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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + pxx + €(ppx + 1 + px + ppxx) solutions.

Initialization

mm[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

+

'i._ :=i+1;
Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

In[«]:= T3 = T1 Tz_;
S = {x__J P__}S
als_, i_, j_]1 :=Sum|

xv,i (pv,i* = pv,i) + xv,j (pv,j+ = pv,j) + (T\s/ = 1) xv,i (pv,"i+ = pv,j") k)

{v, 3}]3
L[Xi,; [s_11 :=T3E[qls, i, jl +rels, i, jl +eri[s, i, j1 +0[e]*];
(xy1[@_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k=X3,kP3,k) 5 *)

LIC [#.1]1 := T{E[Sum[X,,r (Py,k* = Pv,r) s {Vs 3}]1 +ev1[@, k] +0[e] ];
ps; :=Sequence[pi,i, P2,i> P3,il;

XS; :=Sequence[Xi i, Xz,is X3,i];

vs; :=Sequence[ps;, XSi];

Flis___]1 :=E[Sum[r, ;py,i, {i, {is}}, {v, 3}1];

LK ] := (27)FeatureslI ¢y £ /@ Features [K][2]1];

VS[K_ ] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSj

Out[«]=
Sequence [p1,i, P2,is P3,is X1,is X2,i» X3,i]
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The pxx Terms (rp)

In[-]:= K =@

re[l, i_, j_] := Evaluate[Sum[

A P3,k3 X1,k1 X2,k2

{k1, {i, 7}}, {k2, {1, j}}, {k3, {1, J}}

115

7‘0[1: i’ J]
Out[-]=

A1 P3,i X1,i Xz,i + 32 P3,j X1,i Xz,i + 35 P3,i X1, X2,i + 36 P3,5 X1, X2,i +

a3 P3,i X1,i X2,5 + A4 P3,5 X1,i X2,§ + a7 P3,i X1,5 X2, + dg P3,j X1,5 X2,5

miol= LIXi_,5 [5_11 := T3E[q[s, 1, j] +rels, i, 113
L[X;,5[1]1]
Out[e]=
LERLP)
E[(-P1,i +P1,1+i) X1,i + (=1 +T1) (P1,141 — P1,1+5) X1,i + (=P1,j + P1,1+5) X1,5+ (=P2,i + P2,1+i) X2,i +
(=1+T2) (P2,1+1 — P2,1+j) X2,i + @1 P3,i X1,i X2,1 + 32 P3,j X1,i X2,i + @5 P3,i X1,§ X2,i +
A6 P3,§ X1, X2,1 + (=P2,5 + P2,1+5) X2, + @3 P3,i X1,i X2,§ + A4 P3,§ X1,i X2,5 + 37 P3,i X1,j X2,5 +

Ag P3,j X1, X2,5 + (= P3,i + P3,141) X3,1 + (=1 +T1T2) (P3,1:1 — P3,1+3) X3,i + (=P3,5 + P3,1+5) X3,5]

Reidemeister 3 for pxx (ro)

1= {1hs) = Cases[jﬂr[i, 3o K1 % £ /@ (Xg,5[1] Xi,[1] X5+ [1]1) d{VS1, VS5, VSics VSios Vo5 VSic )

E[& ] &, oo];

in[-]:= {rhs} = Cases[j?‘[i, J> k] «£/@ (X4,k[1] Xi,ik+ [1] Xs+, 4+ [1]) d{VSi, VS4, VS, VSi+, VSj+, VSi+},
E[& ] &, oo];
in[-]1:= eqn = CF[1hs - rhs];

in[-]:= cvs = Union@Cases[eqn, p |7, =]
out[e]=

{P3,2+is P3,2435 P3,24ks 71,15 711,55 711,k 72,is 772,95 7T2,k}
in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_—>cCc_) » (c =0);

in[-]:= vars = Union@Cases[rg[1, i, j], a , ]
Out[e]=
{a1, a2, a3, a4, as, A, A7, A}
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m[-]:= {sol} = Solve[egns, vars]

Solve: Equations may not give solutions for all "solve" variables.

out[e]=
ds as Ty
{{31%0, 33%0, 35%@, dg > —— — —, 37%@, ag%e}}
LK Ta

in[-1:= sol /. (v_ >»val_) = (v=CF[val]);

Inf-]:= re[l, i, j]
Out[e]=
(a2 +34T2) P3,j X1,j X2,1

a2 P3,5 X1,i X2,i — T + 34 P3,j X1,i X2,
1

The ppx Terms (ry)

In[-]:= Kk =@

ri[1, i, j_] := Evaluate[Sum[

b .x X3,k3 P1,k1 P2,k2

{k1, {i, j}}, {k2, {i, J}}, {k3, {i, J}}

115

ri[1, i, j]
Out[]=

by P1,i P2,i X3,1 + bs P1,§ P2,1 X3,i + b3 P1,i P2, X3,i + b7 P1,§ P2,§ X3,1 +

by P1,i P2,1 X3,5 + b6 P1,5 P2,1 X3,5 + ba P1,i P2,§ X3,5 + bg P1,5 P2,5 X3, 5

mil= L[Xi 5 [s_1]1 :=T3E[q[s, i, j] +erils, i, j1 +0[e]?];
L[X;,5[11]
Out[e]=
Ty ToE[eSeries[ (-p1,i + P1,14i) X1,i + (=1 +T1) (P1,141 — P1,1+5) X1,i + (=P1,§ + P1,149) X1,5 +
(=P2,i +P2,1+1) X2,i + (=1 +T2) (P2,1+1 — P2,1+5) X2,i + (= P2, + P2,1.5) X2,j +
(=P3,i +P3,1+i) X3,i + (=1 +T1T2) (P3,141 — P3,1+3) X3,i + (=P3,5 + P3,1+5) X3,5»
b1 P1,i P2,i X3,1 + b5 P1,§ P2,1 X3,i + b3 P1,i P2,§ X3,1 + b7 P1,5 P2,§ X3,1 +

by P1,i P2,i X3,5 + be P1,5 P2,i X3,5 + ba P1,i P2, X3,5 + bg P1,j P2, X3,5] ]

Reidemeister 3 for ppx (ry)
ini-1:= {1hs} = Cases[jf[i, 3, kKl wL/@ (Xi,5[1] Xiv i [1] Xy, [1]) A{VSi, VS, VSk, VSir, VS5, VSke},
eSeries[_, & 1 » &, m]i
Inf-]:= {I“hs} = Cases [‘J\}-[i, j’ k] L /@ (Xj,k[l] Xi,k’ [1] xi*,]“ [1]) dl{VSi, VSj, VSks VSi+, VSJ'+, VSk‘»},
eSeries[_, & 1 » &, oo];

in[-]:= eqn = CF[1lhs - rhs];
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in[-]:= cvs = Union@Cases[eqn, p |7, =]
Out[«]=

{P1,2+1i5 P1,2+35 P1,24k> P2,2+i5 P2,2+95 P2,2+ks 713,is 713,45 713,k }
in[-1:= eqns = CoefficientRules[eqn, cvs] /. (_—>C_) = (c =0);

in[-]:= vars = Union@Cases[ry[1, i, j], b , ]

Out[«]=
{bl: b2: bs; b4: bS) b6) b7) b8}

mn[-1:= {sol} = Solve[eqns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
{{blﬁe, bzﬁe, b4%0, bsﬁe, b7%—b3—b5, bg%@}}

in[-]:= sol /. (v_ -»val_) = (v=CF[val]);

In[-]:= Py [1, i: J]
Out[«]=
bs p1, P2,i X3,1 + b3 P1,i P2, X3, + (-b3 - bs) p1,5 P2, X3,1

Reidemeister 3 with pxx and ppx

mi= LIXi 5 [s_11 i=T3E[q[s, i, j1+B ™ re[s, i, j1 +eBri[s, i, j1 +0[e]?];
L[X3,5[1]1]
Out[«]=
1T E [eSer'ies[ (=P1,i +P1,1+i) X1,i + (=1 +T1) (P1,1+i — P1,1+5) X1,i +

(=P1,5 +P1,1+3) X1, + (=P2,i + P2,1+1) X2,i + (=1 +T2) (P2,1.1 — P2,1.9) X2,i +

(ax+as Ty) P3,j X1,§ X2,1
s P3,5 X1,i X2,i - T + a4 P3,j X1,i X2,j

(=P2,j + P2,1+5) X2,5 + . +

(=P3,i +P3,14i) X3,i + (=1 +T1T2) (P3,1+i — P3,14+3) X3,i + (=P3,5 + P3,145) X3,5»

B (bs p1,j P2,i X3,i + b3 P1,i P2,j X3,1 + (~b3 -~ bs) p1,5P2,5 X3,1) ] }

In[-]:= J}:[l.v j: k] L/e (Xi,j [1] Xi*,k[]-] X",k+ [1]) d{vsi, VSj,s VSks VSji+, VSj+, VSk+}

Out[e]=

TTE [eSer‘ies[

2024-06-07 08:23:27

T2p1,004 7,1~ (-1+Tq) Ty P1,2.5 71,1 + (1= T1) P1,24k 7T1,i + T2 P1,245 7T1,5 + (1= T1) P1,2.k 7T1,5 +

Ay T1 T2 P3,2.5 /11,1 72,4

2
P1,2:k 1,k + T2 P2,241 72,1 = (=1 +T2) TaP2,2.5 72,1 + (1 =Ta) P2,2.k 72,1 +

A2 P3,24k 71,1 2,4 T2 (@2 +a4T2) P3,2.9 71,9702, (-1+T1) (@2 +asT2) P3,2.k 71,5 72,1

- +

B B BT,

(a2 +a4T2) P3,2¢k 711,k 72,1 A2 T1 T3 P3,245 71,1 /T2,

+ T2 P2,245 72,5 + (1 =Ta) P2,2.k 72,5 +
BT, B
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ag (-1 +T2) P3,2.k /11,1 7T2,§ A2 P3,2:k 11,5 72,5 (32 + 34 T2) P3,2:k 71,k 712,
+ - +P2,2+k 72,k +
B B BT,
A4 P3,2:k 711,172,k 94 P3,2+k 71,5 712,k
+
B B

(L-T1T2) P3,24k 73,i + T1 T2 P3,245 73,5 + (1 = T1 T2) P3,2:k 73,5 + P3,24k 713,k

+TiT9P3,2. 73,1 - T Ty (14 T1 1) P3,24j 73,1 +

Ay bs Ty 1,24k P2,245 71,1 72,4 + 82 b3 T1 P1,2.5 P2,24k 71,1 72,1 — @2 (b3 Ty + bs Ty) P1 2.k P2,2+k 71,4 72,1 —
bs Ty (a2 + a4 Ta) P1,2:k P2,245 71,5 72,4
Ty
(az + a4 Ty) (b3 Ty +bsTy) P1,2sk P2,2+k 71,5 2,1

T1

- bz (a2 + a3 Ty) P1,2+5 P2,24k 71,5 72,41 +

+a4 bs Ty P12k P2, 24 7T1,1 72,4 +

as b3 T1 P1,2+4 P2,2+k 71,1 72,5 — @4 (b3 T1 + bs T2) P1,2.k P2,24k 71,1 72,5 + Bbs Ty 5 P1,2+5 P2,2+i 73,1 +
Bbs T3 P1,2:k P2,2+1 7T3,i + B bs 2T, P1,24i P2,2+5 73,1 ~BT1 Ty (b3 Ty + b5 Ty) P12, P2,245 73,1 -

Bbs (-1 +T3) T2 p1,2:k P2,2+9 713,i + B b3 T2 P1,2:1 P2,2:k 73,5 ~Bbs (-1+Tq) Ty P1,2+j P2,2+k 73,1 —

B (b3 T1+bsTy) P1,2ik P2,24k 73, — T2 (a2 b5 — a4 b3 Ty + @4 bs Ty) p3,2.5 73,1 -

(2apbs+a; b3 Ty -2a4b3 Ty +2a5bs Tp +a2b3 Ty Ty —asb5 Ty Ty) P3,2.k 73,4

Ta
aybs T3 T2 p1,2.i P3,2:9 71,i 73,i + T2 (agbs-azbs-azbsTy) Ty P1,2+9 P3,2+5 /11,1 713,i —
(a2 ~ag) bs (-1 +Tq) Ty Ty P1,ak P3,2.5 71,1 73,1 + @2 b3 T2 P21 P3,2.k 71,1 73,1 +
Ty <a4 by +a,bs-azbs-2a,b3Ty+asbsT,+asby T3 Tz) P1,2.9 P3,2+k 11,1 /13,1 +
(a2b5—2a4b5—a4b3T1—a2b5T1+2a4b5T1+a4b3Ti+a4b5T1Tz+azb5TiTz—ZaAbsT%Tz—
ag by T; Tz) P1,2+k P3,2+k 71,1 73,1 — b5 T1 T2 (3 + @4 T2) P1,2+5 P3,245 /11,5 /13,1 +
bs (-1 +Ty) Ty (82 + a4 Ty) P1,2:k P3,24§ 71,5 73,1 + b3 T2 (ay + a4 Ty) P1,2+1 P3,2+k 771,75 /13,1 +
(*32 bs+asbs Ty -aybsTi—asbsTy+azbsTa T, —a,bs T3 Tz) P1,2+9 P3,2+k 711,75 /13,1 —
- (a2bs-2a;bs Ty +a,bs Ty +agbsT; +a,bs Tp~ 28, bs Ty To + @, bs T3 Ty + a4 bs T3 T3) Py, 2.
1

