {Xx, @, n}], {n, @, 5}]

{1, 1, L, ! s ! 5
1o (1+p) (1+p+0%)  (1+p)% (1+0%) (1+p+0?)

1/((1+p>2 (1+pz> (1+p+pz) (1+p+pz+p3+p4))}

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[x], {x, @, n}]], {n, @, 5}]
{1,1,1,1,1, 1}

QUIR; ,; ]
QIR |

O [{y1s a1}is {a2; X2}j, SS[e"" 2 eq[hy1X] /. by » ¥ (ear-ti)]];
S;j@QU[R;,;]1;

QU[Rs,4] // Short
e hQU[as, az] <«<1>>
QT+ 2 L hQULYs, Xa] +
Y Y

«<1>> € <«<3> h?2QU[ys, as, Xa] tz h%2QU[as, a4 t}
<<1>> - - 5 - +

Y ¥ Y 2+y?

+

Verifying R2 (~2 secs @ $p=4, $k=2):

QU[Ry,2 #*Ry%] 7/ Simp // HL // Timing
{0.09375, QU[]}

Verifying R3 (~156 secs @ $p=4, $k=2):

{Shor‘t [1hS = QU[Rl,z * % R1’3 * % R2,3] ] 5 HL@SimpT[th - QU[R2,3 * % R1,3 * % Rl,Z] ] } // Timing

ehQU[a, a n? 1
[0.421875, [QU[] + chUla, @l - gg +QUIY1, Y1, X3, X3] | — - h2To+ — 0273, 0}}
2 2

Y
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The representation p

p@yCU=p@yqu= (2 g); p@acu=p@aQu= (g g);
P@Xcy = (g g); p@Xqu=SS@(2 (1—G_YGZ)/(eﬁ) );
p[e”] :=MatrixExp[p[&]];

p[& ] =

10

(5 /. {to>ve, T>e?¥¢} /. (U:CU|QU)[u___] > Fold[Dot, (e :

), p/@U/@{u}])

Verifying that p represents CU and QU:

Table[p[zl #% z2] = p[z1].p[22] // SS // HL,
{U, {CU, QU}}, {z1, U /e {y, a, x}}, {z2, U/@{y, a, x}} ]
{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

The Logoi A

Goal. In either U, compute F=e™"V e e’ e~**. First compute G = e<* ye~*, a finite sum. Now F satisfies
the ODE 8,F =8,(e™" e”G) = -yF + FG with initial conditions F(n=0)=1. So we set it up and solve:

With[{U = cU},
Module[{G, F, fs, bs, e, b, es, sol},
G = Echo@Simp [Table[&£" / k1, {k, @, $k+1}].NestList[Simp[B[x,, #1] & yu, $k+11];
fs = EchoeFlatteneTable[f,,; i,k [n], {1, @, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}1;
F = Echo[fs. (bs = fs /. f._,i ,5 . [n] » " Ue{y', a7, x*})];
es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1y/.n >0, FxxG-yy*xF-0,F}}, {b, bs}11;
sol = Echo@First[F /. DSolve[es, fs, n]1;
Echo[sol /. {e- » 1, U - Times}];
Collect[sol /. {e- -1, U Times}, e, Simplify]

1]

—tECU[] +2eECU[a] -ye E2CU[X] +CULY]

{ﬁa,a,a,a (1], fi,e,e,6[11]5 f1,0,0,1[11]5 F1,0,1,0[1],
f1,0,1,1(1]5 f1,1,0,0(1]5 f1,1,0,1(0]15 F1,1,1,000]15 F1,1,1,1[7] }

CU[] fo,0,0,0[Nn] +€CU[] f1,0,0,0[Nn] +€CU[X] f1,9,0,1[n] +€CU[a] f1,0,1,6[Nn] +€CU[a, X] f1,0,1,2[NN] +
€CU[y] f1,1,8,0[n] +€CULY, X] f1,1,6,2[n] +€CU[yY, a] f1,1,1,0[n] +€CU[y, a, X] f1,1,1,1[n]

1
e E U]+ e tyen? iU +2e T encCllal —e T yen 2 CUIX] —e T yen?sCUly]
2
2 2 1 2 2
l+2aené-yven &-xyené +;t76n &

1
1+Een§<4a+y(—2yr;—2x§+tr}§))
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Logos
A[U_] := Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[€* /K1, {k, @, $k+1}].NestList[Simp[B[xy, #1] & yu, $k+11];
fs = FlatteneTable[fy,;,5,c[n], {1, @, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}1;
F=fs.(bs="Fs /. f_,i,j,[n]»>e vely', al, x*});
es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1,/.n >0, FxxG-y,**xF-0,F}}, {b, bs}11;

