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Pensieve header: Normally Ordered Exponentials at 0-Co in the t variables.
"NO” for “Normal Order”.

For pragmatic reasons, E[w, L, Q] means w™" Exp[L + w™' Q], where w is a scalar, L is linear and
contains only ¢’s and b’s, and Q is a balanced quadratic in the u’s and the w’s and contains no ¢’s and

b’s. E is also a casting operator: [E[w‘1 Exp[L +w! Q]] returns E[w, L, Q], meaning E[w Exp[L + Q]]
returns E[w™, L, w™' QJ.

E /: Simplify[E[v , L , Q ]] :=

E [Expand@Together@~, Expand[L], Expande@Together[Q /. b; > Log[t;]1]1];
E /: E[wl_, L1 ,Q1l ]=E[w2 ,L2,Q2] := (wl=w2A\L1l=L2A\QL=202);
E[w .e ] := simplifyeE[«s™, F/.u_|w_ |a|B>0, «*F/.c_-8];
E[v_] /; FreeQ[us, e-] := E[s7, @, 0];
E[& ] := E[Factor[&]];

E /: E[wl_, L1 ,Q1 1E[w2 , L2 , Q2 ] := Simplify@E [wl »2, L1+ L2, »2Q1 + »1(Q2];
Rp[i_, j_1] := E[ebicj+uiwj]; Rm[i , j ] := ]E[e'bi Cj‘tilui"’j];

NO[u; , €5 , R J[E[e_,L_, Q1] := E[1,L/.¢c;>0, s Q/.u; 0] (
]E:[a/'1 ee_’rﬁ““"c’?] /. {7->6ch, B> w? auiQ});

NO[w; , €5 , R J[E[w ,L , Q1] :=E[1,L/.¢c;>0, s*Q/.w;~»0] (
E[wte ] /. {y oL, B> w"8,0});

NO[w; , uj , R J1[E[e , L ,0 1] :=E[1,L, >0 /. w; | u; » @] (
]E[Vw-le(l—tk)VGB+V/3Uk+V5Uka+VuWk] /. v > (1+ ('tk—l) 6)—1 /. {

a-w?t (0,,0/.u;>0), B>w?t (8,0/.w;»0), 6_)‘”-16"'““1'0});

m{i_, j_,k 1[Z_] :=Module[{a}, Simplify|
(z 7. {bij > b, ti;>te} // NO[W;, cj, @] // NO[ui, Cop @] // NO[W., uj, al) /.
{Ci = Cry Wj > W, Y, 5 Vi}] ]

o[t ,J 1[&8]1 := & /. {bi—)bj, ti—)tj, Ci = Cj, Ui - Uj, W;-> W5}

Q0=]E[eu1w1+u2w3];
t1=0Q0 // m[1, 2, 4]

E[1, O, 2ugWs —ts Uz W3 + Ug Wg]
NO[ui, c1, 1] []E [ebz C1+Wp u1+u3w4]]

Uz W
E[l, szl, ¢ +U3W4]
2
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Q0 = E[Exp[Sum[a;, ju;wj+1; 5b; ¢y, {i, 3}, {J, 3}11]
E[1, bycilii+bicalis+bicslyz+bycilyg+bycalyp+bycsl;z+bscylsg+bscyls,+bscslss,
U Wp @1,1 +UgWpaz,2+UgW3az3,3+UxWpap1+UpxWpaz o+ UxW3ap 3+ U3Wpasq+U3Wpas p+ UsWsas, 3]

Q // m[1, 2, 1]

E [1 _ til,z‘rlz,z t%z,z az,1 + t%+11’2+12‘2 t%s,z a1,
bicili,n+bicilipn+bicslyz+bicilys+byicilyn+bycalyz+bscyls g +bscylsr+bzcslss,
Up Wy a1,1 + TR TR Ay, + tyher e £5152 ug wg a3+ 2 2 32 Uy a1 -

UpWga1,23d2,1+t1 U1 W1 a3,232,1-UrW3ag,;3a,1+TiUWzas 3a,,1+UiWiags+

Ui Wy ag,1@2,2-Tt1 Ui Wpa3,1a2,2+U1W3@3,3+U;W3a3,332,3-t1U1W3a1,3a3,3+

2122 452 uy wy asz 1 + 2122 €57 Uy Wy 2,2 33,1 trrleer £ uywy Ay,283,1 +

122 22 £ uswz @y,3 83,1 - t1 B2 E5 Uz wa @p,3 33,1 + Uz Wy @3p - T2 T2t Uz wy @p,1 @3,
t%+11,z+lz,2 t%;,z Us Wy ap,1@3,0 +Us W3 a3,3 t%l,z*lz,z t%s,z UsWs az,1 a3,3 + ti+l1)z+lz,z t%z,z Us W3 az,1 a3)3]