P3,24k 71,9 73,1 — b3 T1 (@2 + @4 T2) P1,241 P3,24k 1,k 73,1 + b3 T1 (32 + @3 T2) P1,245 P3,2+k 7T1,k /13,1 —

bs (a2 + a4 T2) P1,2+k P3,24k 711,k /13,1

T1

3
-bs T3 (a2 +a4 T2) P2,2:i P3,245 72,1 7T3,i +

2 2
T3 (az b3 +a, b3 Ty +asb3Ty+a,bs T, +aybs Tz) P2,2+9 P3,2+j 72,1 713,i —

2
bs Ty (@2 + a4 T2) P2,2+i P3,2+k 72,1 713,14

b3 (-1+Ty) Ty (a2 +a2 Ty +aaT2) P2,2:k P3,245 72,1 73,1 —

Ty
1 2 2 3
*Tz (a2b3—azb5+a4b3T2+2a2b5T2—a4b5T2—a4b3T1T2+2a4b5T2—a2b5T1T2—a4b5T1T2)
T1
P2,245 P3,2¢k /12,1 73,1 + — (2@2b3+a;b3Ty-2a,b3Ty+2a,b3Ty+abs To-2a,b3 T Ty -

T1
) 2 2 2 2 2 212 3 3
a4b3T2—a2b5T2+a4b5T2+2a2b3T1T2—a4b3T1T2+a2b3T1T2—a4b5T2+2a4b3T1T2+
aybs Ty Ty +a4bs Ty Tg) P2,2:k P3,2:k 72,1 7T3,i + a4 b3 T1 T3 P2,2+5 P3,2+9 72,5 73,1 —

3
agbs Ty (-1+Ty) Tapa,oik P3,249 72,9 73,1 — 4 bs T3 P2, 241 P3,24k 72,5 73,1 -
1
2
— T (az bs+a;b3Ty-azbsTy+asbs Ty +azbs Ty Ty -asbs Ty Tz) P22+ P3,2+k 72,5 /13,1 +

— (az b3 +asb3Ti+asbsTry+a,bs Ty -2a,b3Ty T, +a,bs T% +ay b3 Ti T%) P2,2+k P3,2+k 72,5 7T3,i +
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2 2
A4 bs Ty P2, 24i P3,24k T2,k 13,1 — @2 D5 T5 P2,245 P3,24k T2,k 73,1 +
as b3 Po, 2.k P3,2+k 72,k 73,1 + B b5 To Pa,2ik P2,249 713,35 + B b3 T1 P1,2.5 P2,24k 73,5 -

(-azbs + a3 b3 Ty — a4 bs T2) P3,2.k 713, 5
B (b3 T1+bsTy) p1,2:k P2,24k 73,5 + . -
1

g bz (-1 +Ty) T1pP1,2.9P3,24k 71,1 73,9 + s (-1 +Tq) (bs +b3 Ty +bsTy) p1,2.k P3,24k 71,1 7T3,5 +
A b3 T1 P1,2+4 P3,24k 71,5 73,5 + (@2 bs — @z bs — a4 bz T1) p1,2.k P3,24k 711, 713,5 -

bs (a2 + a4 T2) P1,2:k P3,24k M1,k 73,9 b5 (=1 +Ta) Ty (@2 + @2 T2) P2,2+5 P3,24k 72,1 713, 5

+ _
T1 LK
(=1+Ty) (az+asTy) (bs+bsTy+bsTy) Pa,aik P3,24k 72,1 713,
T, )
bs Ty (@ + @4 T2) P22+ P3,2+k 72,5 /T3, .

T1

2
(az b3 +a,bs Ty +asb3Ty+a,bs T, +aybs Tz) P2,2+k P3,2:k 712,75 713,

. +as b3 P2,2.k P3,2:k 712,k 7T3,jH
1

in[-]:= {1hs} = Cases [J-T[i: 3> k1 % L£/@ (Xi,5[1] Xi+,k [1] Xj+,k- [1]) A {VSi, VSj, VS, VSi+, VSj+, VSi+},

E[S ] &, oo];

in[-1:= {rhs} = Cases[Jf[i, Js k] ©£/@ (X4, [1] Xy, [1] Xi+, 4+ [1]) d{VSi, VSj, VSk, VSj+, VS, VSi+},
E[S ] &, oo];

in[-]:= Echo /@ Short /@ (CF@CoefficientList [CF[lhs - rhs][2] /. {a; = Aa;, b; = Ab;}, A]);
]
]
bg <<5>> 9.
Ay bs Ty pa,2.k P2, 245 71,1 72,1 + <<45>> + T—1 -

(az + a4 Ta) (—b3 +b3 Ty +b3 Ty T, + bs T%) <<1> «<1> 7Ty, 73,5

T1

ay (a2 bs —ag b3 Ty + a4 bs Ta) P3 2.k /11,1 72,1

T1

2
Ay ag bz (=1 +T1) T1P1,2.5 P3,2:k 71,1 72,1 + 32 <<6>> 1. + <<72>>

ayas (-1+T1) (-1+T,) (az+ <<1>) (b3 +bs+b3Ty+bsT)) p%)hk JT%)i ﬂ%,i

Ty

3 2
<<26>> +a, bs P3, 2.k 71,1 71,5 72,5 72,k
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i1~ err = CF@Coefficient[CF[lhs - rhs][2] /. {a; = Xa;, b; = Ab;}, )Lz]

Out[«]=
a bs T p1,2:k P2,249 71,1 72,1 + @2 b3 T1 P1,2.5 P2,24k 71,1 72,4 — @2 (b3 T1 +bs Ty) P1,2ik P2,24k 71,1 72,1 —

bs T, (22 + a4 T2) P1,2+k P2,2+5 71,5 72,4
Ta
(az + a4 Ty) (ba3 Ty +bsTy) P1,2.k P2,24k 7M1, 72,1

T1

-bs (a2 + a4 Ty) P1,249 P2,24k 7T1,§ 72,1 +

+ a4 bs Ty Pa,2sk P2, 245 7T1,i 72,5 +

A4 b3 T1P1,2:9 P2,24k 71,1 72,5 — @4 (b3 Ty + bs T2) P1,2.k P2,2+k /11,1 72,5 —
(agbs+ay;b3Ty-asbsTy+asbs Ty +asb3 Ty Ty -asbs Ty Ty) P3,osk 73,1

+

T1
bs Ty (maz-ax Ty + a2 T1) T P1,2ek P3,245 71,1 73,1 +
Ty (az bs - @4 bs — @z bz Ty + a4 bs Ty + a4 by T2 Tz) P1,2+9 P3,2+k 71,1 /13,1 —
(-asbs-aybs Ty +2a3bs Ty +agbs T7) (—1+ Ty Ty) P12k P3,20k 7T, /13,5 +
bs T1 Ty (ay + @4 T2) P1,2.k P3,2.9 711, 73,1 + b3 T3 (@2 + @4 T2) P1,2.1 P3,2.k 71,5 /13,1 +
(-az bs + a4 b3 Ty -a, bs Ti —agbs Ty +a4b5 Ty Ty —a bs Ti Tz) P1,2+5 P3,2+k 7T1,5 7T3,i +
(az bs-asbs -asb3 Ty +asbs Ty -a,bs T1 Ty —as bs Ty T%) P1,2:k P3,2+k 71,5 /13,1 —
b3 Ty (a2 + a2 Ty) P1,2:4 P3,24k 71,k 7T3,1 + b3 T1 (@2 + @2 T2) P1,2+5 P3,24k 711,k 13,1 —
bsTo (-ax+@To-asTo+ay TaTo+asT5) Po,ouk P3,2.5 72,5 73,5 +

Ty (a2bs+asbsTo+a;bs Ty —asbs Ty Ty +agbs T5—a; bs Ty T3 — @z bs Ty T3) Pa,2. P3, 20k 72,1 73,1

+
Ty

1
— <—1+T1T2) (—azb3+2a2b3T2—a4b3T2+a2b3T1T2+Za4b3T§+a2b5T§+a4b5T;>
Ty

P2,2:k P3,2:k 72,1 73,1 - @4 b3 T1 T3 P2, 2.k P3,2+4 7T2,§ 73,1 — @4 bs T3 P2,2:i P3,2:k T, 5 73,4 —

L} (az bs+a, b3 Ty -agbs Ty +asbsTy+asb3 Ty Ty -asbs Ty T%) P2,2+5 P3,2+k 72,5 713,

+

T1

2 2 12
(a2bs+asb3To+aybs To—asbs Ty Ty + a4 bs T3 + @4 b3 T3 T5) P2, 2.k P3,2:k /12,5 /13,1
.

T1
a4 bs T3 Pa,2.1 P3,2:k 72,k /13,1 — @2 bs T3 P2,2.9 P3,24k T2,k 73,1 — @a bs T1 To P1,2.k P3,2:§ 71,1 /13,5 ~
aa b3 T3 P1,2.5 P3,2:k 71,1 /13,5 + Aa (*bs +bs Ty +b3TI+bs Ty Tz) P1,24k P3,2:k 71,1 73,5 +

bs T2 (a2 + a4 T2) P2,2.5 P3,2:k 12,1 73,3

b3 Ty (a2 + a4 T2) P2,24k P3,2+j 72,1 73,5 + - -
1

(a2 +a4T2) (~b3+b3Ty+bs Ty Ty+bsT3) P22k P3,2:k /12,1 713, 5

T1
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Reidemeister 3 with ppxx and px added

In[-]:= K =03
rsp[1, 1, j_1 = Evaluate[Plus]|
Sum [
Civx Xvi,k1 Pvi,k2 Xv2,k3 Pv2,kas
{ki, {i, j}3, {k2, {i, 33}, {k3, {i, 3}}, {k4, {i, §}}, {v1, 2}, {v2, vi+1, 3}
1s
Sum [

Ciix Xv,k1 Pv,k2s
{k1, {i, j}}, {k2, {i, }}, {v, 3}
1
11

Out[e]=
Ca9 P1,i X1,i + Cs52 P1,j X1,i + Cs5 P1,i X1,5 + Cs8 P1,j X1,§ + Csp P2,i X2,i + C53 P2,5 X2,i +
C1 P1,i P2,i X1,i X2,i + €13 P1,j P2,i X1,i X2,i + C4 P1,i P2,j X1,i X2,i + C16 P1,5 P2,5 X1,i X2,i +
Co5 P1,i P2,i X1,§ X2,i + €37 P1,j P2,i X1,5 X2,i + C28 P1,i P2, X1,5 X2,i + Cae P1,5 P2,j X1,j X2,i +
Cse P2,i X2,5 + Cs9 P2,5 X2,5 + C7 P1,i P2,i X1,i X2,5 + C19 P1,j P2,i X1,i X2,§ + C1e P1,i P2, X1,i X2, +
C22 P1,5 P2,j X1,i X2,5 + €31 P1,i P2,i X1,j X2,§ + C43 P1,j P2,i X1,5 X2, + C34 P1,i P2,j X1,§ X2,5 +
Ca6 P1,5 P2,j X1,§ X2,5 + Cs1 P3,i X3,i + C54 P3,j X3,i + C2 P1,i P3,i X1,i X3,i + C1a P1,j P3,i X1,i X3,i +
Cs5 P1,i P3,j X1,i X3,i + C17 P1,5 P3,5 X1,i X3,i + C26 P1,i P3,i X1, X3,i + €38 P1,5 P3,i X1,5 X3,i +
C29 P1,i P3,j X1, X3,i + C41 P1,j P3,5 X1,5 X3,i + C3 P2,i P3,i X2,i X3,i + C15 P2,j P3,i X2,i X3,i +
Ce P2,i P3,j X2,i X3,i + C1g P2,5 P3,5 X2,i X3,i + C27 P2,i P3,i X2, X3,i + C39 P2,5 P3,i X2, X3,i +
C30 P2,i P3,j X2,§ X3,i + C42 P2,j P3,j X2,5 X3,i + C57 P3,i X3,§ + Cep P3,5 X3,j +
Cg P1,i P3,i X1,i X3,5 + C20 P1,j P3,i X1,i X3, + C11 P1,i P3,j X1,i X3, + €23 P1,j P3,j X1,i X3,5 +
C32 P1,i P3,i X1, X3,5 + C44 P1,§ P3,i X1,j X3,5 + C35 P1,i P3,5j X1,5 X3, + Ca7 P1,5 P3,j X1,§ X3,5 +
Co P2,i P3,i X2,i X3, + C21 P2,5 P3,i X2,i X3, + C12 P2,i P3,j X2,i X3,5 + C24 P2,j P3,5j X2,i X3, +

