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Pensieve header: A unified verification notebook for the $sl_2$-portfolio project; continues
pensieve://Projects/PPSA/nb/Verification.pdf.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog
Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio"];
NotebookOpen [wdir <> "\\MakeSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
D
$p=3; $k=1; e /: € /; k> %k :=0;
(» $k can't be » at least because of Quesne. Can't be <
1 at least because of the explicit e? in SD$g. =)
SetAttributes[{SS, SST}, HoldAll];
TRule = {T; - "™, T e"*};
SS[&_]1 := Block[{h, €}, (* Shielded Series =x)
Collect [NormaleSeries[&, {n, @, $p}], 2, Together] ];
SST[& ] :=
Block[{%, €}, Collect [Normal@Series[& /. TRule, {#, @, $p}], A, Together] ];
Simp[&_, op_] := Collect[s, _CU| _QU, opl;

Simp[&_ ] := Simp[&, Collect [Normale@Series[77, {h, @, $p}]1, B, Expand] &];
SimpT[& ] :=

Collect[&, _CU| _QU, Collect[NormaleSeries[# /. TRule, {h, @, $p}], A, Expand] &];

Differential polynomials (DP):
Utils

DPO{,-)DXJﬂ,—)Dy, [P_] [/Z_] o=
Total[CoefficientRules [P, {a, £}] /. ({m_,n_} »c ) =»cD[A, {x, m}, {y, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[x_, V , ZzZ ] = (X**Y) *%2Z;

Oxx _=_*%x0=0;

(x_Plus) #xy_:= (#*xy) &/@x; x_#x (y_Plus) := (x**7) &/@y;

B[x_, x ]1=0; B[x_, V. ] = X**xy -y *x*X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts__Rule]

gs = Generators /. {opts}, cs = Centrals /. {opts}},
() = Uen) &/@egs;
gp = Alternativeseegs; gp=gp | gp_; (* gen's pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (x cent's pattern =)

CE[& ] := Collect[s, U, (Expand[#] /. h% /;d>$p=0)&];
= Xi, 11};

Ui [&] := & /. {t:cp> ti, u_U > Replace[u, x_
Ui [NCM[]] =pow[&, @] =Ue{} =1, =U[];

B[Ue (x_)i , Ue(y_)i ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@ (x_ )i ,Ue(y_);] /; i=1=] := 0;

B[Uey , Uex ] :=CE[-B[Uex, Uey]];

X_**x1y i=X; 1y*x*xX_ 1= X;

(@_. #x_U) %% (b_. xy_U) := If[ab === 0, @, CE[ab (x**y)]];

Ulxx___, x_] ** Uly_, yy___1 := If[OrderedQ[{x, y} /. sr],

Ulxx, x, YV, YV], U@xx x* (URy x*x U@x + B[U@x, URy]) »*xUeyy];

:= Module[{gp, sr, cp, CE, pow,

2018-02-15 20:10:22

ve{c_. (L:gp)™, r___} /; FreeQ[c, gp] := CE[cU@Table[L, {n}] x»xUe{r}l;

ve{c .xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c ,r___} /; FreeQ[c, gp] := CE[cUe{r}];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL ,r___} := Ue{Expand[L], r};
U[ &_NonCommutativeMultiply] := U /@ &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}]1;
vs = Joinee (First /@ sp);
us = Joinee (Sp /. Lg = (l_ /o X_i xs));
CE[Total|
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)

]] /. X_null = X

3
pow[& , n_] :=pow[&, n-1] ** &;
Syl& , ss___Rule] := CEe@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];

Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] #*

U; [NCM @@ Reverse@Cases [u, x_; »» S@eU@x] ] ]3 ]

DeclareMorphism

QLImplementation

DeclareMorphism[m_, U_- V_, ongs_List, oncs_List: {}] := (

Replace[ongs, (g_- img_) = (m[U[g]] = img), {1}];
m[1y] = 1y

mlU[g_i 1] := Vi[m[U@g]];

m[U[vs__]] := NCMee (m/@U /@ {vs});

m[&_] := Simp[& /. oncs /. u_U:wsmlull;)

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: Archive: Verification-180215.nb 2018-02-15 20:10:22

Meta-Operations

QLImplementation

Si [& Plus] := Simp[S; /@ &];