t1=0Q0 // m[1, 2, 1] // m[1, 3, 1]
1 5+15 ,+1 1+17 ,+15 2+1 17 0+17,3+15 2+15,3+13 2+1
E [1 _ t11,2 2,2+13,2 a1 + tl 1,2+12,2+13,2 a1 - t11,z 1,3+12,2+15,3+13,5+133 as 1 +
ti+11’2+11’3+12’2+12’3+13’2+13’3 as,1 - t%1,z+11,3+1z,z+1z,3+13,z+13,3 ay,,a3,1+ 2 ti+11’2+11’3+12’2+12’3+13’2+13’3 ay,,a3,1 -
t%‘r11,z+11,3+1z,z+12,3+13,z+13,3 ay,,a3,1 - t%1’3+12’3+13’3 as,, + t%+11’3+12’3+13’3 as,, +
11,0+17 3415 2+15 3+15 5+1 1+17 2+17,3+15 2+15 3+13 5+1 2+17,2+17,3+15 2+15,3+13 5+1
-tll,z 1,3 2,2 2,3 3,2 3,3 a2)1 a3)2 _ 2 tl 1,2 1,3 2,2 2,3 3,2 3,3 az,l a3,2 + t1 1,2 1,3 2,2 2,3 3,2 3,3 az,l a3,2J
bicilyi+bicilyn+bicilys+bicilyi+bicilyo+bicilyz3+byicils g +bicilsr+bicylss,
Up Wy ag,1 + tih,z*lz,z*lz,z Up Wy ag,o + ti11,z*11,3*12,2*12,3*13,2*13,3 Up Wy ag,3 + ti1,z+1z,z+13,z Up Wy a,1 -
Up W11, @,1 +t1 U Wy as,o 8,1 -t 2 2 upwy ag, 3 a0 + £ 2 2 upwy ag 3@y, +
1y5-155-1 “113-155-1
UpWg a2 +UiWgaggaz-tiuiwgaggap o+t 2 7222 ugwyap 3+ 8792722722 ugwy a1 az,3 -
L TR a1,132,3+ L e S ITR a3,1 - Ui Wy ag,3as,1+ti Ui W ag,3a3,1+
t%l,2*11,3+12,2+12,3+13,2*13,3 Up Wy @y,233,1 - ti+11,2+11,3+12,z+1z,3+13,2+13,3 Up Wy @p,2@3,1 - U Wy @1,3 82,2 33,1 +
2
2tiUiWya1,332,233,1 -7 U1 W1 a1,332,283,1+U31W1a1,232,383,1-2T3U1W1a1,233,333,1+
tiuiwiar,,azzas,:+ gyt gy az,p - tyivetar bz gy a1,333,2 + ety gy a1,3 33,2 -
L R R SN T T PYPIE TSI o h i A NI SIPE TP
2
Up W1 @1,332,133,2-2T1U1W1a1,333,133,2+T7U1W;a1,333,133,2-UzW;a,333,2+
2
tiuU1 Wi a,3@32-U1Wia3,183,3a32+2t3U1W331,133,333,2-t7U31W;a1,1a2,333,2+UzWas s+
“115-155-1 1-15,-1,,,-1
UpWga3,133,3-tiuiwiaggas3+ty 22 >2upwagas,3 -ty 222 uyjwyag,333,3 -
2
Up W1 @1,232,133,3+2T3U1W1a1,233,133,3-T7U1W;a1,233,133,3+UzW;a233,3~
2
tyUp Wi a2, 33,3+ Up Wy a1,1 82,283,321 Up Wy A1,1 32,2 3,3 + T3 Up Wy ag,1 2,2 a3,3
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t2=Q0 // m[2, 3, 2] //m[1, 2, 1]
E [1 _ t%1,2+12,z+13,z a1+ t%+11,z+1z,z+13,2 az,1 - t%1,2+11,3+12,z+12,3+13,z+13,3 as,1 +
ti‘r11,z+11,3+1z,2+1z,3+13,z+13,3 as,1 - t%1,#11,3+1z,z+1z,3+13,z+13,3 ay,,a3,1 + 2 ti+11,z+11,3+12,2+12,3+13,z+13,3 ay,,a3,1 -
t%+11,z+11,3+12,z+12,3+13,2+13,3 az,a3,1 - t%1’3+12’3+13’3 as,y + t%+11’3+12'3+13’3 as,; +
-t%l,2*11,3*12,2+12,3+13,2+13,3 ay,1a3,,-2 ti+11,2+11,3+12,2+12,3+13,2+13,3 ay,183,2+ t%+11,2+11,3*12,2+12,3+13,2+13,3 ay,1 33,2,
bicilyi+bicilyn+bicilys+bicilyi+bicily+bgcilyz3+byicils g +bicils o +bicylss,
Up Wy ag,1 + tih,z*lz,z*la,z Up Wy ag,o+ ti11,2*11,3*12,2*12,3*13,2*13,3 Up Wy ag,3 + ti1,2+1z,2+13,2 Up Wy a,1 -
Ui Wy ag,pay,1+tiUgWgag,rass- tyloe b gy wy a1,332,1+ et he gy a1,3d2,1+
UpWpaz+UiWiaggaz-tiuiwiaggazs+ gyttt gy az,3 + tylvetee sy a1,132,3 -~
t1 et s g wg ag g app ¢ttt e s s g v gy g - up Wy a3 @3,0 + T Up Wy ag,3 @30 +
t%l,2*11,3+12,2+12,3*13,2+13,3 Up Wy @y,2 33,1 - t%+11,z+11,3+1z,z+12,3+13,2+13,3 Up Wy @y,5@3,1 - Ug Wy @1,3 32,2 33,1 +
2ty Ug Wy a1,3@2,233,1 - t3 U3 Wy A1,3@z,2@3,1 +Ug Wy ag,23,333,1 - 2t1 U Wgag,2ay,33;3,1+
tiuiwiag,,azsas,:+ e gy asz,p - etz gy a1,3 33,2 + g et by gy a1,3 33,2 -
t%l,2*11,3+12,2+12,3+13,2*13,3 Up Wy @y,183,2+ t%d'l’2+11’3+12’2+12’3+13’2+13’3 Up Wy @p,183,2 +
Uy Wy @1,3@2,1@3,2 - 21 U3 Wy @1,33,1a3,2 + 2 U3 Wy a1,33,,1a3,2 - UpWpa,3a3,+
t1 U1 Wy @p,333,7 - UgWya1,132,333,2+2%t1U1W;1a1,13,333,2-t2U;Wyas,13,3a;3,,+U;W;ass+
U1 W1 ai,13,3 - t1 Ui Wy as,1as,3+t ™ 22 2 upwyag a3 - t1 2 B upwy ag a3 -
Up Wy @1,2@2,133,3+ 2t Ug Wy @1, 82,1 83,3 - t3 Uz Wy 1,5 82,183,3 +Up Wy 3p,233,3 -
t1UgWg@2,@3,3+ U3 Wy A1,13z,2a3,3-2%1 U Wy a1,18,2a3,3+t2uiwgas;ay, 33,3]