F /. DSolve[es, fs, n][1] /. {e- » 1, U Times}];

A[CU]

2 2 1 2 2
l+2aené-yvyen &-xyené +;t7(€77 &

A[QU]
1
1+2aTené-= (-1+3T)yyene-
2
1 (-1+T) (—1+3T>yen2§2
*(*1+3T>XT{€7’]§2+ +XyY€n§h
2 4hn

Logos
wc[CU] = t; wc[QU] = (T-1) /&;
A[U_]1 := A[U] = Module[{Q, w}, Q= (—w§n+ny+§x+6yx)/(1+w6);
Collect[(1+ws) ™ e ®DPeyp,,nop, [X[U]][€?] 7. w—wc[U], e, Simplify]];

A[U_,t1 ,T1 ,y1 ,01_,x1_, <1, 71 , 01 ] =
AU /. {(t>tl1, T>Tl,y>yl,a»al,x>x1, E§> <1, n> 71, 6 > A1};

A[CU]
1 1 5 ,
. e(4a(1+t6> ((texy)&2enc+o(leynexe))
1+t6 2(1+t6)°
y (22 6*+4t28% (6-xy&®+n&) -2 (yn (6 (2+yn)+n&) +x*6 (2y* &> +3y6 &+ &%) +
X (3y?6°n+4ys6 (6+n&)+&(26+n&))) -t (3x2y*6*-46n€E-n*+
4xys? (3+y77+x§)+<32(—2+y2n2+4x§+x2§2+4y(n+xn§)))))
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A[QU]

N

(—1+T> 6+h
1

+

€ h? (SaT ((-1+T)6+n)> (nEh+6 (1+yn+x&) h+6% (-1+T+xyh)) +
4((-1+T)6+n)°
Y (n€n® ((-1+3T)n ((-1+T) E-2yh)+2xh (£-3TE+2yh)) +
(-1+T) &% (-2+6T>-x2y? 1> -2T* (7+4xyh) +T (10+8xyh-5x*y* h?}) -
45°h (1-3T+x?y*n?+T? (7+2xy (3+yn) h+2xXPy&h) +
T(-5-2xy (3+yn)h+x’yh (-2&+yh)))+
2602 ((1-3T)y?n*h+2n (£+3T2E-4TE (1+xyh)+yh (1-3T+xyh)) +
X A ((X—BTX) §2+2yh+§(2—6T+2xyh))) -
Pn((1-4T+3T3) y*n’h+h (-2+3T% (-2+4xXE+x*E2) +4X (E+yh) +
X* (2+2yEh-4y*h®) -2T (-4+x (86-6yh) +x* & (26-5yh))) +
2n (-2 (-1+T) £ (1+3T2-2T (2+xyh)) +yh (2+6T2+xyh+T (—8+5xyh))>)))

{short[1lhs = O0cy[{X, Y}, SS[e” ¢+ ], 5], HLeSimp[lhs -

Ocu[{ys @, X}, SS[e" (EX#nyréxy-tREM/ AR pCU, t, T, Y, @, X, B E, hn, hS]]], Together]}

{(1-té6h+t?6*n*+tysen’-tngn?) CU[] +
(26en-4ts?en’+2enéEn®) CUlal + (Eh-2t65EM* -2y 6e Eh?) CUX] +

1
(nh-2ténh®-2y6enh®) CUly] +46eEn*CULa, x] + — 2 A2 CU[X, X] +
2

1
46enhn*CUly, a] + (6h-2t6*h* -4y s>en’+néEn®) CULY, x] + —n*h*CULy, y] +
2
2 2 2 2 1 2 322
456°eh°CU[y, a, Xx] +6&h°CU[Y, X, X] +65nh“CUly, Yy, X] + —6°h°CU[Y, ¥, X, x],@}
2

{short[1lhs = SimpT@Oq[{x, y}, SS[e” ¢*1V+xN ], 5],
rhs = SimpT@Oq [{y, a, X},
SS[en v (Exenyrexy-(T-D €M A[QU, t, T, y, a, X, h €, An, B8] /. v » (1+(T-1) 8)]];
HL[Simplify[lhs = rhs]]}

{(1—téh+(— 5

(26en+ (2tce-4ts%e+2eng) n®)QUlal + (Eh+ (-2t6E-2y b€ &) h?) QUIX] +

t2

5
+t262+t7{526—t7’]§] h2] QU[] +

1
(nh+(-2tén-2y6en)n®) QUlyl +45eEn*QUla, x] + — 20> QUIX, X] +
2
1
46enn*Qly, al + (6h+ (-2t6°+ybe-4y&ie+n&) h*) QULY, x] + —n*h*QULy, y] +
2