. €
Implementing sl¥
Ccu

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
Bl[acus Yol = =¥ Ycs; B[Xcws acw] = =¥ Xcus

B[Xcus Yol = 2€acy - t 1;

(secuey = -ycy; S@acy = -acy; S@Xcy = - Xcus)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[zl *% (22 *% 23) - (Zl *% 22) *%x 23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, 0}, {0, 0, 0}, {0,0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, Xx], 23 =CU[y, Yy, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
z1 %% (ZZ *% 23) -rhs // Simp // HL
}] 77 Timing
{1.23438,
{(28t2y*+116ty €) CULY, ¥, ¥, X, X] + <<21>> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X], @}}

Verifying that S is an anti-homomorphism on CU:

With[{bas = CU /@ {y1, a1, X1}},
Table [HL@Simp[S;[Zz1 %% z2] - Sy [22] #* S;[z1]],
{z1, bas}, {z2, bas} ] 1]

{{e, e, @}, {0, 0,0}, {6,0,0}}

Verifying the involutivity of S on products of triples:

With[{bas = CU/@ {y1, a1, X1}},
Table[HL@Simp [zl #% z2 % 23 - S, @S, [21 **x 22 x%x 23] ],
{z1, bas}, {z2, bas}, {z3, bas} ] ]
{{{e, 0, 0}, {0, 0, 0}, {0, 0, 0}},
{{e, @, 0}, {0, 0,0}, {0,0,0}}, {{0,0, 0}, {0,0,0}, {6,0,0}}}
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Implementing QU

QU
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
q=SS[e"*"];
B[agus Youl = - ¥ Yous BI[Xqus agu] = -y QUex;
B[Xqus Youl = (9-1) QUe{y, x} +Oqu[SS[(1-Te?°?") /n], {a}];
(Seyqu = Oqu[SS[-T*e"?y], {a, y}]|; S@aq = -aq; S@Xq = Oqu[SS[-e"*?x], {a, x}];)
S: [QU, Centrals] = {t; » -t;, T; > Ti'};

With[{bas = QU /@ {y, a, x}}, Table[{z1, z2} - Simp[zl ** z2 - 22 x* z1], {z1, bas}, {z2, bas}] ]
{{{Qulyl, Quly]} > @, {QU[y], QU[a]} - v QU[y]
(-1+T7) QUH
{QUly]l, QUIx]} - ——ZTeQU[aJ—YehQU[y,x]},
{{QUla], QU[y]} » -¥QU[y], {QU[a], QU[a]} » @, {QU[a], QU[x]} - ¥y QU[x]}
(1-T)uiy
g

{QUIx], QU[al} -» -¥QU[x], {QU[x], QU[x]} - @}}

{tQuix], Quyl} - +2TeQU[a] +yenQUly, x],

Verifying associativity on triples of generators:

With[{bas = QU/e {y, a, x}},
Table[HL[z1 x% (22 % 23) - (21 %% 22) »% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]
{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{6, 0,0}, {6,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple (~34 secs @ $p=5, $k=2):

With[{ZJ- =QULy, y, a, a, x, x], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
HL[Zl *% (22 *% 23) -rhs // Simp ]
}] 7/ Timing
28 ¥+ -56 Ty*+28T?y* 82y°€-280 «<2> €+198T2y° ¢

{13.2813, { + QULY, ¥, ¥, X, X] +
A”? A

<«<18>> + (1+8\(eh> QU[ «<1>7, 0}}

Verifying that S is an anti-homomorphism on QU:

With[{bas = QU /@ {y1, a1, X1}},
Table[{z1, z2} - HL@Simp[S; [zl x% z2] - S1[22] ** S1[z1]],
{z1, bas}, {z2, bas} ] 1]

{{{QU[y1], QU[y1]} - @, {QU[y1], QU[a1]} —» @, {QU[y1], QU[X1]} —» @},
{{QUlai], QU[y1]} » @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} — @},
{{QU[x1], QU[y1]} » @, {QU[xX1], QU[a1]} » @, {QU[X1], QU[X1]} > @}}

Verifying that Limp_q QU = CU using a “random” product (~23 secs @ $p=5, $k=2):
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With[{z1 = CU[y, y, a, a, X, X], 22 = CU[y, a, X], 23 =CU[y, Yy, a, x]}, {