C33 P2,i P3,i X2, X3,j + C45 P2,5 P3,i X2,j X3, + C36 P2,i P3,j X2,5 X3,5 + Cag P2,5 P3,j X2,5 X3,5
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mi= LIXi 5 [5_11 :=T3E[q[s, i, j] +€rals, i, j]1 +0[e]?];
L[X;,5[111]
Out[e]=

Ty To E[eSeries[ (-p1,i + P1,14i) X1,i + (=1 +T1) (P1,141 — P1,1+5) X1,i + (=P1,§ + P1,149) X1,5 +
(=P2,i +P2,1+1) X2,i + (=1 +T2) (P2,1+1 — P2,1+5) X2,i + (= P2, + P2,1.5) X2,j +
(=P3,i +P3,1+i) X3,i + (=1 +T1T2) (P3,1+1 — P3,1+3) X3,i + (=P3,5 + P3,1+5) X3,5»

Ca9 P1,i X1,i + C52 P1,5§ X1,i + Cs5 P1,i X1,5 + Cs8 P1,j X1,§ + Cse P2,i X2,i + C53 P2,§ X2,i +

C1P1,i P2,i X1,i X2,i + C13 P1,5 P2,i X1,i X2,i + C4 P1,i P2,5 X1,i X2,i + C16 P1,5 P2,j X1,i X2,i +
Cos5 P1,i P2,i X1, X2,i + €37 P1,j P2,i X1,5 X2,i + C28 P1,i P2,j X1,5 X2,i + Ca0 P1,5 P2,j X1,j X2,i +
Cse P2,i X2, + Cs9 P2, X2,5 + C7 P1,i P2,i X1,i X2,5 + C19 P1,5 P2,i X1,i X2,5 + C1e P1,i P2,j X1,i X2, +
C22 P1,5 P2,5 X1,i X2,5 + €31 P1,i P2,i X1,5 X2,5 + C43 P1,5 P2,i X1,§ X2,§ + €34 P1,i P2,§ X1, X2, +
Ca6 P1,5 P2,5 X1, X2,5 + C51 P3,i X3,i + Cs4 P3,5 X3,i + C2 P1,i P3,i X1,i X3,i + C14 P1,j P3,i X1,i X3,i +
Cs5 P1,i P3,j X1,i X3,i + C17 P1,5 P3,5 X1,i X3,i + C26 P1,i P3,i X1,j X3,i + C38 P1,j P3,i X1,5 X3,i +
C29 P1,i P3,5 X1,§ X3,i + Ca1 P1,j P3,5 X1,5 X3,i + C3 P2,i P3,i X2,i X3,i + C15 P2,5 P3,i X2,i X3,i +
Ce P2,i P3,j X2,i X3,i + C1g P2,5 P3,j X2,i X3,i + C27 P2,i P3,i X2,j X3,i + €39 P2,j P3,i X2,5 X3,i +
C30 P2,i P3,j X2, X3,i + C4a2 P2,j P3,j X2,5 X3,i + C57 P3,i X3, + Cen P3,5 X3,5 +
Cg P1,i P3,i X1,i X3, + C20 P1,5 P3,i X1,i X3,5 + C11 P1,i P3,j X1,i X3,§ + C23 P1,j P3,j X1,i X3, +
C32 P1,i P3,i X1,j X3,5 + C44 P1,j P3,i X1,5 X3,5 + C35 P1,i P3,5 X1,§ X3,§ + C47 P1,§ P3,5§ X1, X3, +
Co P2,i P3,i X2,i X3, + C21 P2, P3,i X2,i X3,5 + C12 P2,i P3,j X2,i X3,§ + C24 P2,5 P3,j X2,i X3, +

C33 P2,i P3,i X2,j X3,5 + Cas P2,§ P3,1i X2,j X3,5 + C36 P2,i P3,5 X2,7 X3,j + Cag P2,§ P3,5 X2, X3,5] ]

in[-1:= {1hs} = Cases [jf[i: 3> k1 % L£/@ (Xi,5[1] Xi+,k [1] Xj+,k- [1]) A {VSi, VSj, VS, VSi+, VSj+, VSi+},

E[S ] =&, oo]

Out[]=

{eSer‘ies [Ti P1,2+i 71,1 — (=1 + T1) TaPa,245 71,5 + (1= T1) Pa,24k 7T1,i + Ta P1,245 71,5 + (1 = T1) P1,24k 71,5 + P1,2+k 7T1,k +
T3p2,001 72,1 = (<14 T2) Tapa,aig /ta,s + (1= T2) Pa,ask Ma,i + Ta Pa,avg 72,5 + (1= Ta) Pa,aik 72§ + P2,2:k T2,k +
T3T3P3,001 73,1 - TaTo (-1 + T 1)) P3,og 7t3,i + (1= TuTo) Paaak 73,1 + To Ta Pa,2.g 73,5 + (1= TaTo) P3,oek 13,5 + P3,24k 7T3,k»
3 (Cy+Cy+C3+Cqg+ Cqy + Cqp+ C37+ C3g+ C3g9 + Cgg+ Cq7 + Cygg + Cqg + Csg + C51 + Csg + Csg + Cgp) +
2 (Cy+ Co+ Clp+ Cra + Cag) TaPr,20i 71,5 - T2 (-2€1-2C—2C1p-2Cyy —Ci3 - Crg— Cpp — Co3 - 2Cag - Csp +2C1 Ty +2Cp Ty +
2C10T1 +2C1a Ty~ Cos Ty — Cog Ty — €34 Ty — C35 Ty + 2 Cag Ty — Cs5 Ty + Co5 T2 + Cog T2 + C34 T2 + C35 T3 + Css T%) P1,24§ 71,1 +

2
+2 (C33+ C36 + Cas + Cag — C33 Ty — C36 To — €33 Ty T — Cas T To + C33 Te T3) Pa,2ek P3,2:k 712,k 73,k }

Full expression not available (original memory size: 0.7 MB) @
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in[-]:= {rhs} = Cases[jﬂ-‘[i, Js k] x£/@ (X4, [1] Xy, [1] Xi+, 4+ [1]) d{VSsi, VS4, VSk, VSi+, VS, VSi+},

E[& ] » &, oo]
Out[«]=

{ESer'ies [T% P1,2:i 71,1 = (=1 + T1) T1 P15 7t1,1 + (3= T1) P12k 71,1 + T2 P1,245 71,3 + (1= T1) P1,2.k 71,5 + P12k T1,k +
T3 P2,20i 72,1 = (=1 + T2) TaPaag 7a,i + (1= T2) Pa,owk 72,1 + Ta2 P2,249 72,5 + (1= T2) P22k 72,5 + P2, 24k T2,k +
TET3ps,001 73,1 ~ TaTo (-1 + TuTp) P3,2ig 7ta,i + (1= ToTa) P3ok a1 + Ta Ta Pa,2.g 73,5 + (1= ToTa) P3,ouk 73,5 + Pa,2ek T3,k
3 (Cy +Cy+C3+Cyp+ Cqg +Cqp+ C37+ C3g+ C39+ Cgp + Cq7 + Cgg + Cqg + Csg + Cs3 + Csg + Csg + Cep) +
2 (Cy+Cyp+ Crp+ Cox + Cag) T2P1,20i Mayi —
T1 (-2€1 -2Cp-2C1p~2Cy3 —~C13 —C1q4 —Cpp —Cp3 ~2Cq9 ~Csp +2C1 T3 +2Cp Ty +2C19 Ty +2C13 Ty +2Cg9T1) P1,245 /11,1 +
+ (=2 +Ty) Ty (=C33 - C36 + C33 T1 T2) P2,2.9 P3,2:k 712,k 713,k +

2
2 (Css + C36 + Cg5 + Cqg — C33 T2 —C36 T ~C33 T3 Tp ~ Cas Ty Ty + €33 Ty Tz) P2,2:k P3,2+k 72,k 7T3,k} }

Full expression not available (original memory size: 0.6 MB)) @

in[-]:= eqn = CF[ (1hs - rhs) [2] - err]
Out[«]=
2
- ( (Cas + Cp6 + €3z + C35 + C55) (=1 +T1) T1P1,2.5 7T1,1) -
(-1+Tyq) <c1 +Cy+Cqp+Cqq +Cq3 +Cqgq +Cpp +Co3+Cag+ Cop+Co5Tq +CpeTq +C35Tg +C35T1 +
2 2 2 2 2
Ca7 Ty + Cag Ty + Cag Ty + Caz Ty + Css T1 + Csg T — Co5 T3 = Co6 TF — €34 T3 - €35 T3 - Cs5 T2 ) Pa,2.k 71,1 +
2 2
(Ca5 + Co6 + C34 + C35 + Cs5) (=1 + T1) T3 P1,2.4 71,5 — (Cas + Co + C34 + C35 + Cs5) (=1 + T1)“ Ty P1,2.§ 71,5 -
(Ca5 + Co6 + C34 + C35 + Cs5) (-1 + T1) Ty P12k 7T1,j - (Cas + Co + C34 + C35 + Cs5) (-1 + T1) T1P1,2.i Mgk +
2 3
+C33 Ty (=1 + T2) T3 P2,245 P3,2+1 72,k 73,k + T1 T2 (=C33 = Ca5 + €33 T2) (=1 + T3 Tp) P22k P3,24i 72,k 73,k +
3 2
€33 Ty T3 (=1 + T1T2) P2,2:1 P3,245 72,k 713,k — €33 T1 (=1 + T2) T3 (=1 + T1 T2) P2,2.9 P3,2+5 72,k 713,k —

T1Ta (-C33 - Ca5 + €33 T2) (-1 + Ty T2) P2,2.k P3,2+5 T2,k 713,k +
(=1 +T3) Ta (-C33 - C36 + €33 T1 T2) P2,2:i P3,2¢k 712,k 713,k — (=1 + T3) Ty (=C33 = €36 + C33 T1 T2) P2,2:5 P3,2+k T2,k 713,k

Full expression not available (original memory size: 0.8 MB) @

in[-]:= cvs = Union@Cases[eqn, p |7, =]

outfe]=
{P1,2:1s P1,2435 P1,24k> P2,2+i5 P2,2+95 P2,2+ks P3,2:i5

P3,2+3s P3,24ks 7T1,i5 711,55 TT1,ks 7(2,is 712,95 T2,ks 713,is 713,55 713,k }

in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c =0)

Outf«]=

{*C7 TIT3+ ¢ TiT3 =0, ¢;TaTa-TaT5=0, -Cps TiTo+ Cos T3 T3 =0, -C1 TiT3 + Cn T3 T3+ €1 T3 T3 - €1 T3 T3 = @,

(4

7 A< 7 2P 2P
5> ~CgT1Ta - CoTyi Ty ~Caa Ty Tp —Cas Ty To ~Cs7 Ty To + Cg Ty T3 + Co Ty T5 + Cag TY T3 + Cas Ty T5 + Cs7 T1 TS =
bs T
222 oMT -G TiT, s Ty T, -

B
a; b

a2b3—a4b3+c2+c3+c5+c6+c33+c39+c41+c42+c51+c54+%+a4b3T2—a4b5T2+
1

CoTaTo+CgTyToy+CoTy Ty +CraTaTo+CinTaTo~CagTyTo-C3oTaTo~Can Ty Ty~ CapTyTo+ CagTaTo+ Cs T1 T +
CarTaTy+CagTaTy—CoaTaTo - CsaTaTo+ Co7TaTy + Cop Ta Ty —2Ca ToT3 - 2o T2T5 -y ToT3 €y T T2 - 2Cg T2T2 -
2C4sT2T2 - a7 T2T2 - g T3T2 - 2C57 T2 T2 —Cop T2 T2 + G T3 + o3 4 cu T3 Ta + Cas T3 T3 + €57 T3 T3 = 0,

chsz+c9T1T2+c44T1T2+c45T1T2+c57T1TZ-c8T§T§-chiTg-cMTiTg-c45T§T§-c57T§T§:e}

Full expression not available (original memory size: 1 MB) @
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in[-]:= vars = Union@Cases[rs[1, i, j1, € , =]