1
46%en*QUly, a, x] +6£N*QULY, X, x] +6nh*QULY, y, x] + — &1 QULY, ¥, X, X], True}
2

CO, QO, and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.
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CdsO
SetAttributes[{CO, Q0}, Orderless];
CuecCo[specs___, E[L_, Q_, P_]] := Ocy[specs, SS[e"*?P]];
QueQo[specs___, E[L_, Q_, P_]1] := Oq[specs, SS[e"*?P]];
Cueco []E [h t1 daz, a til (‘etl - 1) Y1 X2, l+e X1 Yz] k] {yl.v Xl}l) {XZ) az, yz}z] // Short
2 t 2 eh tz etl eh tz
CU[] + <13> +CU[y1, X1] |-vyeh ty+etyeh ty+ -
t, t
HL [D[QECU@X] .0 [eaCU@a] = p[eaCU@a] -p[ee’*%w@x] ]
True
sSwW

SWy, ,a, [ (©:CO | QO0) [OrderlessPatternSequence[{Lh _ , Xi , aj , rh___}. ,
more___, E[L_, Q_, P_1]11] := o[{Lh, aj, x4, rh}s, more,
With[{q = e * Ex; +aaj},
E[L, ¥ &x;+ (@ /. X »0), €9DPy p,,a0,[P1[e?]] /. {a>8aL, € 0850}]]

co=CO[E[Atya, Ati' (e -1) y1Xy, 1+eX1Va], {V15 Xa}1s {X25 325 ¥2}2]
(—1+‘Et1) hXyy1

CO[{y1, X1}1, {X2, 32, Y2}2, E[B @ tg, » 1+exiys]]

t

SWy,,a, [CO ]

e’ﬂltl (—1+ (Etl) h Xy Y1

CO[{y1, X1}1, {32, X2, Y2}2, E[B @ tg, » 1+exyys]]

t
With[{CO = CO[{Yl: X1}1, {X2, A2, Y2}2, lE[ﬁ tiay, Aty (‘Bt1 - 1) YiX2, 1+exq y2] ] }’
HL[CU[co] == CU[co // SWy,,a,]1]]

True

With[{co = CO[{Y1, ai, Xa}is {X2, a2, Y2}2,
E[a (lntiar+lnptiay+ 1y trar+ 1 tray), B (y11 Xa Y1+ ¥12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 ¥2)
l+e (1131+1232+P11X1Y1+P12X1yz+p21X2y1+P22X2y2)]]}:
{CU[co] // Short, HL[CU[co] == CU[co // SWy, 2,11}

]

1 2 2 2 2 1 2 2 2
{CU[al, a;, a1] |—en* 11 t3ven? il tito+ —eh? 1y 13, t3| + «<75> + CU[] (<<1>>),
2 2

True}
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With[{go = Q0 [{y1, a1, Xa}1, {X2, 325 Y2}2s
E[f (lutiar+lptia+ lntrar+ 1o thay), A (yin Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2) »
l+e (1131+12az+P11X1Y1+P12X1YZ+P21XZY1+P22X2)’2)]]}:
{QU[go] // short, HL[QU[qo] == QU[qo // SWy,,3,]11}

]

1 2 2 2 2 1 2 2 2
{QUlay, a1, a1] [—en? i1 ti+en? il lytito+ —en? 1115 5] + <755 + QU] (<<1>),
2 2