Short[lhs =21 %% (22 *% 23) ] R

Short|[rhs = (QUeez1) + ((QUeez2) »+ (QUeez3))],

Expand[Limit[rhs /. TRulel{J {QU - CU}, A -» 0] -1lhs] // HL

}] 7/ Timing
{23.9219, {48ty e CULy, ¥, ¥, X, X] + <<77> +CU[Y, ¥, ¥, ¥, ¥, @, @, @, @, X, X, X, X],

4v5e 8TySe 4T2y5e
- + QULY, ¥, ¥s X, X] +
gl gl gl

<<217>> +8y e hQUlY, ¥, ¥, ¥, ¥, @, a, 3, a, X, X, X, X], e}}

Implementing 6

theta
DeclareMorphism[C6, CU - CU, {y - -Xcy, @~ -aw, X -Ya}, {t--t, T>T7'}];
DeclareMorphism[Qe, QU - QU, {y - Oq[SS[-T*?e”?x], {a, x}],
a- -au, X-0q[SS[-T*?e"?y], {a, y}]}, {t->-t, T>T?}]
Verifying involutivity on CU:

With[{bas = CU /@ {y, a, X}},
Table[z -» CO[z] » HL[CO[CO[Z]]], {z, bas}] ]

{CU[y] » -CU[x] »CQU[y], CU[a] »-CU[a] »CU[a], CU[x] » -CU[y] »CU[x]}
Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU/e {y, a, x}},
Table[CO[zl1l % z2] -CO[Zz1] **x CO[z2] // HL, {zl1, bas}, {z2, bas}] ]

{{0, 0,0}, {6,0,0}, {6,0,0}}
Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z » Qo[z] » HL[Simp[QOe[Q6[Z] ], PowerExpand]], {z, bas}] ]

Q[x] €hQU[a, X]
{Quiy] - - - - QU[y], QU[a] » -QU[a] - QU[a],
VT VT
QU[x]»[ S A T R E R BT
VTT VT

Verifying that 0 is a multiplicative homomorphism on QU:
With[{bas = QU /e {y, a, x}},
Table[{z1, z2} » HL[Simp[Qe[z1l »* z2] - QO [z1l] **QO[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} > @, {QU[y], QU[a]} > @, {QU[y], QU[x]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} - @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

http://drorbn.net/AcademicPensieve/Projects/SL2Portfolio/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Portfolio: Archive: Verification-180215.nb 2018-02-15 20:10:22

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

ye t t-ye)?
AD$f = ¥ | |Cosh[n [ae+ ~— - =|] - Cosh|[n -
D$f = v | |Cosh] (ae . 2)] osh| \]( . ] coll/

(hef’(‘a”) &=t/ Sinh[ﬂ] (aze+axe—at—w)) 3
2

Scaling behaviour of AD$f:

HL@Simpli'Fy[A]D$'F = ((A]D$'F /. 7-)1) /. {eaye, a-y'la, waw'lw})]

True

HL@FullSimplify [
AD$f == ((AD$f /. y>1) /. {8 > ¥’h,ese/y, a»a/y, t->y72t, w>y>w})]

True

ADeq

AD$w = y CU[y, x] +e CU[a, a] - (t-ye) CU[a];

ADeq

DeclareMorphism[AD, QU - CU,
{a > acy, X > CU@X, y - SCU[SS [A]D$'F] s @ adcyy, W~ A]D$w] * % yCU}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, X}},
Table[{z1, z2} » HL[SimpT[AD [z1 #% z2] - AD [z1] *x AD [2z2]]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} - @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{QuU(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

SDeq

soa- [ o2 VTR -com 2222 /

(Sinh[%] (t (2a+¥) -2a (a+¥) € +2a) h)]

Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:
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Cosh[a (%+ea)] —Cosh[hﬂl t2;—ez+ew]
{spsP = s

nsinh[=<2] (s-ea’+ (t-€e)a+t/2)

Simplify [SD$P == (SD$P /. {a->-a-1, t--t})] // HL,

Power‘Expand@Simplify[(S]D$P /. {ﬁ > y’h,e»e/y, analy, toy?t, woy? w}) =
Sp$g (SD$g /. {a-»-a-y, t>-t})] // HL,