tl = t2

True

Rp[1, 2] Rm[4, 3]

Ug W3
E[l, b1C2—b4C3, Ug Wy — ]

ta

Rp[1, 2] Rm[4, 3] // m[1, 4, 1] // m[2, 3, 2]
E[1, 0, 0]

Rm[1, 2] Rp[4, 3] // m[4, 1, 4] // m[2, 3, 2]
E[1, 0, 0]

t1=Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[3, 5, x] // m[1, 6, y] // m[2, 4, z]

E[1, bycy +bycy +by Cyy Uy Wy + Uy Wy + Uy Wy ]

t2 =Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 3, X] // m[2, 5,y] // m[4, 6, z]

E[1, bycy+bycy +by Cyy Uy Wy + Uy Wy + Uy Wy ]

tl = t2

True

t3 = Rm[12, 1] Rm[2, 7] Rm[8, 3] Rm[4, 11] Rp[16, 5] Rp[6, 13] Rp[14, 9] Rp[10, 15]

E[l, -bip €1 —bg €3 + byg €5 — by €7 + b1y Cg — by €13 + bg €13 + byp C15,

U2 W3 Ug W3 Uz Wy Ug Wiz
- - +U16W5—7+U14W9—7+U6W13+U10W15}

t1 tg t2 4
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t3//m[1, 2, 1]
E[l, -bip €1 —bg €3 + big €5 — by €7 + b1y €9 — by C13 + bg €13 + byp C15,
Ug W11
— tUgWi3 + Ugp WIS]

Ujp W3 Ug W3 Up W7  Upp Wy U Wy
- — + Uqg W5 — — + + Uq4q Wg —
t1 ts t1 t1 t1t 4

t3//m[1, 2, 1] // m[1, 3, 1]

E [1; -bg €1 — b1y €1 + b1 C5 — by €7 + b1g €9 — by €11 + bg €13 + b1g C15,
taa Wy e 11 | e Was + Ugg W ]
6 W13 + Uze W15

UgWi  Uip Wi tgUiW; U Wy
- - — + Ugg W5 — - + + Uqq Wg —
tg ts T t1 t1 t1 Tt ts
t4='t3}
Do[t4 = t4 // m[1, kk, 1], {kk, 2, 16}]; t4
1 4 8 ) 3
E[11- —+—-—-8t;+4tl-1t}, 0, 0]

B ot 4
Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 4, 4] // m[4, 5, 5] // m[5, 2, 2] // m[2, 3, 3] //

m[3, 6, 6] // m[6, 1, 1]
Uq Wi Uq W1
: : tl ulwl}

E[1-t;+t], 3bscy,
t3 ty
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