Out[«]=
{€1, C2, C3, C4, Cs, Cg,y C7, Cg, Co, Cip5 C115 C125 €135 C14, Ci15, C165 C17, Ci18, C19, C205 C21,5 C22,
C23, Co45 C25, C26,5 C27,5 C285 C29, C30, C31, C32, C33, C34, C35, C36, C37, C38, C39, Cge, Ca1,
Ca2, Ca3, Cas, Cas, Caes C47, Cags Cags Cses Csi, Cs2, Cs3, Csq, Css, Csey Csz, Csg, Csgy Cep )
in[-1:= {sol} = Solve[eqns, vars]
Solve: Equations may not give solutions for all "solve" variables.
out[e]=

Ci13 Cs

1*T1 *1+T2

{{Clﬁe, Czﬁe, C3%0, C7%0, Cg%e, Cg%@, Ci19 > —

a2b3—a4b3—azb_:,+a4b5—a2b3T1+a4b3T1+a4b3T2+azb5T2—2a4b5T2—a4b3T1T2+a4b5T§
b)

<—1+T1) (—1+T2) (—1+T1T2)

C1g Csg —-dj b5 + dg b5 - ag b5 T2
Ci1— - - - s

1*T1 *1+T1T2 (*1+T1) (*1+T1T2>

Cis Ce —dj b3 —dg b3 Tz + dg b3 Tl TZ
C12 = - - -

1-T, -1+T4T, Ti (-1+Ty) (-1+T1Ty)

azb3+a4b3T2+azb5T2*a4b5T2*a4b3T1T2+a4b5T§

Ci6 > -Ca (1-Ty) - €43 (1-T7) - s

*1+T1T2
C17 > -C5 (1-T1) —~Cy4 (1-T1 Tp) -

7a2b3+a2b5—a4b5+a2b3T1—a4b3T17a4b3T27a2b5T2+2a4b5T2+2a4b3T1T27a4b5T§

E

*1+T2

1
C18 > ~Ce (1-Ty) = Cy5 (1-TyTy) - ————— (aybs-a;bs Ty +asbsTr+a bs T, -
(*1+T1) Tl
2a4b3T1T2—a2b5T1T2+a4b5T1T2+a4b3TiT2+a4b5T§—2a4b5T1T§),

ag bs Cq (-1+Tq)
Clgﬁe, Czeﬁe, Cz]_%@, Cry > — -

—1+T2 —1+T2
Cs (—1+T1) a2b3—a2b3T1+a4b3T1+a4b3T2—2a4b3T1T2
C23 = - -
-1+T1 Ty (-1+Ty) (-1+T1Ty) ’
Ce (*1+T2) Tz (az b5+a4 b5 Tz) ag b5 <_T2+T§>
Co = — - - s
*1+T1T2 T]_ <*1+T1T2) (*1+T1) (*1+T1T2)

a2b3+a4b3T2
CZS%G, C26%0, C27%0, ng%e, Cyg—>-——""

Tl (—1+T2)
a, bs
C3p> ——, C31>0, C32>0, C33>0, C34 >0, C35 >0, C36 >0,
*1+T1
C13 Ca
C37 > —— — - (—a2b3+a2b5+32b3T1—a4b3T2—a2b5T2+a4b5T2+Za4b3T1T2—
14T, 1-T,
a4b5T1T2*a4b3T§T2*a4b5T§+a4b5T1T§>/((*1+T1> T]_ (*1+T2) (*1+T1T2)),
Cig Cs 2 2
C3g > — — 7(a2b3—a2b;72a2b3T1+a4b3T1+azb3T1*a4b3T1+aAb3T2+

*1+T1 1*T1T2
a2b5T2—a4b5T2—3a4b3T1T2+a4b5T1T2+2a4b3TiT2+a4b5T§—a4b5T1T§)/
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Cis Ce
-1+T, _1—T1T2 )
(-azbs-aybsTy+agby Ty +aybs Ty —asbs Ty +a, by T3 ~agby T] +a, bs T, —ag bs Ty -
agbsTiTy-a;bs Ty Ty +3a,bs Ty Ty+asbs Ti Ty asbs T3 -2a4bs Ty T3) /

((=1+T1) T (=1+T3) (-1+T1T2)), C39 > -

Ci3 (-1+Ty) -aybs-azbsT,
((=1+T1) Te (=1+T3) (-1+T1T2)), Cgo >~ -
*1+T1 (*1+T1>T1
a2b3+a4b3T2 a2b5+a4b5T2 C14(—1+T1T2)
Ca1 — - -
T1(—1+T2> —1+T1 —1+T1
as bs agbs Ty, €15 (-1+T1Ty)
Ca2 > - + - » C43 0,
—1+T1 —1+T2 —1+T2
C44%0, C4590, C46%0, C4796, C48%e) C55—)0,
Ca9 Cs Csg  Cs3
Cs6 >0, C57 >0, C5g > ——— - ——, Cs59g > ——— - —,
1 T T, T
C51 C54 a2b5+azb3T1—a4b3T1+a4b5T2+a4b3T1T2—a4b5T1T2
on j
.7, T,T, TZT, (-1+T1Ty)

in[-]:= sol /. (v_ >val_) = (v=CF[vall);

in[]:= CF[Praz[1, i: J]]
Out[e]=

(Ca9 + C52) P1,5 X1,5

Ca9 P1,i X1,i + C52 P1,§ X1,i — + Csp P2,i X2,i +
T1
1
Cs3 P2, X2,i + C13 P1,5 P2,i X1,i X2,i + C4 P1,i P2,5 X1,i X2,i — ———————
*1 + Tl T2
(azbg—C4—c13+c4T1+a4b3T2+a2b5T2—a4b5T2+c13T2—a4b3T1T2+c4T1T2+c13T1T2—
1

CaTiTy+asbs T3-ci3 Ty T%) P1,5 P2,5 X1,i X2,i -
(*1+T1) Tl (*1+T2) (*1+T1T2)
(—azbg+a2b5+a2b3T1—C4T1+c13T1+c4Ti—a4b3T2—a2b5T2+a4b5T2+2a4b3T1T2—
a4b5T1T2—c13T1T2—a4b3TiT2+c4TiT2—c13TiT2—c4TiT2—a4b5T§+a4b5T1T§+C13TiT§)

(-aybs - €13 Ty —az bs Ty + €13 T1 Ta) P1,§ P2, X1,5 X2,1
P1,j P2,i X1,5 X2,i —

(*1+T1) Tl

(Cse + Cs3) P2,§ X2,5 1
+

Tz (*1+T1> (*1+T2) (*1+T1T2)

(—azb3+a4b3+azb5—a4b5—C4+C13+azb3T1—a4b3T1+C4T1—a4b3T2—azb5T2+Za4b5T2—
2 2 2
Ci3To+aab3TiTo+Ca T Ty~ Ci3TaTo-Ca Ty Ty~ a3 bs Ty + €13 Ty Tz) P1,i P2,5 X1,i X2,5 -
(ag b3 - a4+ Ca T1) Pa,j P2,j X1,1 X2,

1.7 + Cs1 P3,i X3,i + C54 P3,5 X3,i + C14 P1,5 P3,i X1,i X3,i +
~1+T,

1
Cs5 P1,i P3,j X1,i X3,i -~ ———
—1+T2
(—a2b3+a2b5—a4b5—c5—c14+a2b3T1—a4b3T1+c5T1—a4b3T2—a2b5T2+2a4b5T2+

CsTo+CuaTo+2aab3 Ty To-Cs Ty Ty +CiaT1 Tr—asbs T% -Cuu Ty T%) P1,5 P3,5 X1,i X3,i -
1

(azb3*azbsfzazb3T1+a4b3T1*C5T1+C14T1+azb3Ti*
(*1+T1) Tl (*1+T2) (*1+T1T2)
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a4b3T%+c5Ti+a4b3T2+a2b5T2—a4b5T2—3a4b3T1T2+a4b5T1T2+c5T1T2—c14T1T2+
234 b3 T% T2—C5 Ti Tz—C14T§ T2+a4 b5 T%—a4 b5 T1 T§+C14 T% T%) pl,j p3)i Xl,j X3)i—

bs (ax +a4T2) p1,i P3,j X1,5 X3,1 1
.

Tl(—1+T2) (—1+T1)T1 (—1+T2)

(—a2b3+a2b3T1+a2b5T1—c14T1—a4b3T2+a4b3T1T2—a2b5T1T2+

2 2 2 2
dg b5 Tl TZ + Cqg Tl T2 + C1g Tl T2 —dg b5 Tl T2 - C1a T1 T2> pl,j p3,j Xl,j X3,i +

1
C15 P2,5 P3,i X2,i X3,i + C6 P2,i P3,5 X2,i X3,i +

(*1+T1) T]_
(—azbg+a2b3T1+c6T1+c15T1—c6T§—c15Ti—a4b3T2—azb5T2+2a4b3T1T2+a2b5T1T2—
a4b5T1T2—C6T1T2—a4b3TiT2+CsTiTz—ClsT%TZ+C15TiTz—a4b5T§+za4b5T1T§>

1
P2, P3,j X2,i X3,i —

<*1+T1) T]_ (*1+T2) (*1+T1T2)
(—azbs—a2b3T1+a4b3T1+a2b5T1—a4b5T1—c6T1+c15T1+a2b3Ti—a4b3Ti+c6Ti—c15Ti+
a2b5T2—a4b5T2—a4b3T1T2—a2b5T1T2+3a4b5T1T2+C6T1T2+a4b3TiT2—C5T§T2—
) 3 5 5 a5 bs p2,i P3,§ X2,5 X3,1
Cis Tl T2+C15 T1 T2+a4 b_r, T2—2a4 b_r, T1 TZ) pz)j p3)i Xz)j X3)i+
—1+T1
(-aabs+cis—C1s Ty +as b3 Ty +aabs Ty —aa by Ty To - Cas Ty To + €5 T3 T2) P2,j P3,5 X2,5 X3,5

(—1+T1) (—1+T2>
1

TIT, (-1+T1Ty)

<azb5+azb3T1*a4b3T1*C51T1*C54T1+a4b5T2+a4b3T1T2*a4b5T1T2+C51TiT2+C54TiT2)

(a2 bs —agbs + €5 - Cag —C5 Ty + a4 b5 Ty + €14 Ty T2) P1,i P3,5 X1,1 X3, 5
P3,j X3, +

+

(=1+T1) (-1+T1Ty)

(—azbs3-Cs+ayb3Ti-asbsTy+CsTy—asbsTy+CsTr+2a3b3 Ty To-C5TaTy) P1,5P3,q Xe,i X3,5

(—1+T2) (—1+T1T2)

(—az b3 - CeTy+CisTi—asbsTy+asby Ty Ty +Ce Ty To - Cys T3 Tz) P2,i P3,5 X2,i X3,j

TL(-1+Ty) (-1+T4Ty)
1

(*1+T1) Tl (*1+T1T2)

<C6T1—CsTi—azb5T2+azb5T1T2—a4b5T1T2—C6T1T2+C6T§T2—a4b5T§+za4b5T1T§>
P2,j P3,j X2,1 X3,j

Testing

in[-1:= L[X; ,5 [s_1] = T;,]E[q[s) i, jl1+rels, i, jl +eri[s, i, j] -€rals, i, j] +0[€]2]3
-['[Xi,j [1]] // Short

Out[~]//Short=

1T E [eSer‘ies[ (=P1,i +P1,1+i) X1,i + (=1 +T1) (P1,141 — P1,1+5) X1,i +

<<9>> + (-1+T1T2) (P3,141 — P3,1+3) X3,i + (=P3,§ + P3,1+5) X3,§5 <<52>> +

<«<1>> ] }

<«<1>
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inl-1:= {lhs} = Cases[jﬂ-‘[i, J, k] xL£/@ (Xi,5[1] Xi+,k [1] X5+, [1]) A{VSi, VS4, VSk, VSi+, VSj+, VSi+},

E[& ] » &, oo]_;

in[-]:= {rhs} = Cases[Jf[i, Js k] w£/@ (X4, [1] Xi,ie [1] Xi+, 4+ [1]) d{VSs, VS4, VSk, VSi+, VS5, VSi+},
E[& ] &, co];

in[-]:= CF[1hs - rhs] [1]

out[e]=

inl-]:- Echo /@Short /@ (CF@CoefficientList [CF[lhs - rhs][2] /. {a; = Aa;, b; = Ab;}, A]);
0
aTiT, (2 Cs5 + <<49>> + Cs51 T2 T%) P3,249 71,1 72,i <<1>>

+ + <<178>>
(*1+T1> (*1+T2) (*1+T1T2) <<1>>

2 2 2
a4 (C4 + <<23> ) p3 <«<l>> 2 <<1> <<1>> 7T1;i 7T1)j 7T2,k

<<B65>> + <«<1>> -
(-1+Ty) (-1+T1Ty)

2
(<<l>>) p<<1>> Tlclss Tl 713k

<<155>> +
(-1+Tq) Ty (<1>) (-1+T1Ty)

3 3 5.3 5 2 2
T, (—2 a3 bz + <«<111> +a;bs T3 -a;bs Ty TZ) Pactss <<I>> 77 g0 1.0 705
- +

(*1+T1) (*1+T2) (*1+T1 Tz)

2 2
az by <«<d>> <«<d>> 715 1. 1.