SD$Q = Simplify[sD$P /. {a»>c-1/2}],

Simplify [SD$Q = (SD$Q /. {c > -c, t->-t})] // HL,

FullSimplify [SD$g == FullSimplify|
\Vsp$Q /. c»a+1/2/.{n » ¥’h,ese/y, analy, t->y2t, wayw}]] // H

{-]|Cosh|

1 t2 eh
a — (-t h| - Cosh — h|| Csch| — /
e | +e)) ] [\ S +eo 2] =]

t 2
((*+a (t-€)-a e+w) fz] , True, True,
2

4

-( Cosh[%(t—2ce)ﬁ]—Cosh[§x/t2+4ewh})Csch[%]]/((4ct+e—4cze+4w)h) )

True, True}

SDeq

SD$f = FullSimplify[e” (*/2® (sp$g /. {a—> -a, t->-t})];
SDeq

SD$w = ¥y CU[y, x] +e CU[a, a] - (t-ye) CU[a] -ty lw/2;
SDeq

DeclareMorphism[SD, QU - CU, {a - acy,
X = Scy [SS [S]D$'F] s 4= dcy, W S]D$lﬂ'] *% Xcuy
Yy - Scuy[SS[SD$g], a > acy, @ » SD$@] *+* Yy } ]

Verifying the 8-symmetry:
Table[HL@SimpT[CO[SD[z]] == SD[QO[z]]], {z, QU/@ {y, a, x}}]
{True, True, True}

Verifying that the symmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},

Table[{z1, z2} » HL@SimpT[SD [zl x* z2] - SD [z1] ** SD [z2]], {zl, bas}, {z2, bas}] ]
{{{QU[y], QU[y]l} >0, {QU[y], QU[a]} » @, {QU[y], QU[X]} > @},

{{Qula], QU[y]} - @, {QU[a], QU[a]} - @, {QU[a], QU[X]} - @},

{{QU[x], QU[y]} - @, {QU[x], QU[a]} - @, {QU[X], QU[Xx]} - @}}
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Quesne

R in QU.

Quesne’s formula:

L (1-g)3x3
eq ,p [x_] := eA[Z Q], e, [x_] := eq gk [X]
J

Table[Together@SeriesCoefficient[e,,5[x], {Xx, @, n}], {n, @, 5}]
1 1 1
{1,1, , ,
1+o (L+p) (1+p+0%)  (1+p)% (1+0%) (1+p+02)

1/((1+p>2 <1+pz) (1+p+pz) (1+p+pz+p3+p4))}

)

Table[HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[Xx], {X, @, n}]1], {n, @, 5}]
{1, 1,1,1,1, 1}

QUIR; ,; ]
QU[R?; ]

Oqu[SS[e*™ ™ eq[hy1X;] /. by » ¥ (ear-ti)], {y1, a1}is {32, X2};];
S;@QU[Ri,;];

QU[R3,4] // Short

chQUlasz, a € <<2> <<1> A3 «<1> t2 AKA30QUlas, as, as] t3
QU[] +M+EQUW3, Xa] + <<195> + . 3 QUlas, ag, a4] t3

Y 23 2?2 63

Verifying R2 (~2 secs @ $p=4, $k=2):

QU[Ry,> **Ri%,] // Simp // HL // Timing

{1., QU[T}

Verifying R3 (~156 secs @ $p=4, $k=2):

{Short[1lhs = QU[Ry,> ** Ry,3 ** Ry,3]], HL@SimpT[lhs - QU[Ry,3 **Ry,3 **R1,2]11} // Timing

n owT, 1 1
— - —2+=r*T- -1’3, o)}
2 6

{23.5, {QU[] + <<456>> +QU[y1, Y1, Y1, X3, X3, X3]

6 2
The representation p

- _ (9 @), _ _ (¥ 9).

pP@Ycy = P@RYq = (e 0)’ p@acy = p@agy = (0 0):
(%) 0 (1-evel h

p@Xcy = (0 g); D@XQu=55@(0 ( € 0)/(6 ));
p[e”] := MatrixExp[p[£]];
pl& ] =

(5/. {t>ye, Toe®<} /. (U:CU|QU)[u___] = Fold[Dot, (; g), p/@U/@{u}])
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Logos

