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Pensieve header: The full $sl_2$ invariant using the Drinfel’d double. Continues 2018-05/ybax.nb,
Talks/StonyBrook-1805/ybax.nb, Projects/SL2Portfolio/Logoi.nb.

External Utilities

Inf+]:= HL[& ] := Style[&, Background - Yellow];

Program

Program

Internal Utilities

Program

Canonical Form:
Program

Inf+]:= CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&_ ] := ExpandDenominatore
ExpandNumeratoreTogether [Expand[&] //. € @'~ = e /. e = elI];

Program

The Kronecker 6:

Program
Inf+]:= K& /: Ké; ; :=1If[1===73,1,0];
Program
Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for &-*< P:

Program

mp= E/:E[L1 ,Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1 == L2] ACF[Q1 == 02] A CF[Normal[P1 - P2] == 0]
E/:E[L1 ,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2,Q1+Q2, P1%P2];
E[L ,Q ,P lg :=E[L, Q, Series[NormaleP, {e, 0, $k}]1];

Program
Zip and Bind
Program

Variables and their duals:

Program

In[«]:= {t*, b*, y*, a*, x*, 2"} = {t, B, n, a, &, E};
{t*s By ", ", &, &*} = {t, b, y, a, X, 2}; (u_i_)* t= (U*)q;

Program

Finite Zips: (* Perhaps switch Expand to Collect[__, {]? *)
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Program
Inf+]:= expand[sd_SeriesData] := MapAt[expand, sd, 3];
expand[& ] := Expand[&];
Zip [P_] :=P;
Zipir e 3 [P_1 = (expand[P // Zipiry] /. f_. &% 25 8o,y f) /. &* >0

Program
QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such zips regard the L variables as scalars.

Program

In[]:= QZipg’stist,simpi@]E[L_) Q_J P_] o= MOdUIE[{§, Z, ZS, C, YS, 1S, qt, Zru-le) Ql) QZ},
zs = Table[&*, {&, £5}1;
c=0Q/.Alternativesee (¢s5Uzs) - 0;
ys = Table[d. (Q /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (Q /. Alternatives ee &5 -» @), {z, 25}];
qt = Inverse@Table[KS&, o~ - 0,,:0Q, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys)];
Q2 = (Q1 =c+ns.zs /. zrule) /. Alternatives @@ zs - 0;
simp /@ E[L, Q2, Det[qt] e ® Zips[e® (P /. zrule)]] |;
QZipss rist 2= QZipss,crs

Program
Upper to lower and lower to Upper:
Program
Infe]:= U2l = {B’i’:' - e'Pf"fbi, BP-: > e-PﬁYb, T‘i’:' N ephti, TP-- o epﬁt, ‘7{11?:- - eP¥u, gl e"“};
12U = {ec_. b; +d_. N BITC/ (A Y) ed, e’ b+d . > B—c/ (avy) ed,
e - tisd . T‘{”‘ e, @+t . o, TC/B g,
e’-* ai_ +d_. . mfi‘/y ed’ et~ a+d_. . ﬂc/y ed,
ezs_ .y eExpand@&};
Program
LZip implements the “L-level zips” on E(L, Q, P) = Pe'*?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are b and a and the {’s are fand a.
Program

Infe]:= LZips rist,simp @E[L_, @_, P_] := MOdUIe[{g: z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},
zs = Table[Z*, {&, {5}1;
c =L /.Alternativesee (¢sJzs) > 0;
ys = Table[d, (L /. Alternativeseezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee s - @), {z, 25}];
1t = Inverse@Table[KS,, ¢+ - 0,,-L, {&, &5}, {2z, z5}];
zrule = Thread[zs » 1t. (zs +ys) ];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives @e zs - 0;