True}
sw
SWa, ,y, [(©:CO | QO0) [OrderlessPatternSequence[{Lh _ , a; , yi , rh___}s ,
more___, E[L_, Q_, P_111] := o[{Lh, yi, aj, rh}s, more,
With[{q =e¥'*ny; +aaj},
E[L, e"*nyi+ (Q/.yi>®), e9DPy p a.0,[P1[e]] /. {a=8sL, n-0y0}]]
|"‘j-th[{q"D = QO[{yl) a1, X1}1, {X2, a2, Y2}a2,
E[ﬁ (111 tiar+lpptiaz+lynthar+ 1t az): A (¥11 X1 Y1+ ¥12 X1 Y2 + ¥21 X2 Y1 + ¥22 X2 Y2) »
l+e (1131+12az+P11X1Y1+P12X1YZ+P21XZY1+P22X2Y2)]]]':
{QU[qgo] // Short, HL[QU[qo] == QU[qo // SWa,,y,]11}
{QU[a ar. a 1 . 2 42 2 1 . 2 42
1 1 1] €h 11111t1+€f’1 11111121t1t2+ ch 11121t2 + <<75> +QU[] <<<1>>),
2 2
True}
sw
wai,,yg;-ﬂt [CO[{Lh???, Xi 5 Yio l"h,,,}si, more___, E[L_, Q_, P 111 :=
CO[{Lh, Yes Ars Xg, rh}s: more,
With[{q =V (§xk+nyk+6xkyk—tk§n)},
]E[L: q+ (Q /e Xi|Y; = 0)) e DPXi—)Dg,yj—)Dn [P] [A[CUJ trs Tks Yes Ars Xrs €5 Ny 61 eq]] /.
vo (1+t.8)7 /. {€5 (0x,0/.y;20), n> (8,,0/. % »8), 6 0y,y,0}]]
With[{co = CO[{X1, y1}1, {X25 32, ¥2}2,
E[A (lptia;+1ntr8:), B (y11 Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2)
l+e (1232+p11X1Y1+P12X1yz+P21XZY1+P22X2y2)]]}:
{CU[co] // Short, HL[CU[co] = CU[co // SWy,, 40111}
{CU[a 1 .5 2 42 2 1 .5 2 42
2, a2, az] eh 1,15, t1+eh 11 1ttty + —eh” 1,15, 15| + <«<54> + CU[] <<<1>>>,
2 2
True}
sw

SWy; ,y; ok [QO[{lh___, Xi_ s Yj s rh___}s ,more___, E[L_, Q_, P_]]] :=
QO [{Lh, Yks as Xk, rh}s, more,
With[{d=v (§Xk+NYr+ XY -0 (Te-1) €n)},
E[L, q+ (@ /.%i|yj->©), e9DPyx py.0, [P1[AIQU, trs Tks Yis aks Xks €5 1,y 81 €%]] 7.
vo (1487 (Te-1) 8)™ /. {£5 (0,0 /.y;5@), n= (8,,0/. % »8), & dy,y,0}]]
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With[{go = QO [{X1, y1}1, {X25 32, ¥2}2,
E[f (liatia;+ 1 taa), B (¥11 Xa Y1+ 12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2) »
l+e (1232+P11X1Y1+P12X1Y2+P21X2Y1+P22X2YZ)]]};
{QU[qgo] // Short, HL[err = SimpT[QU[qo] - QU[qo // SWy,,y,51111}

]

1
{EGTYB QUIY1, Y15 Y15 Y15 X1, X1, X1, X1] P11 ¥33 + <<159>> + QU]

€ € ep1 T2 TS y3 4epyT8ys
P11 + P22 -v€elippaty + «<1713> + SPui Ve +36ye?pan Tg 7{%2 + P2 2V

h h h h

1+ ,0}

Rewrite Rules

RR: Rewrite Rule. RQ: Revised Quadratic.
RR
RR[{u_; , w_j } > {vs__, k. }, {v_, @}, RQ_, 2. 1[(0:CO|Q0)[
OrderlessPatternSequence[{Lh___, u_; ,w_j ,rh___}s ,more___, E[Q_, P_]] ]] =
o[{th, sequenceee (7 & /@ {vs}), rh} , more, E|
(RQ/. (viu|w|[t|T) = ve)+(Q/.ui|wj-0),
e DPul--»Dl,,,wj-)D,,,[P] [A[D: trs Trs Yes Qrs Xiy U5 Wy 6] eRQ] /.
{v-(0,.07.w50), w> (8,0/.v1>0), 6§9,,,0}

115

E[L, Q, P] means e"“*Q P, where L is linear in the a’s, Q is a combination of x;y;, and Pis a
perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1};, ...] (with some default for
direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, ...]- In themselves, CO and QO should have
an interpretation in CU/QU by casting.

Alternative Algorithms

Logos
Aa1t [CU] := Module|[{eq, d, b, c, so},
eq = p@eé'xcu.p@eﬂycu o= p@edYCu’p@eC (tlw-2€aw) .p@ebxcu;

{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /. Cel - O;
NormaleSeries [e7V-¢xmétsctedy-2ecarbx / 5o, (e, @, $k}]];

{Aa1t [CU], HL[Simplify[Xa1¢[CU] = A[CUT]]}

2

2 2 1 2 2
{1+e 2ané-yvyn éfxw7§+;tw7§ +

1 1
2ar7§fymz§fwn§2+gtmzé‘z] +£€Z

1
2 (ayn2§2+yyzn3§2+xyznz§33t72n3§3]], True |
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