Verifying that p represents CU and QU:
Table[p[z1l %% z2] == p[z1].p[22] // SS // HL,
{U, {CU, QU}}, {z1, U/e{y, a, x}}, {22, U/e{y, a, x}} ]

{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

The Classical Logos CA

Lemma 3C. To degree k,

Qey(em+5X+0YX | xy) = Quy(v e emny+xoy) CAW(€, v, y, a, x, n, &, ) | y ax), with
v=_1 +t(5)'1 and where CAk(€, v, v, a, x, n, &, 6) is a fixed polynomial of degree at most 4 k in
Y, \/:, x, n, &, with scalar coefficients.

Comment. Even better, log(C/\y) is of degree at most 2 k + 2 in said variables.
ean = p[e%e] .p[e1] = p[et¥a] .p[ef (Ha-2eam ] p[eba]

({l+ven&, v&r, {en, 1}} = {{e ", be " v}, {de " e, e’ “+bde " ve}}

sol = Solve[Thread[Flatten /@eqn], {d, b, c}1[1] /. C[1] » ©

1
1 bo — C%Log[l+7€n§}

3 J
l+yené l+yené Ye

{d—>

Proof of Lemma 3C. We know that Qsy(e4** 7Y | xy) = Qy(e°!*@Y-2€ca+bx | y ax), with

—n 4 Log[1+yené] . .
{d—) Teyent’ b- Teyene C T e } Expanding in € we get

Qu(e®** " | xy) = Quu(Ae(§, n) €™ *#*¥~1 | yax) = Qeu(Ac(dx, dy) €7 ¥~ "¢t | yax) and so

Qu(eny+§x+6yx | xy)= (D(/\E(ax, o) 990 ghy+&x-nét | yax) = (D(,\E(ax, dy) v @/ (-tEntny+Ex+by x) | yax).

SS.[&. 1 := Block[{e}, Collect[Normal@Series[&, {e, @, $k}], €, Together]];
(* Shielded e-Series =x)
Cafti ,y1 ,a1 ,x1_, &1, 71_, &_] := Module|

{eqgn, d, b, c, sol, A, q, v, &, n},

eqn = p[ef"cu] .p[e”ycu] = p[edycu] .p[cxec (G 1‘“'2”‘”)] .p[eb"‘“];

sol = Solve[Thread[Flatten /@eqn], {d, b, c}1[1] /. C[1] - O;

A = Simplify[e 7V ¢X et ss [et+dy-2ecarbx / so1]];

q = e (CtEmmyrExssyx)

Collect[vq™*DPcp,,up, [A1[A] /. v (1+t5)7", e, Simplify] /.

{t>tl,y->yl,a»al,x>x1, £ &, n- 71} ];
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CAlt, y, a, x, §, n, 6]

1

1

+

1+t6 24 (1+ts)°

2018-02-15 20:10:22

e? (48a2 (1+t5)" (252 (1+t6)%+46 (1+t8) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) -

2 (1+t6)°

24ay(1+t6)4 (252 (1+t6)2+46 (1+t6) (x6+1m) (yo6+&) + (x6+n)? (y6+§)2) -

48ayy (1+t6)° (x5+n)

(662 (1+t6)2+66 (1+t68) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) +24yy? (1+t06)°

(X8 +1n) (662 (1+t6)2+66 (1+t68) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) -48axy

(1+t6)3 (Y& +&) (652 (1+t6)2+66 (1+t6) (x6+1n) (yo+&) + (x6+n)? (y6+§)2) +

24xy° (1+t5)% (yo+¢€) (652 (1+16)2+66 (1+t6) (x6+1) (yo+&) +
(x6+m)? (y6+8)2] +12y2 ¥ (1+16)% (x641)?

(1262 (1+t6)2+86 (1+t8) (x6+7m) (Y6+&) + (xE5+m)? (yo+&)2] +12x* 2

(1+t6)% (yo+6)2 (1252 (1+t6)2+86 (1+t6) (x5+n) (Y6+&) + (x6+n)2 (y&+&)?