02=(Q1=0/.U21/. zrule) /. Alternatives @@ zs - @;
simp /@ E[L2, Q2, Det[1t] e>" @ Zips[e'*® (P /. U21 /. zrule)]] //. 12U ];
LZipss pist = LZipss,crs
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Program
m-p=  Bindg [L_, R_] := LRj
Bind(is ;[L_E, R_E] := Module[{n},
Times |
L/.Table[(v:b|B|t|T|a|x|y); > Viei> {i, {is}}],
R/.Table[(v:B|T|a|RA|E|N)i~ Viei, {1, {i5}}]

] // LZipgiatteneTable[{Bei,Treiranei}s{i>{is}}] 7/ QZipPFlatteneTable[{&ei,ynei}s (is{is}}] ]3
BL_List[L_: R_] = Bj-ndL [L: R]; Bis___ [L_J R_] o= Bind{is} [L) R];

Program
“Define” code

Program
Define[lhs = rhs] defines the lhs to be rhs, except that rhs is computed once and forever yet gets
recomputed whenever $k changes. Fancy Mathematica not for the faint of heart. Most readers should
ignore.

Program

Inf+]-= SetAttributes [Define, HoldAll];
Define[def_, defs__] := (Define[def]; Define[defs];);
Define[op_;; =6_] :=
Module[ {SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k, 1, m, n},
ReleaseHold [Hold [
SD [OPnisp,sk_integers BLOCK[{i, J, k, 1, m, n}, Opisp, sk = &5 OPnis,sk] 13
SD[0pisps OPisy,skl s
SD[opsis__J op{sis}]3
17. ¢
isp> {is} /. {i»i_,j->Jj_, k->k_},
nis » {is} /. {i > ii, j - ji, k » kk},
nisp - {is} /. {i»>ii , 33, k> kk_},
SD -» SetDelayed

}H
1]
Prograrm
Booting Up
Prograrm
= $ko= 25
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Program
Inf+]:= De-Fine[
am; j,x = E [ (aj + aj) ag, (e—xaj Ei + fj) Xk 1]$k’
bm;,jok = E [ (Bi + Bj) bk, (ni+nj5) Yis el(e°#-1) ns Yk]$k,
Ht (1-er%)" (mysxp)t
k=2 k (1-ek¥en)
Pi,j = If[$k =@, E[Biaj/h, ni&; /B, 1o,
MapAt[(,mr_.s$k Coefficient[ (Rn,n~Bn,m~ ((P(n,43,0) sk (P(i,my,sk-1)sk)) [31, €, $k]) &,
(Pes, 93,91 sko 3] ]
as; = ]E[-ai a5, -&i Xi,

_h k heai
(,(#‘-:)Nest[Expand[Xf O{xi,z}#] &, e e, k]]’ {k, o, $k}] ]$"~

]E[fl ajbi, Axjyi, e”

Ri,; ]$k’

e®*i sum[Expand [

Bi,j~amj j,i,
aS; = If[$k = 0, E[-a; a3, -X; A; £, 1o,
MapAt [ (# - e** Coefficient [ ( (aS(i,0) sk~Bi~aSi~Bi~ (3Sei),sc-1) sk) 31, €, $Kk] ) &,
(8S(1y,$k-1) $ks 3] ] s
bS; = Ri,n~Bn~aSy~Bn~Pj n,
bS; = Ri,n~Bn~aSy~By~Pi,n,
al;i,i,k = (Rn,j Rm,k) ~Bn,m~bmMy n,1~B1~Py 5,
bAi—»j,k = (Rj,n Rk,m) "‘Bn,m’"amn,mal"’Bl"‘Pi,lx
dm, 5.k = (]E [Bibi + ajaj, niyi+ & Xy, 1] (Ali,1,2~Br~aAy,3;3) (bAj—>—1,—2"'B—2"‘bA—Z—y—Z,—3)) ~
33"53"3-1,3" (P_1,3) ~B_3,1~ (P_3,1) ~B3,4,i,-2~ (amz,j-»k bmi,—z-»k) s
dS; = E[Bi bn + aj @, Ni Yn + §i Xm, 1] ~Bn,m~ (gn asm) “‘Bn,m"'dmm,n—yi)
dA; 5,k = (bAi-a,l aAi-»2,4) ~B1,2,3,4~ (dm3,4->k dm1,2_»j) s
Ri,j = Expand /@R;, j ~Bj~dS;,
CC; = E [0, 0, B%/Z e—heai/Z]
CCi = E [0, 0, Bj/2 e </2]

$k?