<<61>> +
(-1+Ty) (-1+ <«<1> «<1>)

in[-1.= Coefficient [CF@Coefficient [CF[1hs -rhs][2] /. {a; = Aai, b; =»2Ab;}, A] /.
{p.,'_77 A Pis T > .1_1 7!'-,:}, A, 0]

Out[«]=
0

in[-1:= Coefficient [CF@Coefficient [CF[lhs -rhs][2] /. {a; = Aa;, b; =»>Ab;}, A] /.
{pl-__ P APy, T » At ni}, A, 1]

out[e]=
%]

in[-1:= Coefficient [CF@Coe-F-Ficient [CF[lhs -rhs][2] /. {a; = Aa;, b; =»>Ab;}, A] /.
{pi__ APy, T » At 7l'i}, A, 2]

Out[e]=
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il - CFeCoefficient[CF[lhs - rhs][2] /. {a; = Aa;, by » Ab;}, ]

Out[«]=

Ta 34 1

(-1+T1) (-1+Ty) (=T T (=TT (=DoTa )

(-aza3C4-a3Cs -8, C13+43,8,C4T1+2a5C5 Ty +@,3,CeTy-a5C13Ty+3a3,C13Ty -
B _ A 2 2 2 315 355 2 315
5a,a3¢c4 T -a5Cs T - 2aa,Ce T7 + +5a3¢c4T3T5 -2a,a3€C3T7 T3 +4a5¢C3T7 T35 -

4afcyTiTo+ @ asCi3TiT3 - 485 Cis TiTy + a5 Ca Ty T3 + @3 €3 Ta T3 - 285 Cu3 T3 T + @ €13 T4 T5)

T, 3
2 _ 2,i _ N N
(-1+T1) Ty (-14Tp) (<1473 T)

( 2 2 2 2 2
a; Ty \cucs—cu—cqu T1-C5 T1-Cs Tyt + ~Ca Ty To+Cs Ty To+Ca3 Ty To#€Cya Ty To+ € Ty Tp-€13 Ty Ty -C1a Ta T3 | 71,1 Tk

(-1+T) (-1+Ty Ty)

2 2 2 2) 2 2
aj (Ca+C5-C13-C1a-Cq T1—C5 T1—C5 Tp+Cy3 Top+C1q To-Cq Ty To+Cs Ty To+Cy3 Ty To+Cyg Ty To+Ca T3 To-C13 Ty T3-Caa Ta T3) P3 50k /11,5 /11,5 713k

(-1+T5) (-1+T1 Ty)

Full expression not available (original memory size: 1.7 MB) @

ml-]- Coefficient[CF@Coefficient[CF[lhs -rhs][2] /. {a; = a;, by = 2Ab;}, Az] /.
{pi__ P Api, T At ni}, A, 0]

Out[«]=

Playing

In[-]:= CF[T‘42[1: i, j17/.
{2 >0, b3 >0, by » (Ty-1) (T,-1) (T3-1) a3', Cays|s|13)14]15]4950]51|52|53|54 > 0}]

Out[e]=
(=1+T2) P1,j P2,1 X1,5 X2,1

Ty

= ((=1+T1) (-1+Ty) Tap1,jP2,5X1,iX2,i) +

(=1+T3) (=1+Ty1T3) P1,5P2,5 X1,§ X2,i
T1

+ (1-Ty) P1,i P2,§ X1,i X2,5 +

(=1+T3) P1,j P3,i X1,5 X3,i
(=1+T1) (-1+T3) (-1+T1T3) p1,5P3,5X1,i X3,i — -

T1
(=1+T1) (-1+T2) To (-1+T1T3) P2, P3,5 X2,i X3,i
(=1+T2) (-1+T1T2) P1,jP3,5 X1,§ X3,i + +

T1

(=1+T1) (-1+T2) p2,jP3,i X2,y X3, (=1+T1) (=1+T3) p3,jX3,5
- +

T 2T,
(=1+T1) (-1+T2) T2p2,iP3,qX2,iX3,5

(=1+T3) p1,i P3,§ X1,i X3,5 -
T1

in[-]:= CF[(re[l, i, j1 - (rel1, i, j1 /. {T1 o Ty, Ty > Ty,
P1,i > P2,is P2,i_ > P1,is X1,i > X2,is X2,i > X1,i})) /. @3> - (T1+T3) ag]

Out[e]=
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in[-]:= CFL(ry[1, i: J] - (r.[1, i: J] /.
{T1 - Tay T2 > Ty, P1,i 2 P2,is P2,i = P1,is X1,i = X2,is X2,i > X1,i})) /. bs = b3]

out[e]=

in[-1:= CF[(raa[1, i, j] -
(razg[1, i, 31 /7« {T1 > Tay T2 > Ty, P1,i 2 P2,is P2,i > P1,is X1,i > X2,is X2,i > X1,i})) /.
{32 » - (T1 + T3) a4, bs » b3}]
Out[-]=
(Cq9 — Csp + Cs2 — Cs53) P1,§ X1, .

T1

(Cq9 = Csp) P1,i X1,1 + (Cs2 - Cs3) P1,§ X1,i -

(= Ca9 + Csp) P2,i X2,1 + (=Cs2 + Cs53) Pa,j Xa,1 + (=Cq+C13) P1,j P2,i X1,1 X2,1 +

(C4 —C13) P1,i P2,§ X1,1 X2,i + (Ca - C13) (T1-T2) P1,5P2,5 X1,i X2,i +

(Ca—C13) (=2+T1+T3) P1,yP2,i X1,5X2,i (Ca-C13) (-1+T2) p1,jP2,5X1,§ X2,
(-1+Tq) (-1+Ty) " -1+T,

(Cq9 — Csp + C5p = C53) P2, X2, (Ca-C13) (=2+T1+T2) P1,i P2, X1,i X2, j

+

T2 <—1+T1) (—1+T2)
(Cq4—C13) (-1+T1) P1,j P2, X1,i X2,

*1+T2

+ (C14 — C15) P1,j P3,i X1,i X3,i + (C5 — Cg) P1,i P3,j X1,i X3,i +

(-Cs+Cg—-C1q+Cy5+C5 Ty —Ce Ty +C1a Ty To - Cis T1T2) Pa,j P3,5 X1,1 X3,i +
(-C5+Ce+C14-C15+C5 Ty —Cg Ty —C14 Ty Tp +C15T1 T2) P1,5P3,i X1,5 X3,1

<—1+T1) (—1+T1T2>

(C1a - C15) (=1+T1T3) p1,5P3,5X1,5 X3,1

+ (=C14 + C15) P2,y P3,i X2,i X3,i +
-1+ T1

(=Cs5 +Cg) P2,i P3,j X2,i X3,i + (C5 = Cg+ C14 —C15 —~C5 Tp +Cg To = C14 T1 To + C15 T1 T2) P2, P3,5 X2,i X3,i —
(-C5+Ce+C1g~Ci5+C5 Ty~ CeTo—C1a Ty To+Cy5 T1 T2) Pa,j P3,i X2,5 X3,

(*1+T2) (*1+T1T2)
(Cia —C15) (=1 +T1T3) P2, P3,5X2,5X3,i
—1+T2

(-C5+Ce+C1q —Ci5+C5 Ty —Ce Ty~ C1a T1 To+Cy5 T1 To) P1,i P3,5 X1,1 X3, 5

<*1+T1) (*1+T1T2)
(Cs = Ce) (=1+T1) P1,jP3,q X1,i X3, 3
-1+T1 T,

(-C5+Ce+C14-C15+C5 Tp—~Ce T = C1a Ty To + C15 T1 T2) P2,i P3,j X2,i X3,

+

<—1+T2> (—1+T1T2)
(Cs = Ce) (=1+T2) Pa,jP3,q X2,i X3,

—1+T1T2

in[-]:= CF[(rgz[1, i, j1 -
(raa[l, i, J1 /7« {T1 > Tay To > Tay Pa,i 2> P2,is P2,i # P1,is X1,i ¥ X2,is Xa2,i > X1,i})) /.
{az » - (T1 + T3) a4, bs » b3, Csp » Cag9, C53 » C52, C13 = C4, Cg > C5, Cy5 > C1a}]
out[e]=
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in[-]:= CF[Praa[1, i, 31 /+ {32 » - (T1 + T3) a4, bs » b3, €59 > Ca9, Cs53 = C525 C13 > C4, Cg = C5, Ci5 > Cag} /.

{Cay5)14j49|51|52|54 = O} ]

Out[-]=
g by (T1+To+2T1T2) P1,jP2,jX1,i X2, Aa bz (T1-Ty) (1+Ty) P1,§P2,i X1,9 X2,
-1+T1 T, " (-1+Tq) (-1+Ty) (-1+T1Ty) )
A4 b3 p1,jP2,jX1,5X2,1 @bz (1+T1) (T1-T2) P1,i P2,j X1,i X2, 5
-1+T, . (-1+T1) (-1+Ty) (-1+T1Ty) .
ag b3 p1,j Pa,j X1,i X2, b3 (—1—T1—T§ +Tr+2Ty Tz) P1,j P3,j X1,i X3,1
“1+T, - “1+T, :
agbs (~1-Ty+ T3+ To-TiTo+T5) P1,jP3,i X1, X3,i @4 b3 Pa,i P, X1, X3,1
(<14T1) (=1+Ty) (-1+T1Ta) : “1+T, :

agbs (1-2Ty+ Ty Ty) p1,jP3,Xe,jXs,5 aabs (*1 +T =T+ 2T, T5 - T%) P2, P3,j X2,i X3,
- +

(-1+T1) (-1+Ty) -1+T,

2 2
a b3 (‘1 +Ty+T3-Ta-T1 T +T2> P2,i P3,i X2, X3,i @z bz pa,i P3,j X2,5 X3,1
+

(-1+T1) (-1+Ty) (-1+T1Ty) -1+T,
agbs (1-2T,+T1T2) P2,jP3,j Xz, X3,5  Aabs (2+ Ty +Ty) p3,j X, j
(-1+T1) (-1+Ty) : T T, (-1+T1Ty) :
g b3z (1+T1) p1,iP3,jX1,i X3, @absTi (T1-Tz) P1,jP3,j X1,i X3,5
(-1+Tq) (-1+T1Ty) ) (-1+Ty) (-1+T1Ty) )
g bz (1+Ty) pa,iP3,§X2,1X3,5 QAabs (T1-Ta) Tapa,gP3,jXa,iXs,j
(-1+Ty) (-1+T,Ty) ' (-1+T1) (-1+T1Ty)

Infe]:= CF[r'42[1, i, j1 /. {az > - (T1 +T3) az, bs » b3, €59 » C49, C53 = C52, C13 > C4, Cg = C5, C15 > C14} /.
{ca|5|14|a9|51|52|54 = O} /. {34-’b§1 (-1+T1) (-1+T3) (-1+T, Tz)}]
Out[-]=
(=1+T1) (-1+Ty) (Te+T2+2T1T2) p1,jP2,j X1,i X2,i +
(Ta=T2) (1+T2) P1,jP2,i X1, X2,1 = (=1 +T2) (=1+T1T3) pa,§P2,jX1,5X2,i —
(L+T1) (Te-Ta) P1,iP2,§ X1,1 X2,5 - (=1 +T1) (=1+T1T3) p1,§P2,jX1,1 X2,5 -
(-1+T1) (-1+T1Ty) (-1-T1-T3+Tp+2T1Ty) P1,5P3,5 Xe,1 X3,1 +
(-1-Ty+ T3+ Ty - Ty T+ T3) P1,y P31 Xe,5 X318 +
(=1+T1) (-1+T1T3) P1,iP3,5X1,5X%3,i+ (=1 +T1T2) (1-2Ty+T1T3) P1,§P3,jX1,5 X3,i —
(-1+Ty) (-1+T1Ty) (~1+Ti-To+ 2T T, - T5) P2,iP3,5 Xz,1 X3,1 +
(*1+T1+Ti*T2*T1 T2+T§) P2,9 P3,i X2,5X3,i + (=1 +T3) (=1+T1T2) pP2,i P3,jX2,§ X3,1 +

(=1+T1) (-1+T2) (2+T1+T2) P3,jX3,j
(=1+T1Ty) (1-2Ty+T1Ta) Pa,jP3,jX2,j X3,i + -
T1 T