24aty (1+t6)? (653 (1+t6)°+186% (1+t6)% (x5+n) (Yo +&) +
95 (1+t5) (x6+77)2(y6+§)2+(xé+n)3(y6+§)3)—

8t (v+tyo)? (663 (1+t6)°+186% (1+t6)% (x65+n) (Yyo+&) +
96 (1+t6) (x6+m2 (yo+&)2+ (x6+n)3(y6+§)3)+

24xy(y+ty6)2(663 (1+t6)°+186% (1+t6)% (x5+n) (yo+&) +
96 (1+t6) (x6+m)?* (yo+&)%+ (x6+1)° (yo+¢) )

2

12tyy? (1+t6) (x6+7) (2453 (1+t6)%+3606% (1+1t5)
126 (1+t6) (x6+m2(y6+6)2+ (x5+m)> (y6+¢) 3)

R2txy? (1+t6) (y6+¢) (2453 (1+t6)%+366% (1+t6)% (x5+n) (Yy6+&) +

126 (1+t8) (x6+m)2(yo+&)2+ (x6+n)> (y6+&) )+
312 y? (2454 (1+t6)*+966% (1+t6)° (x5+n) (yo+&) +726% (1+t6)?

(X6+n) (yo+¢) +

(x5+m)?2 (y6+£)2+166 (1+t6) (x6+m)> (y6+&)>+ (x6+1)* (yé+§)4)) "

! e(4a(1+t5)2((t+xy)52+n§+5(1+yn+x§)>+

y(2t?6*+4t2 8% (6-xy&*+ng) -2 (yn (o (2+y77>+77§)+x 5 (2y*6°+3y6E6+E%) +
x (3y? 62r]+4y6(6+n§>+§(26+r]§>)) t(3x*y*6*-46nE-n* &+

4xyo® (3+ynexe) + 6 (~2+y2ntaxcextetiay (nrxne))))]

{short[1lhs = Ocy[SS[e” (¢**7¥*&*N ], (x, y}], 5], HL[1lhs ==
Ocy[SS[eY (Exsmy+éxy-them ca[t, y, a, X, B §, hn, B8] /. v » (1+ht 5)'1], {y, a, x}]]}

{(1-

toh+t?o?nl+tySlen?-tnéEn®-
ven-3t?ysen’ -2ty e’n’«2t?onEn+2tysenn’) U] +

(26en-4te?en’-2ye*e?h’+2enEn’+6t28%en’+ 12ty s’ e’ n’ -

2

8toenén’-4yse’nEn’) CUlal + «<25> +

1 2 3 1 323
— 6 nn”CULY, ¥, ¥, X5 X] +g6 nPCULY, ¥, ¥ X5 X, X], Tr‘ue}
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The Quantum Logos QA

Goal 1: In QU, compute F=e™" ¢ eV ™%
First compute G = e** ye~¢*, a finite sum.

Now F satisfies the ODE 0,F = a,,(e-"y e”G) = -yF + FG with initial conditions F(n=0)=1. So we set it up
and solve:
Logos
QA[T1 ,y1 ,a1 ,x1_, &1, 71_, &_] := Module[
{G, F, fs, f, bs, e, b, es, 2, q, v, &, n, t},
G = Simp|[
Table[£* /kt, {k, @, $k+1}].NestList[Simp[xq ** # - 7*% Xqul &, You, $k+1]];
fs = Flatten@Table[fl,i,j,k[n]J {1) 0: $k}: {i) 0) 1}) {j) 0: 1]’: {kJ 0, 1}]5
F=fs.(bs="Fs /. f ,i e [n]l=>e Quely,a,x});
es = Flatten][
Table[Coefficient[e, b] =0, {e, {F-1q /. N >0, Fx*xG-yq**F-0,F}}, {b, bs}]1;
{7A} =F /. DSolve[es, fs, n] /. {e- » 1, QU » Times};
q =@ ((tEMmyrExssyx)
Collect[v g™ DPeyp,, 0, [A1[q] /. v > (1+105) Tyt (T-1) /&, e, simplify] /.
{(T>T1,y>yl,a»al, x>x1, £ &1, n- 71} ];