$k2

Kink; = (R1,3 E2) ~Bg,2~dmy 5,1 ~B3 3~dmg 3,i,
Kink; = (Ry,3CCy) ~By,p~dmy 5,1 ~By,3~dmy 3,5,

(% t==ea-yb and b::—t/7(+ea/7(: *)

b2t; = E[azai-Biti /¥, §iXi+niyi, e/,
t2b; = ]E[ai aj-tiyby, §iXj+niy5, e“iaj]$k

[E

http://drorbn.net/AcademicPensieve/Projects/SL2Invariant/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Invariant: Archive: SL2Invariant-180613.nb 2018-06-14 10:44:16

Testing

In[+]:= Block[{$k =13}, {
am - amj_j,k, bm - bm; j,k, dm - dm; j,k, R > R;i 5, R->Rj j, P> P; j, aS - aS;,
aS - aS;, bS » bS;, bS » bS;, dS - dS;, aA - aA;,j,ks bA » bA;L K, dA - dAjLj,ks
CC - CC;, CC -» CC;, Kink - Kink;, Kink » Kink;j, b2t - b2t;, t2b » t2b;

} 77

Column
ame]E[ak (ai +0a5), Xk ((e’YO‘J' §i+§j): 1}

bm > E [by (81 + B3), i (73 +713), 1 - Yk BNy € +0[e]?]
dm - E [ag o4 + a oy + b By + by By,

h Az A5
(A AL AjNi+ A Y Ay + A Xk A 1 + AL A3 N5 €1 - B AL Ay €1 + h X Ay A5 &5)

+4h;'m, <_4h)/k~7{j Bing-8hXyA; B Ei+ Ay h2 XYk ng i+
i Aj

4hagBe A Ajng E1+ 2y hyk Ay nf €1 - 6y A By Ay n3 &1+ 2y B Xy Ay nj €3 -
6Y BB Xk ANy EF+ v AL A N3 EF -4V B AL A N EF + B Y BR AL Ay 77%5%) €+0[€Jz]
1

R-E|hajbi, Axjyi, 1—; (yff’x%y%) €+0[€]2]

R Vi -4n%ajBi xyi-3yn®x3y3
R%]E[—I;’laj bi; _h);y;’ 1+ ( aj 1X14y;Z yh*x3yi) e +0[€]2}
i i

a3 Bi ni &5 1+Y6ﬂ252}
an’ n’ an

E|-aja;, -X{ A1 §1, 1+ (—Zﬁaixiﬂigi—yhx%?@ﬁ)e+0[e}2}
aS> E

N RN

aj Qi, “Xi A1 &1, 1 - =€ (—thxiﬂi Ei+2ha; Xy Ay §i+}(ﬁX%ﬂ% §§)]

o

i 2B2

bS > E

Vi n; 2y BBsyini-2Byys Bini-yhyind
by By, - ,1+(7r i Vi 0 1y1251mvf yml)eJro[e]z}
B;i 2 B