(1+T1) (=1+T3) p1,iP3,5X1,i X3,9~ (=1 +T1) Te (T1 - T2) P1,5P3,5 X1,i X3,5 -
(=1+T1) (1+T2) P2,1 P3,§X2,i X3,5+ (Ta—Ta) (-1+T3) Tapa,jPs3,jXa,iXs,j
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Reidemeister 2b for ry

In[-]:= K =@

re[-1, i1_, j_ ] := Evaluate[Sum[

d. . P3,k3 X1,k1 X2,k25

{k1, {i, j}}, {k2, {i, J}}, {k3, {i, j}}

115

f‘e[—l: i) J]
Out[-]=

d1 P3,i X1,i X2,1 +d2 P3,§ X1,1 X2,1 + ds P3,1 X1, X2,1 + de P3,§ X1,5 X2,1 +

d3 P3,i X1,i X2,§ + da P3,§ X1,1 X2,5 + d7 P3,i X1, X2,5 + dg P3,§ X1,5 X2,

inl-1:= L[X; ,5 [s_1] := T3E[q[s, 1, j] +rels, i, j1 +0[el];
L[Xi,5[-111
Out[e]=
1
—_— E{eSer‘ies[
T: T,

1
(=P1,i + P1,14i) X1,i + [1+ T] (P1,1+1 = P1,1+5) X1,i + (=P1,§ + P1,1+5) X1,5 + (=P2,i + P2,1+1) X2,i +
1

1
-1+ ? (P2,1+i = P2,149) X2,i +d1 P3,i X1,i X2,1 + da P3,§ X1,i X2,1 + d5 P3,1 X1,§ X2,1 +
2

de P3,j X1,§ X2,i + (=P2,5 + P2,1+j) X2, + d3 P3,i X1,i X2, + da P3, X1,i X2, + d7 P3,i X1,§ X2,5 +
1

dg P3,j X1,§ X2, + (=P3,i + P3,14i) X3,1i + [1 +

(P3,1+1 = P3,1+5) X3,i + (= P3,§ + P3,1+5) X3,j] ]
T:1 T,
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in[-1:= {1hs} = Cases[jﬂ-‘[i, jlxL£/@ (Xi,5[1] X;+,5+[-1]) d{vs;, VSj, VS;i+, VSj+}, €Series[& ] = &, oo]

Out[e]=

{P1,2+i T,i + P1,249 71,5 + P2,2+1 7T2,i +

1
- (d7 +d3 Ty -dy Te+ds Ty -dy To+di T1 Tp -d3 Ty To - ds Ty Ty +dy Ty Ty) P3,oei 71,1 72,1 +
1T
1

(*d7*d3T1+d7T1*d5T2+d7T2+azT1T2*lelTZ+d3T1T2+d5T1T2+d8T1T2+
T1 T,

d3TiTo+daTiTo-dy TiT, - dg TaTo+ds Ty T3+ de Ty T3 ~dy To T3 - dg T1 T3 +
1T T +dp TiTo-ds T3 TS -da T3 15 -ds T3 T3 - dg Ti T3+ d7 T3 T3+ dg T3 T5)

(d7 +ds Ty - dy T2) P3,2+i 71,j 7T2,i
P3,245 7T1,i 7T2,i + -

LERLP)

1 2 2 2 2 2
—— (d7+@;To+ds To-dy To-dy Ty To-dg Ty To+@s T3 -ds Ty T3~ de Ty T3+ d7 Ty T3 + dg Ty T5)
1T

(d7 +d3 Ty - dy T1) P3,2+i 71,1 /T2,

P3,2:+5 711,53 7T2,i + P2,2+5 7T2,5 + +

LERLP;
1
e (—d7—d3T1+d7T1+a4T1T2+d7T1T2+d8T1T2+d3TiT2+d4T%T2—d7TiT2—dgTiTZ
1T
d7 P3,2:1 71,5 712,
+
LERLP)

(-dy +d7 Ty Ty +dg T1 T2) P3,24§ 71,5 72,5

P3,245 7T1,i 72,4 +

+ P3,2+i 713,i + P3,2+j 7T3,j}
T1T>

in[-]:= eqn = CF[1hs = (Pg, 2.5 71,5 + P1,2+§ 711, + P2,2+1 72,1 + P2,245 72,5 + P3,2+1 73,1 + P3,2+5 73,5) ]
Out[e]=

1
ﬁ (d7 +d3 Ty -dy T1+ds Ty -dy To+di Ty Tp -d3 Ty To - ds Ty Ty +dy T1 Ty) Pa,oei 7T1,1 72,1 +
1T

1
— (*d7*d3Tl+d7T1*dSTz+d7T2+azT1T2*d1T1T2+d3T1T2+d5T1T2+
T1 T,
2 2 2 2 2 2 2 2
dgT1T2+d3T1T2+d4T1T2—d7T1T2—d3T1T2+d5T1T2+d6T1T2—d7T1T2—d3T1T2+
diT T3 +dp TITo-d3TiT5-da T3 T5-ds T3 T3 - dg T3 T3+ d7 T3 T3 + dg T3 T5)

(d7 +ds Ty - dy Tp) P3,2+1 71,5 72,1
P3,2+5 7T1,i 7T2,i + -

T1 T
1 2 2 2 2 2
E— <d7+azT2+d5T2—d7T2—d7T1T2—dgT1T2+a4T2—d5T1T2—d6T1T2+d7T1T2+dgT1T2
T1T>
(d7 +d3 Ty - dy T1) P3,2+i 71,1 /T2,
P3,2+5 71,5 7T2,i + +
T1 T
1
—— (-dy-d3Ty+dy Ty +aa Ty Tp+dy Ty T+ dg Ty To+d3 T T+ dg T3 T - dy T To —dg T3 T,)
T1T>

d7 P3,2.i 71,5 72,5 (=d7 +dy T T +dg T1 Ta) P3,245 71,5 /T2,
+

T1T> T1T>

P3,2+5 7T1,i 72,5 +
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in[-]:= cvs = Union@Cases[eqn, p |7, =]
Out[«]=

{P3,2+15 P3,2+35 7T1,1is 711,95 7T2,is 72,5}

in[-1:= eqns = CoefficientRules[eqn, cvs] /. (_ > C_) = (c = 0)
Out[e]=

ds d; d3 dy dy dy d; dy ds d; dy d;
{dl—d3—d5+d7+f—f+f—f+ =0, — - — + =0, -— 4 =0, =0,
T, T. T, T, TaTy T, T, T.T T, . TiT T, T
ds d; d; d; dy
az—d1+d3+d5+dg—*+*+d3T1+d4T1—d7T1—d8T1—*+*— +d5T2+d6T2—d7T2—
. Ta T, T, TiT
d8T2+d1T1T2+d2T1T2*d3T1T2*d4T1T2*d5T1T2*d5T1T2+d7T1T2+dgT1T2::0,
dy d7 dy
a4+d7+d8+d3T1+d4T1—d7T1—d8T1—*+*— ::@,
T, T, TiT,
as d_r, d7 d7 a4T2 d7
d7+d3—f—*+*— +d5T2+d6T2—d7T2—d8T2— 2:0,d7+d8— :2}
T, To T1 Ty T1 LERP!

in[-]:= vars = Union@Cases[ro[-1, i, j], d , =]
Out[e]=
{d1, dz, d3, ds, ds, dg, d7, dg}

in[-]:= {sol} = Solve[eqgns, vars]
Out[«]=
a27a4T1+a4T2 dg 7a27a4T2
—,d3>0,d;>-—,ds >0, dg > - ———

{{dl - 0, d2 - -
T2 T, T. T, T,

,d; >0, dgee}}

in[-]:= sol /. (v_ -»val_) = (v=CF[val]);

In[-]:= rg[-1, i, ]
Out[e]=

(max+agTy-asTy) P3,X1,i X2,i (32 +33T2) P3,5X1,5X2,i @3 P3,q X1,i X2, j
+ _

2T, T, T, T,

Reidemeister 2b for r;

In[-]:= x =@
ri[-1, i_, j_] := Evaluate[Sum[
€.4x X3,k3 P1,k1 P2,k25
{k1, {i, 3}, {k2, {i, 7}}, {(k3, {i, j}}
115
ri[-1, i, j]
Out[]=
€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,j P2,5 X3,i +

€3 P1,i P2,i X3, + €6 P1,5 P2,i X3,5 + €4 P1,i P2,5 X3, + €8 P1,j P2, X3,5
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mil= L[Xi 5 [s_11 :=T3E[q[s, i, j] +ery(s, i, j] +0[e]?];
L[X;,5[11]
L[Xi,5[-111
Out[]=
Ty T, E[eSeries[ (-p1,i +P1,14i) X1,1+ (=1 +T1) (P1,141 — P1,1+5) X1,i + (=P1,§ + P1,149) X1,5 +
(=P2,i +P2,1+i) X2,i + (=1 +T2) (P2,1+i — P2,1+5) X2,i + (=P2,§ + P2,1+j) X2,5 +
(=P3,i +P3,1:1) X3,i + (=1 +T1T2) (P3,1:i — P3,1+3) X3,i + (=P3,j + P3,1.5) X3,5>
bs p1,5 P2,1 X3,i + b3 P1,i P2,j X3,i + (-b3 - bs) p1,5P2,5X3,i]]
Out[-]=

1 1
—E {eSer‘ies [ (=P1,i + P1,141) X1,i + (1 + ] (P1,1+i = P1,1+5) X1,i + (=P1,§ + P1,145) X1,5 +
LERLP! T
1
(=P2,i +P2,1+1) X2,i + (1 + T) (P2,1+i = P2,1+3) X2,i + (=P2,§ + P2,1+5) X2,§ +
2
1

(=P3,i +P3,1+1) X3,1 + (—1 + (P3,1+41 = P3,1+9) X3,i + (=P3,5 + P3,1+3) X3,5»

T:1 T,
€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,5 P2,j X3,i +
€3 P1,i P2,i X3, + € P1,j P2,i X3, + €4 P1,i P2, X3,5 + €8 P1,j P2,j X3,j] }
mnl-1:= {eqn} = {lhs} =

Cases[J-V-‘[i, jl < L£/@ (Xi,5[1] X;+,5+[-1]) d{vsi, VSj, VSj+, VSj+}, €Series[_, & ] » &, oo]

out[e]=

{ (€2 +e1T1 Ty —€e2 Ty Ta) P1,2+i P2,2+41 /13,1
N

LER P
1 2 2 2 2
e (—e2+e2T1+e6T1+b5T1T2—e1T1T2+ezT1T2+e1T1T2—e2T1T2+e5T1T2—esTsz)
T T,
P1,2+j P2,2+i 73,1 +
1
_— (*e2+e2T2+e4T2+b3T1T2*€1T1T2+€2T1T2+e1T1T§*e2T1T§+e3T1T§*G4T1T%) p1,2+i
T T,
1
p2,2+j7'(3,i—7 (—ez+ezT1+e6T1+eZT2+E4T2+b3T1T2+b5T1T2—e1T1T2—e4T1T2—
T1 T,

e6T1T2—e8T1T2+elTiTz—eZTiTz+eSTiT2—e6TiT2+e1T1T%—eZTng+E3T1T%—e4T1T§—
2 12 2 12 2 12 2 12 2 12 2 12 2 12 2 T2
el Tl T2+ez Tl T2—93 Tl T2+E4T1 TZ—E5 Tl T2+96 Tl TZ—E7 Tl T2+e3 Tl TZ) p1)2+j p2,2+j 7T3,i+

€2 P1,2+1 P2,241 713,5 (—€2+€3T1+€T1) P1,2:5 P2,2+4i 73,5
+

1T LER P
(-ex+eyTy+es4Ty) P1,2.4 P2,249 713,
1T '
1
ﬁ (e2-eyTi-egTi-€eyTr-esTo+e;TiTra+esTiTr+eeTiTo+egTyTa) Pa,2sj P2,245 7T3,j}

in[-]:= cvs = Union@Cases[eqn, p |7 , =]
Out[e]=

{P1,2+is P1,2455 P2,2+i5 P2,2+55 73,is 713,75}
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in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_->C_) = (C = 0)

Out[]=

2024-06-07 08:23:27

€2 €2
{61—62+ ::0, ::0,
1T LEN P
er ey er e, ey ey
by-ej+er+ —+ — - +erTr-exTr+re3Ty-e Ty =0, —+— - =0,
Ti, T1 TiTy Ti T1 TiTy
€2 € €z €2 € €2
b5*e1+92+e1T1*92T1+esT1*e6T1+*+** ::e,*Jrf* ::0,
T, T, TiTy T, T, TiTy
e) ey e; €¢ €,
—b3—b5+e1+94+96+98—f—f—elT1+EZT1—95T1+95T1—f—*+ —e1T2+e2T2—
T, T, T, T, T1T,
93T2+e4T2+elT1T2—92T1T2+E3T1T2—E4T1T2+esT1T2—96T1T2+E7T1T2—98T1T2:@,
e, ey e, €¢ e,
€ +ep+teg+tg - — - — - — - — + ::}
T, T, T, T, T;T,

in[-]:= vars = Union@Cases[r,[-1,

out[e]=

i, 31, €, ]