QA[T, y, a, x, &, 1, 6]
h
(-1+T)6+n

1

+

€ n? (SaT ((-1+T)6+n)2 (nen+6 (1+yn+x€E) n+8 (-1+T+xyhn)) +
4((-1+T)5+n)°
y(nghz ((—1+3T) n <(—1+T) §—2yh) +2xh (5-3T§+2yh)) +
(-1+T)6* (-2+6T°-x>y?>n>-2T? (7+4xyh) +T (186+8xyh-5x>y*hn?)) -
46°n (1-3T+x?y?n®+ T (7+2xy (3+yn) h+2XyEn) +
T(-5-2xy (3+yn)h+x*yh (-2&+yh)))+
26n0% ((1-3T)y*n*h+2n (E+3T2E-4T¢E (L+xyh)+yh (1-3T+xyh)) +
Xh ((x-3Tx) & +2yh+&(2-6T+2xyh))) -
h((1-4T+3T%)y?n’h+h (-2+3T2 (-2+4xE+X2E%) +4x (E+yh) +
X2 (E2+2yEn-4y*n?) 2T (-4+x (86-6yh) +x*E (26-5yh))) +
2n (-2 (-1+T) £ (1+3T*-2T (2+xyh)) +yh (2+6T +xyh+T (—8+5xyh))>)))
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{short[1lhs = SimpT@Oq[SS[e® (CX*7¥+&XN ], (x, y}], 5],
rhs = SimpT@Oq [SS |
e v (Exmyroxy-(T-1) Em) QA[T, y, @, X, B E, An, 6] /. v » (1+ (T-1)6)7'], {y, a, x}];
HL[Simplify[1lhs == rhs]]}

2

{(1téh+ (t 2

2

+t282+tySle-tnéE| A%+

6
(26en+ (2toe-4t8%c+2en&) n*+ (P6e-6126%c+6t*5c+2tené-8tseng) n?)

t3 5 1
(—+t362—t363+2t27626—3‘t27636—2t2n§+2t2677§+2t7(6677§) h3] QU[] +

1, .3 1 3.3
QUla] + <<21> + =6 nh”QULY, ¥, ¥, X, X] + =6 h”QULY, ¥, ¥, X, X, X], Tr‘ue}
2 6

CO, QO, and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

CdsO

SetAttributes[{CO, Q0}, Orderless];
cueco[specs __, E[L_,Q , P 1] := Oq[SS[e"*?P], specs];
QUeQo[specs __, E[L_,Q ,P_]] := DQU[SS[e“Q P] , specs];

CUQCO [E[Atyay, Ati' (€™ -1) y1Xy, 1+eXiya], {V1, X1}1, {X25 @2, Y2}2] // Short
CU[] + «<24> +

<«<1>

CUly1, X1] |-veh?ty+eByen®t, +

1 1
- <<1> + —yzefftltz— —etlyzefftltz
<«<1> 2

HL [p[e§CU@x] .p[e"‘CU@a] = p[eacu@a] _p[ee’“§CU@x]]

True

SW

SWy, ,a, [ (0 : CO | QO) [OrderlessPatternSequence[{Lh___, X; , a; , rh___}s ,
more___, E[L_, Q_, P_111] := o[{Lh, aj, xi, rh}s, more,
With[{q = e * Ex; +aaj},
E[L, e¥&x;+ (/. X »0), e9DPy p,,a0,[P1[e?]] /. {a>8aL, € 0850}]]

co=CO[E[htias Aty (e -1) y1X, 1+eX1Ya], {¥15 Xa}1s (X2 325 Y2}2]
(—1+(Et1) hXyy1

CO[{y1, X1}1, {X2, 32, Y2}2, E[B @ ty, » 1+exyys]]

t

SWy,,a, [CO ]

e Yt (—1+ (Etl) hXyy1

CO[{y1, X1}1, {32, X2, Y2}2, E[B @ ty, » Lrexyys]]

t
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With[{CO = CO[{yl_, X]_}l, {Xz, da, Yz}z, ]E[f.l t1 az, ﬁtil (et:l - 1) Y1 X2, 1+ € X1 yZ]]}J
HL[CU[co] == CU[co // SWy,,a,11]