[,
[,
bS%]E[—bi Bi, _MiBﬂLJ 14+ (-2Biyi Bini-yhyini) e +O[€]2}
[,
{_

out[+ = dS > E|-a; o - b; By, N

hBj

1+4f115? <4Yh231yi9’<iUi—4leiyi?fiBiUi—ZyﬁZﬁ?@U%—4ﬁ2aiB%xiﬂi§1—4hB§xiﬂiBi§i—

Ay hBi ANy E3+4hagBi AN Ei+4vhBIA N §5 -4y W2 By Xy Yi AL ns &3 +

4B; A3 BinNiE1-4BE A BiNi E1+6vhyi AINTE1 -2y hBiys ATt &1 -2y h?BIXE A &F +

6y NBix; ANy -2y hBExs ANy E2-3v AN}t + 4y B A n? &2 -y BIAIn? &}) € +0[e]?]
aA—>]E[aja1+akcxi, X5 €1+ Xk Eis 1+i (—Zﬁaj Xk €1+ ¥ DXy Xk§%> 6+0[€12]
bA—”E[bjBi‘*'kai: Bk Y5 N1 + Yk Nis 1+iYﬁBijyk77§€+0[€12}

dA%E[ajOti+ak0(i+bjﬁi+bkﬁi, Yini+BjYkni+ X5 &1+ Xk iy
1+§(ythyjykn%72hajXk§i+yhxjxk§%)e+O[€J2}
cc-El0, 0, VB -1 (haiw/Bi ) e+0[e]?]
E—HE[O, Q, L+ﬁ"i+0[6}2}
B;i 2+/Bj
Kink > E[na; bs, hxsy;, —2—+ 2E2EXAIE g1 )2]
B INES

__ . -2ha;B-4h2a; B x; yi-3y 3 x3y?
Kink - E[-has by, - X5, /B o4 v 3y AAle | gre?]
i 4By

bZt%]E[aiO(i—L;éj‘, yii’]i+Xi§i, 1+§L§j£+0[6]2}

th%]E[ajO(i—ij Ti, Y574+ X5 &i, 1+aj ti€+0[€]2]
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Check that on the generators this agrees with our conventions in the handout:

= Timinge {{"[a,x]" » ((E[@, @, a2 X1] ~B1,o~amy,>,1) [3] - (E[@, @, a1 X] ~B1,2~amy,».1) [31),
"[b,yl" > ((E[@, @, y2b1] ~B1,2~bmy,2,1) [3]1 - (E[@, 0, y1 by] ~Bs,2~bmy,2,1) [31)} /.
z 4,2,
{"A[y]" » Last[E[0, @, y1] ~B1~bA1,1,2],
"A[b]" » Last[E[Q, @, byj] ~B1~bA1,1,5],
"Ala]" -» Last[E[0, 0, a;] ~By~aA;1,1,2],
"A[X]" > Last[E[O, 0, X;] ~B1~aA1,1,21},

"S(a)" > ((E[0, @, a;] ~By~aS;) [31),

"S(x)" > ((E[®, @, X1] ~B1~aS1) [31),

"S(b)" > ((E[0@, @, by] ~By~bS;) [31),

"S(y)" > ((E[0, @, y1] ~B1~bS;) [3])
} 7oz 2}

our-- {@.703125,
{{la,x] > -xv, [b,y] »-ye+0[€]’}, {aly] = (Byy1+Y2) +0[€]?, A[b] » (by+by) +0[€]?,

1
Ala] - (a1+ay) +0[€]?, A[X] > (X1 +X2) ~haiX;e+ —h*ajx,e?+0[e]’}, {S(a) > -a+0[€]?,
2

S(x) »>-x-axhe-— (a®xh?*) e+0[e]?, S(b) > -b+0[e]?, S(y) »7¥+0[e}3}}}

B

N |

Hopf algebra axioms on both sides separately.
Associativity of am and bm:

1= TimingeBlock [ {$k = 3},
HL /e { (amq, 2,1 ~By~amg,3,1) = (amy,3,2~By~amy 2,1), (bm1,2->1~31~bm1,3->1) = (bmz,3->z~Bz~bm1,2-»1)}

]

our - {0.109375, {True, True}}

R and P are inverses:

In[e]:= Timing@Block[{$k = 3}, {Ri,j) Pi,k: HL[Ri,j~Bi~Pi’k = E [aj Ak X5 Skr 111131
1 1 1

outf- J= {0.140625, {E [h ajbi, Axjyi, 1- ~ (yh3 X3 y%) e+ | =Py — ¥ xiyi| e*+
4 9 32