{e1, ez, €3, €4, €5, €, €7, €3}

in[-]:= {sol} = Solve[egns, vars]

Out[]=
b3
{{91%0, eZ%e, €3 > ——,
T2

In[«]:=

inf-1:= re[=1, i, j]
Out[«]=

bs p1,5 P2,i X3,1

b3 p1,i P2,j X3,1
n

b
9499, €5 > —
LE

sol /. (v_ »val_) :» (v=CF[val]);

5

-b3T1-bs T,

(b3 Ty +bs T3) p1,5 P2,5 X3,1

T1 T,

T1 T

T1 T,

o))

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: UC4A2.nb 2024-06-07 08:23:27

Reidemeister 2b in full

mil= L[Xi 5 [5_11 :=T3E[q[s, i, j]1 +rels, i, j]1 +eri[s, i, j] +0[e]?];
L[Xi,5[1]1]
L[X;,5[-111

Out[]=
T, T E [eSer‘ies [
(=P1,1 +P1,1+1) X1,i + (=1 +T1) (P1,1+i — P1,1+5) X1,i + (=P1,5 + P1,1+5) X1,5 + (=P2,i + P2,1+i) X2,i +
(a2 +a4 T2) P3,§ X1,5 X2,1
(=1+T2) (P2,1+i — P2,1+3) X2,i + 32 P3,j X1,i X2,i — T + (=P2,j + P2,1+3) X2,5 +
1
A4 P3,5 X1,i X2, + (=P3,i +P3,141) X3,i + (=1 +T1T2) (P3,1:i — P3,1+5) X3,i + (=P3,5 + P3,1.9) X3,55
bs p1,§ P2,1 X3,i + b3 P1,i P2,§ X3, + (b3 - bs) p1,5P2,5 X3,i} ]
Out[«]=
1 _ 1
E {eSer‘les [ (=P1,i + P1,141) X1,i + (1 + ] (P1,1+i = P1,14§) X1,i +
T:1 T, T1
1
(=P1,5 + P1,1+3) X1, + (=P2,i + P2,141) X2,1 + | -1+ ? (P2,1+1 — P2,1+9) X2,i +
2
(maz+a3T1-234Ty) P3,jX1,iX2,i  (32+3a4T2) P3,j X1,§ X2,
N + + (=P2,5 + P2,145) X2,5
T, T1 T,

da P3,j X1,i X2,5 1

——— + (=P3,i +P3,1+1) X3,1 + [-1+ (P3,1+1 — P3,1+5) X3,i + (= P3,5 + P3,1+5) X3,5»

T1 T1 T,
(=bs Ta p1,§P2,i ~b3T1P1,i Pa,j+b3T1p1,§P2,5+bsTap1,§P2,5) X3,1 ] ]

T1 T,

Inf[]:= jf[i; jl «L£/@ (Xi,5[1] Xi+,4+[-1]) d{VSi, VSj, VSi+, VSj+}
Out[e]=
E {eSer‘ies [P1,2+i T,i + P1,2+5 71,5 + P2,2+i 7T2,i + P2,2+3 772, + P3,2+i 713,i + P3,2+5 713,35

(-azbs +az b3 Ty —a4bs T2) p3,2.5 73,4

T +as b3 P1,2.1 P3,2.9 11,1 73,1 + (—as bz +ay bs —az bs) py, g
1

bs (az +a4T2) P1,2:+9 P3,249 71,5 73,1 bs (@2 + @2 Tp) P2,2.i P3,2+5 72,1 713,14
P3,2+5 7T1,i 713,i — - +
T1 T1

(agbs+aybs+aybsTy+asbsTy+asbsTy) Pr o P3,2.§ 72,1 73,4

N
T1

1

2 2 2 2
? (*az ag b3 + a2 b5 —dp dg b5 —dp dg b3 T]_ - a4 b3 T2 +dj dg b5 T2 - a4 b5 Tz) p3,2+j ﬂl,i 7T2,i 7T3,i -
1

2.2
bs (a2 + a2 T2) “ P3,,5.4 71,5 72,1 713,14

2 2
5 +a4bs P2,2+3 P3,2+3 772, 713,i — 94 b3 P3,2.4 7T1,i 712,75 ﬂa,i] }
T
1
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in[-]:= Echo /@ CF@Coe-F-FicientList[Cases[f?‘[i, jlxL£/@ (X;,5[1] X;+,5+[-11) d{vs;, VsS4, VSj+, VS4+},
eSeries[_, & ] » &, oo] [1] /. {a; = 2Aa;, b; =»2ab;}, )L])_;

0
0

(—az bs +ag b3 Ty - a4 bs Ty) p3 2.9 73,31

+as b3 p1,2.i P3,2+9 71,1 7T3,i + (—34 bz + a; bs - a4 bs) P1,2+5 P3,2+5 71,1 713,i —
T1
bs (a2 + a4 T2) P1,24§ P3,245 71,5 73, bs (@2 + @4 T2) P2,2+1 P3,2+5 T2,1 73,4
- +

Ty Ty

(azgbs +aybs+a;byTy+asbsTy+asbs To) P2 aig P3,249 72,1 73,1

+ a5 b3 P2,2.9 P3,245 72,9 73,1
T1

1

2 2 2 2
— (—az dg b3 + az b5 —djz dg b5 —dz adg b3 Tl - a4 b3 Tz +dj dg b5 Tz - a4 b5 Tz) p3,2+j TT1,i 72,1 713,i —
T1

2.2
bs (az + @4 T2) “ P3,5.4 711, 72,1 713,14

2, 2
" - a3 b3 P55, 71,1 712, 713,14
Tl

In[-]:= err = CF@Coefficient[
Cases[j?‘[i, jlxL£/@ (X;,5[1] X;+,5+[-1]) d{vs;, VSj, VS;j+, VS4+}, €Series[_, & ] » &, oo] [

1] /. {ai »2ay, by »2ab}, AZ]

Out[«]=
(-aybs +asb3 Ty —asbs Ty) p3,2.5 73,4

+
T1

A4 b3 P1,2.i P3,245 71,1 73,1+ (—Aa bz + @, bs —asbs) P1,2.gP3,2.5 71,1 73,1 -

bs (az +a4T2) P1,2:+9 P3,249 71,5 73,1 bs (@2 + @2 Tp) P2,2+i P3,245 T2,1 713,14 N
LB Ti

(agbsz+aybs+aybsTy+asbsTy+asbsTy) Pr oy P3,2.5 72,1 73,4

T + a4 b3 P2,244 P3,24§ 72,5 713,14
1
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In[]:=

Out[«]=

K =0;
rsp[-1, 1_, j_1 = Evaluate[Plus[
Sum [

Foix Xvi, k1 Pva,k2 Xv2,k3 Pv2,kas

{k1, {i, j}}, {k2, {i, 3}}, {k3, {i, 3}}, {k4, {i, §}}, {v1, 2}, {v2, vi+1, 3}
1,
Sum [

Foix Xy, k1 Pv,k2s
{k1, {i, )}, {k2, {i, 3}}, {v, 3}
1
11

fa9 P1,i X1,i + Fs2 P1,§ X1,1 + Fs5 P11 X1, + Fsg P1,j X1,5 + Fse P2,1 X2,1 + F53 P2,5 Xa2,1 +
f1 1,1 P2,1 X1,1 X2,1 + F13 P1,§ P2,i Xa,1 Xo,1 + FaP1,i P2,§ X1,1 X2,1 + F16 P1,§ P2,j X1,1 Xo,1 +
f25 P1,i P2,i X1,5 X2,1 + T37 P1,5 P2,i X1,5 X2,i + T28 P1,1 P2,j X1,§ X2,1 + Tae P1,5 P2, X1,5 X2,i +
T P2,i X2, + Tso P2, X2,9 + 7 P1,1 P2,1 X1,1 X2, + F19 P1,§ P2,i X1,1 X2,§ + F1e P1,1 P2,§ X1,1 X2,5 +
f22 P1,5 P2, X1,1 X2,5 + F31 P1,1 P2,i X1,9 X2,5 + Faz P1,5 P2,i Xa,5 Xa,5 + 34 P1,1 P2, X1,5 X2,5 +
fa6 P1,5 P2, X1,5 X2, + T51 P3,1 X3,1 + Fsa P3,5 X3,1 + F2 P1,1 P3,i X1,1 X3,1 + F1a P1,§ P3,1 X1,1 X3,1 +
f5p1,i P35 X1,1 X3,1 + 17 P1,§ P3,5 X1,1 X3,1 + T26 P1,i P3,1 X1,5 X3,1 + T38 P1,5 P3,1 X1, X3,1 +
f29 P1,1 P3,j X1, X3,1 + Ta1 P1,§ P3,§ X1,5 X3,1 + T3 P2,1 P3,1 X2,1 X3,1 + F15 P2, P3,1 X2,1 X3, +
fe D2,i P3,5 X2,1 X3,1 + F1g P2,§ P3,5 X2,1 X3,1 + T27 P2,1 P3,1 X2,5 X3,1 + T30 P2, P3,1 X2, X3,1 +
f30 P2,1 P3,j X2, X3,i + Ta2 P2,§ P3,§ X2,5 X3,1 + T57 P3,1 X3,5 + Fee P3,5 X3,5 +
fgP1,i P3,i X1,1 X3,5 + Tao P1,§ P3,i X1,1 X3,5 + F11 P1,1 P3, X1,1 X3, + T23 P1,5 P3,§ X1,1 X3,§ +
f32 P1,i P3,i X1,5 X3, + Taa P1,5 P3,i X1,5 X3,5 + T35 P1,i P3,5 X1,§ X3,5 + T47 P1,5 P3,§ X1,5 X3,5 +
fop2,i P3,i X2,1 X3,5 + T21 P2,§ P3,i X2,1 X3,5 + T12 P2,1 P3, X2,1 X3, + T2a P2, P3,§ X2,1 X3,§ +

f33P2,1 P3,1 X2,§ X3,9 + Tas P2,§ P3,1 X2,9 X3,5 + T36 P2,i P3,j X2,5 X3,5 + Tas P2, 5 P3,5 X2, X3,5

mil= L[Xi L5 [s_11 :=T3E[q[s, i, j] +erals, i, j]1 +0[e]?];

Out[«]=

L[Xi,5[1]1]
L[Xi,5[-111

1T E [eSer‘ies[ (=P1,i +P1,1+1) X1,i + (=1 +T1) (P1,141 — P1,1+5) X1,i + (=P1,5 + P1,1.9) X1,5 +

(=P2,i +P2,1+1) X2,i + (=1 +T2) (P2,1+1 — P2,1+5) X2,i + (= P2, + P2,1.9) X2,j +
(=P3,i +P3,1+i) X3,i + (=1 +T1T2) (P3,141 = P3,1+3) X3,i + (=P3,5 +P3,1+3) X3,5»
(Ca9 + C52) P1,5 X1,5

Ca9 P1,i X1,i + C52 P1,5 X1,i — T + Csp P2,i X2,i + C53 P2,5 X2,i + C13 P1,5 P2,i X1,i X2,i +
1
1
CaP1,iPa,jX1,iX,i+———— (-@;bs+Ca+Ci3-CaTi-azbsTy-absTy+asbs To-cy3 T+
*1+T1 TZ
2 2 2
agbsTiTy-CaTiTy-CiaTaTo+CaTiTo—agbs Ty + €13 Ty T2> P1,5 P2, X1,i X2,i —

((*azb3+azb5+azb3T1*C4T1+C13T1+C4T%*a4b3T2*azb5T2+a4b5T2+Za4b3T1T2*a4b5

T1T2*C13T1T2*a4b3T§T2+C4TiT2*C13TiTZ*C4TiT2*a4b5T§+a4b5T1T§+C13T§T§>
P1,§ P2,i X1,j X2,i> / ((=1+T1) Ty (-2+T3) (-1+T1T2)) -

(-azbs — €13 Ty —ag bs Ty + €13 T1 T2) P1,j P2,§ X1, X2,i  (Cse + C53) Pa,5 X2, j
+

(—1+T1> T1 T2
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((*azb3+a4b3+azb5*a4b5*C4+C13+azb3T1*a4b3T1+C4T1*a4b3T2*azb5T2+2a4b5T2*
Ci3To+agbs Ty T+ TiTy - Ci3TiTo-CaTiTy—agbs T3 + €13 Ty Tﬁ) P1,i P2,§ X1,i X2,j> /
(ag b3 —C4 + €4 T1) P1,j P2,9 X1,i X2,5