True

With[{co = CO[{y1, a1, Xa}1, {X2; 32, Y2}2,
E[a (lutiar+lptiar+lntrar+ 1ot @), B (Wi Xa Y1+ ¥12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
l+e(lia+l@+puXay1+ P2 Xay2+ P21 X2 Y1+ P22X%2Yy2)]]}s
{CU[co] // Short, HL[CU[co] == CU[co // SWy, 11}

]

{«<1>>, True}

With[{go = QO [{y1s a1, Xa}1, {X25 32 ¥2}2s
E[f (lutiar+lptia+ lntrar+ 1ot @), A (W11 Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2)
l+e (1131+12az+P11X1Y1+P12X1Y2+P21X2y1+P22X2YZ)]]};
{QU[qgo] // short, HL[QU[qo] == QU[qo // SWx,,3,]11}

]

{«<1>, True}

sSwW
SWa, ,y, [(©:CO | QO0) [OrderlessPatternSequence[{Lh _ , a; , ¥i , rh__ }s ,
more___, E[L_, Q_, P_111] := o[{Lh, yi, aj, rh}s, more,
With[{q =e¥*nyi+a aj},
E[L, e¥*nyi+ (0/.yi»>0), e9DPy p a0, [P1[e?]] /. {a>8aL, n>8y0}]]
With[{go = Q0 [{y1, a1, Xa}1, {X2; 32, ¥Y2}2,
E[f (lutiar+lptia+lntrar+ 1t a), B (Wi Xa Y1+ ¥12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
l+e(liag+l@+puXay1+ P2 Xay2+ P21 XaY1+P22%2y2)]]}s
{QU[ge] // Short, HL[QU[qo] = QU[qo // SWa,,y,]11}
{«<1>>, True}
sSwW

wai,)yjiﬁk, [CO[{Lh___, x; , Yio rh___}s ,more___,E[L_,Q_,P_]]] :=
co [{Lh.v Yrs Ary Xk, rh}s; more,
With[{d =V (§Xc +NYr+ 6 X Yr -t 1)},
E[L, g+ (Q/.xi|y;>0), e DPxo,yn, [P1[CALts Y5 Bk Xks €, 15 6] €7]] /.
vo (1+t, 5)'1 /. {€- (0x,07.y;-50), n> (8y,0/.%i>8), 6 0y,y,0}]]

With[{co = CO[{X1, y1}1, {X25 32, ¥2}2,
E[A (lptia;+1ntr8), B (11 Xa Y1+ ¥12 Xa Y2 + ¥21 Xa Y1 + ¥22 X2 ¥2) »
l+e (1232+P11X1Y1+P12X1YZ+P21XZY1+P22X2y2)]]}:
{CU[co] // Short, HL[CU[co] = CU[co // SWy,y.01]1}

]

{«<1>, True}
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SwW
wai,’}’j,-’kf [QO[{Lh___, Xi ,¥j srh___}s ,more___, E[L_,Q_,P_]]1] :=
QO [{Lh, Yks ars Xs rh}s, more,
With[{d=v (EXk+NYr+ XY -B7 (T -1) €n)},
E[L, q+ (Q/.Xi |y;>8), e9DPy p_y.p, [P1[QA[Tks Yis ars Xes €5 M5 81 €7]] /.
vo (1+07 (To-1)8) " /. {€5 (00 /. y; @), n- (8y,0/.%x;i>0), 6 0x,,0}]]

With[{go = QO [{X1, y1}1, {X25 32, ¥2}2,
E[f (liatia;+ 1 taa), B (y11 Xa Y1+ ¥12 X1 Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2) »
l+e (1232+P11X1Y1+P12X1Y2+P21X2Y1+P22X2YZ)]]};
{QU[qgo] // Short, HL[err = SimpT[QU[qo] - QU[qo // SWy,,y,51111}

]

1
{g€h3 QUIY1, Y15 Y15 Y15 X1, X1, X1, X1] P11 ¥33 + <<159>> + QU]

e e ep T2TSy3 4epyT8ys
P11 + P22 vy €l poty + «<1713> + SPu’izVe +36y€?pan Tg 7{%2 + P2 2V

h h h h

1+

o)

E

E[L, Q, P] means e"“*Q P, where L is linear in the a’s, Q is a combination of x;y;, and Pis a
perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1}; ...] (with some default for
direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, ...]- In themselves, CO and QO should have
an interpretation in CU/QU by casting.
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