1
—— (24 x5yi-72 0 xgyt - 32 n¥ x5yt - 32 ° x§y§) €+ 0[e)?],

1152
E[akﬁi N &k yni&te (36¥2n’nicg+aey?hndf+9v?intEl) €2 1
> > + +
gl gl 4n 288 h? 1152 A3

(4831 nfcp+192y° WP ni & + 156> nP nf sk + 40> hnd ER + 337 n§ &) €2 +0[e]?], True}}
as and aS are inverses, bs and bS are inverses:

1= Timing[HL /@ {aS;~By~aS; = E[ag a1, X3 §1, 1], bS1~By~bS; = E[by B1, y1 M1, 11}]
our - {8.375, {True, True}}

(co)-associativity on both sides
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inf-1= Timing [HL /e
{ (al1,1,2~Ba~ahy,5,3) = (alA1,1,3~B1~aA1,1,2), (bA1->1,2 ~By~ bAz-»z,s) = (bA1->1,3 ~B1~ bA1-»1,2) s
(amg,»,1~Bg~amy 3,1) = (amy,3,2~By~amy >,1), (bm1,2->1 ~B1~ bm1,3->1) = (bmz,s-»z ~By~ bm1,z->1) } ]

our - {0.421875, {True, True, True, True} )

A'is an algebra morphism

1= Timing[HL /@ {amy,5,1~B1~aA1,1,2 = (3h1,1,3 8A2,2,4) ~B1,2,3,a~ (A3, 452 @My 5,1) 4
bmy, 5,1 ~B1~bAs,y,5 = (bA1->1,3 bAz-»z,4) ~B1,2,3,4~ (bm3,4->z bm1,2->1) }]

ouf-]= {@.734375, {True, True}}

Sis convolution inverse of id

n-p- Timing[HL[# = E[@, 8, 1]] & /e {
(aA1->1,2~31~351) ~Bg,2~amy 2,1, (3A1a1,2~32~352) ~B1,2~amy 5,1,
(bA1,1,2~By~bSy) ~By,5~biy 5,1, (bA1,1,2~By~bS;) ~By,2~bmy 2,1} ]
ouf-]- {0.640625, {True, True, True, True}}

Sis an algebra anti-(co)morphism

Inf«]:= Timing [HL /e {am:l,z_,l ~By~aS; = (a51 aSz) ~Bl)2 ~amyz 1,1, bml)z_,1~Bl~ b51 = (b51 bSZ) ~B]_’2 ~bm2,1_,1,
aS; ~B;~aAj,1,2 = AA1,3,1~B1,2~ (351 352) 5> bS1~By~bA1,1,5 = bA1,5 1~B1 5~ (bsl sz) }]

ou-]= {1.03125, {True, True, True, True}}

Pairing axioms

1= Timing[HL /@ { (bmy,2,1 E[a3 a3, §3X3, 1]) ~By,3~P1,3 =
(]E[Bl bi, n1y1, 11 E[B2 bz, N2 Y2, 1] 3A3-»4,5) ~B1,4~P1,4~B3,5~P3, 5,
(bA1,1,2 E[az a3, §3X3, 1]1 E[as a4, €aXas 1]) ~B1,3~P1,3~By a~Py4 =
(E[B1b1s n1y1, 1] ams a3) ~B1,3~P1,3 }]
our - {©.484375, [True, True}}

1= Timing[HL /@ { (bS1 E[az2 @2, €2 X25 11) ~B1,2~P1,2 = (E[B1 b1, n1y1, 1] @S;) ~By,2~P1,2,
(EﬂE[az az, €2X2, 1]) ~B1,2~P1,2 = (E[ﬁ1 b1, m1y1, 1] E2) ~B1,2~P1,5}]

ouf-]= {0.328125, {True, True}}

Tests for the double.

Check the double formulas on the generators agree with SL2Portfolio.pdf:
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Inf+]:= Timing@{{
"[a,y]" > ((E[@, @, y2a1] ~B1,5~dmy >,1) [3] - (E[@, @, y1a2] ~B1,2~dmy,5.1) [31),
"[b,x]1" - ((E[@, @, X3 by] ~B1,5~dmy,2,1) [3] - (E[O@, @, X1 by] ~By,>~dmy,5,1) [31),
"xy-qyx" - ((E[@, 8, X1y>] ~B1,2~dmy,5,1) [3]1 - (1+€) (E[@, @, y1X2] ~By,2~dmy,5,1) [3])
} 7. {z_y > 2} // Expand // Factor,

"a(a)" > ((E[@, 0, a1] ~B1~dA1,1,2) [31) 5
"A00" - ((E[0, 0, X1] ~ 1~dA1->1 2) I31)
"A(b)" > ((E[0, 0, b1] ~ "dAl-»l ,2) 131) »
"ay)" > ((E[0, 0, y1] ~B1~dA1,1,2) [31)

} 77 simplify,

{

"S(a)" > ((E[0, @, a1] ~By~dS;) [31),
"S(x)" - ((E[8, 0, X1] ~Bl~d51) 31),
"S(b)" > ((E[@, @, by] ~B1~dS1) [31),
"S(y)" > ((E[@, 0, y1] ~B1~dS1) [31)

} 7. {z_y > 2} // Simplify

}

our-- {10.8125, {{[a,y] » -y v +0[e]?, [b,x] »xe+0[e]?,

1-B+Xxyh 1
Xy-qyX = |-XYy + SoERXYAN, (aB-xy+xyyh)e+— (-a’Bh+xyy?>h*) e*+0[e]?},
h 2

3 1 2 52 2 3
{A(a)e(a1+a2>+0[e] ,A(X)%(X1+X2)—ﬁ31X2€+_h a; Xz € +O[€] >
2

A(b) » (by+by) +0[€]?, A(y) - (y1+B1yz) +0[e]?},

{S(a)e—a+0[e}3,5(x)e—x—axhe—l(ath2>ez+0[e]3,
2
th 2
S(b)»—b+0[e}3,S(y)»—X+yYhef yxnt) e +0[el?}}}
B B 2B

(co)-associativity

In[+]:= Timing[HL /@
{(dA1+1,2~By~dAy,2,3) = (dAr,1,3~By~dAg,1,), (dmy 2, ~Byi~dmy,3,1) = (ding,3,~Ba~dmy,551) }]

ouf-]= {7.23438, {True, True}}

Ais an algebra morphism
o= Timing@HL [dm1,2->1~31~dA1-»1,2 E (dAl—»l,B dA2->2,4) ~Bi1,2,3,4~ (dm3,4_,2 dm1,2->1) ]
ouf-}= {13.5469, True}

S is convolution inverse of id

Inf]:= Timing[
HL[#=E[0, 0, 1]] & /@ {(dA1->1,2~B1~d51) ~By,2~dmy, 5,1, (dAl-»1,z~Bz~d52) ~B1,z~dm1,2-»1}]

ouf-}= {11.9688, {True, True}}

Sis a (co)-algebra anti-morphism
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Inf+]:= Timing[HL /e
Expand /@ {dml,z_,]_ ~Bl~d51 = (d51 dSz) ~B]_’2 ~dm2,1_,1, d51~Bl~dA1_,1,2 = dA]__,le ~B1)2 ~ (d51 dSZ) }]

ouf-]= {26.125, {True, True}}

Quasi-triangular axiom 1:

imf-= Timing@HL[Ry1 2 ~By~dAj_,1,3 = (Ry,4R3,2) ~Ba,a~dmy 4,5]

our - {0.6875, True}

Quasi-triangular axiom 2:

1= Timing@HL [ ((dA1_,1,2 Rs,a) ~B1,2,3,a~ (dMy,3,1 dM2,4,5) ) = ((dA152,1Rs,2) ~B1,2,3,a~ (dis, 151 dimg 55) ) |
ouf-]= {11.7344, True}

The Drinfel’d element inverse property, (u; Uz)~B12~dmj 51 = E[0, 0, 1]:
;= Timinge
HL[ ((R1,2~B1~dS1~By,y~dmy,1,3) (R1,2~By~dS;~By~dS;~By,5~dmy,1,5) ) ~By,j~dm; j,; = E[0, 0, 1] ]
ouf-= {4.25, True}

The ribbon element v satisfies v2 = S(u) u. The spinner C=uv~.. It is convenient to compute z= S(u) u™*

which is something easy.
1= Timinge@Block [ {$k = 3},
( ( (R1,2~B1~d$1~31,2~dmz,1->i) ~Bi~dSi) (R1,2~Bz~dSz~B2~dSZ~Bljz~dm2)1_)j) ) ~Bj,; ~dmi,j->i]
1 haje h?ate? ndajed

our-- {76.0156, E[0, @, — + + + +0[e]*]}
Bi Bi 2B; 6 B;

Infe]= Timing@Block[{$k =2}, HL /e { (CCi EJ) ~Bj,j~dmj 4,; = E[O, 0, 1], (El EJ) ~Bj,j~dmj 4,5 =
(((Ra,2~B1~dSy~By,2~dMz,1,;) ~Bi~dS;) (R1,2~B2~dSz~By~dS;~By,2~dMy,1,5)) ~By,j~dms, 5,5} ]
ouf-}= {5.79688, {True, True}}
Reidemeister 2:

n-1= Timing[HL[# = E[0, @, 1]] & /@
{ (E,z R3,4) ~Bi1,2,3,4~ (dm1,3->1 dmz,4->z) » (R1,2 ﬁ3,4) ~Bi1,2,3,4~ (dm1,3->1 dm2,4->z) }]

ouf-- {8.26563, {True, True}}

Cyclic Reidemeister 2:
Infe ]:= Timing@HL[(R1,4 Rs,2 Ea) ~By,a~dmy 4,5 ~Bg 3~dmyg 3,1 ~By 5~dmy 5,1 = E1]
ouf-- {6.79688, True}

Reidemeister 3:

inf-= Timing@HL [ ( (R1,2 R4,3Rs,6) ~B1,a~dmy 4,1 ~By 5~dmy 5,5 ~B3 ¢~dms 6,3 ) =
( (R1,6 R2,3Ra,5) ~B1,a~dmy 4,1 ~By 5~dmy, 5,5 ~B3 ¢~ dma,s-»s) ]

our - {5.64063, True}
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Relations between the four kinks:

Inf«]:= Timing[HL /@ {Kinkl = (R3,1 CCZ) ~Bl’2~dm1’2_,1~31_‘3~dm1,3_,i,
Kinkj = (ﬁ_:,)]_ Ez) ~B]_’2~dm1_‘2_,1~B1,3~dm1,3_,J', (Kinkl Kinkj) "Bi,j ~dmi,j_,1 = E [0, o, 1] }]

our - {10.8594, {True, True, True}}

The Trefoil

Inf+]:= Monitor[Timing@Block[{$k =1},
Z= R1,5 Rs,z R3,7 E4 Kinkg Kinkg Kink]_e;
Do[Z = Z"‘Bl,r""dml,r‘—d) {r, 2, 10}1;
Simplify /ez], r]

our - {113.813, E|e, 0,

By
1-By+B?
(1-B1+B})%+0[e]?]}

- (hBy (-ay (-1+By-B}+B}) +y (By-2B}-2Bf+2hx;y1+B} (3+2hxyy1)))€)/

http://drorbn.net/AcademicPensieve/Projects/SL2Invariant/Archive/#MathematicaNotebooks