—1+T2

((=1+T1) (-1+T) (-1+T1Ty)) -

Cs1 P3,i X3,i + Cs4 P3,5 X3,i + C1a P1,5 P3,i X1,i X3,i + C5 P1,i P3,5 X1,i X3,i +
1

(azbg*azb5+a4b5+C5+C14*azb3T1+a4b3T1*C5T1+a4b3T2+azb5T2*Za4b5T2*
*1+T2

CsTy-C1aTo-2a2b3TiTo+CsTiTo-CiaTa Ty +asbs T3 + Cia Ts T%) P1,5 P3,j X1,i X3,i -
((azb?,*azbsfzazb3T1+a4b3T1*CsTl+C14T1+azb3T§*a4b3Ti+C5Ti+a4b3T2+
a2b5T2—a4b5T2—3a4b3T1T2+a4b5T1T2+c5T1T2—c14T1T2+2a4b3T%T2—
Csg Ti T2—C14 Ti T2+a4 b5 T%—a4 b5 T1 T§+C14 Ti T%) pl,j p3,i Xl,j X3,i)/
by (a2 +a4 T2) p1,i P3,j X1,j X3,1
((=1+Tq) Te (-1+Ty) (-1+T1T2)) - -
Tl (—1+T2>

((azbg—a2b3T1—a2b5T1+c14T1+a4b3T2—a4b3T1T2+a2b5T1T2—a4b5T1T2—

C1aT1i Ty~ Coa Ti Ty +agbs Ty T3+ C1g T} T%) P1,5 P3,§ X1,j X3,i) /

((=1+T1) Te (=1 +T32)) +C15P2,j P3,i X2,1 X3,1 + C6 P2,i P3,j X2, X3,i +
ot (~a2bs+azbsTy+CeTy+Cis Ty -Ce T - Cas T —asbs Ty -
(-1+T1) Tq
aybsTy+2asb3 Ty Ty+a,bs Ty Ty—asbs Ty Ty —CeTaTo—agbs T2T, +
CoeTiTo-CisTaTo+CisTaTy—azbs Ta+2a,bs Ty T%) P25 P3,5 X2,i X3,1 -
((-a2bs-azbsTy+asb3Ty+asbsTy-asbs Ty —CeTy+Cys Ty +a, by T3 —as b3 ] +
CoTi-CisT2vasbsTy-agbsTo—asbs Ty To—a,bs Ty To+3asbs Ty To+Ce Ty Ty +
agbsTiTy- T Ty -Cas Ty T+ Cus T3 To+as bs T5 - 285 bs Ty T3) Pa, g P31 X2,5 X3,1) /

as bs pa,i P3,j X2,5 X3,1 1
((=1+T1) T1 (=14 T2) (-1+T1Ty)) + -
_1+T1 (—1+T1) (—1+T2>
(—a4 bs+Cis-Cis Ty +agbs3 Ty +asbs Ty —asa by Ty Tr - Cq5 T4 Ty + €5 Ti Tz) P2,5 P3,j X2,§ X3,i -

1

(azb5+a2b3T1—a4b3T1—c51T1—C54T1+a4b5T2+
TIT, (-1+T1Ty)

dg b3 T1 T2 - dg b5 T1 Tz + Cs1 Ti T2 + Csgq Ti T2> p3)j X3)j +

(a2 bs —a4bs + €5~ C1q - C5 Ty + A4 bs Ty + C14 T2 T2) P1,i P3,j X1,i X3, 5

(-1+T1) (-1+T1Ty)
((az b3+c5—a2 b3Ty+asbs Ty -5 Ty +asbsTy-C5To-2a3bs Ty Ty + €5 Ty Ty) pa,jP3,§ X1,1 X3,9) /
< 1+T2 1+T1T2))+
(

(

(-

a, by + ¢ 1—c15T1+a4b3 2—a4b3T1T2—c6T1T2+c15T§T2) p2,ip3,jX2,iX3,j)/
T1 (=1+T3) (-1+T1T2)) -
Ce

1*C6T1*a2b5T2+azb5T1 2*a4b5T1 2*C6T1T2+C6T1T2 a4b5T§+2a4b5T1T§)

P2, P33 X2, %s,5) / ((-14T1) T1 (-1+T1T5)) ||
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out[e]=
1 1
—E {eSer‘ies [ (=P1,i + P1,1+1) X1,i + (—1 +— | (P1,1+i = P1,1+3) X1,i + (=P1,5 + P1,1+3) X1,5 +
T1 T, T1
1
(=P2,i + P2,1+i) X2,i + (—1 + TJ (P2,1+1 = P2,1+5) X2,i + (=P2,j + P2,1+5) X2,5 +
2

1

(=P3,i +P3,1+1) X3,i + (—1+ (P3,1+1 = P3,1+5) X3,i + (=P3,§ + P3,1+5) X3,5»

T1T>
fao P1,i X1,1 + F52 P1,5 X1,1 + Fss5 P1,i Xa,5 + Fss P1,j X1, + Fse P21 X2,1 + Fs3 Pa,§ Xo,1 +
f1P1,1 P2,i X1,1 X2,1 + F13 P1,§ P2,i X1,1 X2,1 + Ta P1,1 P2,5 X1,1 X2,1 + T16 P1,§ P2,5 X1,1 X2,1 +
f25 P1,i P2,i X1,§ X2,i + T37 P1,§ P2,1 X1,5 X2,1 + Ta8 P1,1 P2,j X1,j X2,1 + Tae P1,5 P2, X1,§ X2, +
fse P2,i X2,5 + Fso P2, 5 X2,5 + F7 P1,i P2,1 X1,i X2, + F10 P1,5 P2,i X1,1 X2,5 + F10 P1,1 P2,5 X1,1 X2,5 +
f22 P1,5 P2,§ X1,i X2,5 + T31 P1,1 P2,1 X1,5 X2,5 + Fa3 P1,j P2,1 X1,5 X2,5 + F3a P1,1 P2, X1,§ X2,5 +
fa6 P1,5 P2,§ X1,5 X2,§ + Fs1 P3,1 X3,1 + Fsa P3,9 X3,1 + F2P1,1 P3,1 X1,1 X3,1 + F14 P1,§ P3,1 X1,1 X3,1 +
fs5 p1,i P3,§ X1,i X3,i + F17 P1,§ P3,5 X1,1 X3,1 + T26 P1,i P3,i X1,5 X3, + T38 P1, P3,1 X1, X3,1 +
f20 P1,i P3,§ X1,5 X3,1 + Ta1 P1,§ P3,5 X1,§ X3,1 + T3 P2,i P3,i Xo,1 X3,1 + F15 P2, § P3,1 X2,1 X3,1 +
f6 P2,i P3,§ X2,i X3,i + F18 P2,§ P3,5 X2,1 X3,1 + T27 P2,i P3,i X2,5 X3,1 + T30 P2, P3,i X2, X3,1 +
f30 P2,i P3,§ X2,5 X3, + Ta2 P2, P3,5 X2, X3,1 + T57 P3,1 X3, + Teo P3,5 X3,5 +
T8 P1,i P3,i X1,i X3,5 + 20 P1,5 P3,1 X1,1 X3,5 + F11 P1,1 P3,5 X1,1 X3,5 + F23 P1,§ P3,§ X1,1 X3,5 +
f32 P1,i P3,i X1,§ X3,5 + Taa P1,§ P3,1 X1,5 X3,5 + F35 P1,1 P3,j X1,j X3,5 + Ta7 P1,5 P3,j X1,§ X3,5 +
fopa,i P3,i Xo,1 X3,9 + F21 P2,5 P3,1 X2,1 X3,5 + F12 P2,1 P3,§ X2,1 X3,5 + T2a P2, P3,5 X2,1 X3,5 +

f33 P2,1 P3,1 X2,5 X3, + Tas P2, P3,i X2, X3,5 + T36 P2,1 P3,§ X2,5 X3, + Tag P2, P3,§ X2, X3,j] }

mnf-1-= {1lhs} =
Cases[j?‘[i, jlx£/@ (X;,5[1] X4+,5+[-1]) d{vs;, VsS4, VSi+, VS4+}, €Series[_, & ] » &, oo]

Out[e]=

{ a; bs+ay b3 Ty-a4 by Ty-az bs Ty-Csy Ty—Csq Ty-a; by T3+ +Fa7 T3 T3 +Fag T3 T3+Fa9 T3 T34Fso T3 345y T3 T3+Fsg T3 T3+Fs0 T3 T3+Fe0 T3 T3

(-14Tq) T2 (-1+T,) T,

( +Fag T3 T3-Fs5 T3 T%; P, 7,4

(—F33+F33 Ty To+F36 T1 Ty) }
+
(-1+T1) Ty (-1+Ty) (-1+Ty Ty) Ty T2 T, T2
Full expression not available (original memory size: 1 MB) @
in[-]:= eqn = CF[1lhs - err]
Out[]=
+fa9 T3 T3—Fs5 T3 T3
a, bs-ay by Ty+ag by Ty+ay bs Ty+Csy Ty+Csq Ty+a, by T2-ag by T2+ { 1T T T ) Py, i
: 2 + + +
(-1+Tq) T2 (-1+T,) T, (-1+4T1) Ty (-1+Tp) (-1+4T1 T3)
1
( ) (Fa3-Fa3 To—fas To—Fa3 Ty To—Fg Ty To+Faz Ty To+F36 Ty T3+F45 Ty To+45 T1 T3) P, P, T2, 73,5
+ = : + : 2
Ty T2 Ty T2
Full expression not available (original memory size: 1 MB) @

in[-]:= cvs = Union@Cases[eqn, p | n_ , =]
Out[]=

{P1,2+1s P1,2435 P2,24i5 P2,2455 P3,2+i5 P3,2495 7T1,is 711,45 712,15 712,55 713,15 773,57}
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in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_->C_) = (C = 0)

Out[]=
f £ £, f £ £ f f
{‘Fl—f7—‘F25+'F31+£—j+ifi+i::0,l—i+i::0, =0, 5
Ty Ty T2 T2 LERP T2 T, TiT
9 2a, by 2ca 2 Cso Cs2 Cs3 Csq
, =0, - + + + + - +
(1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-T) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty)

1 faaTi T feT1To faTiTo fssTi T fsoTiTo feoe T1 To
—_— + + + + + + + =0
(1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Tp) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty) (1-Ty)

Full expression not available (original memory size: 2.5 MB) @

in[-]:= vars = Union@Cases[rs[-1, i, j1, f , =]

Out[]=
{'Flz -FZJ -F3J 'F4: 'FS) 'FG) 'F7) 'FSJ 'FQJ 'Fle) -Flll 'F12.v 'F13) -F14J 'F15.v 'F16J -F17J 'FIS) 'F19J FZ@J 'F21) 'FZZJ

'F23.v -F24) -FZSJ -FZG) -F27) -FZSJ -F29J 'FBO) 'F31) 'F321 'F33.v 'F34) 'F351 'F36) -F37) 'F381 -F39) 'F40J 'F411

-F42) -F43) 'F44: -F45J -F46) -F47J -F48J 'F49) 'FSOJ 'F51: 'FSZ) 'F53J 'F54: -FSS) -FSGJ -F57J -F58J -F59) 'FGO}

mn[-1:= {sol} = Solve[eqgns, vars]
Out[]=
{{f1—>0, f, >0, f3-50,
fa> - ((-azbs+asbs+aybs—asbs+Ci3+a,bsTy-asb3Ty-asbsTo-a,bsTy+2a,bsT, -
Ci3To+agbsTiTo-CisTiTo-aabs T3+ i3 TaT5) / ((-1+T1) T (-1+T1Ty)) ),
fs > - ((-azbs+2a,bsTy-asbsTy-abs Ty +agbs Ty +Cia Ty - a3 b3 T] + a4 by T3 -
asb3Ty+3azbs Ty Ty+a,bs Ty Ty-2asbs Ty Ty-Cia Ty To-2a5 b3 T3 T, -
C1aTiTo+asbs T T3+ Cia TIT) / ((-14T1) T3 (-1+T,) To) ),
fo > - ((-azbs+azbs+aybsTy—a;bs Ty +asbs T+ Cis Ty - Cis T3 —asbs T —a; bs T +
agbsTy+2a,bs Ty Ty+a,bs Ty Ty-3asbsTaTy-agbs TiTy - Cs TiTo + €5 T3 Ta -
agbsT3+2a5bsTiT5) / ((-1+Tq) T3 (-1+T) T,) ), f, >0, fg >0, f5 > 0,
fio > - ((-@2bs+asbs+aybs-asbs-cy+Cr3+aybsTy-asbsTy+CaTi-asb3Tr-absTy+
2a,bsTo-Ci3Tp+agbs Ty Ty v CaTaTo-Ci3 Ty To-Ca T3 Ta-asbs T3 + €13 Ty T3) /
aybs—agbs+Cs-Ciu-CsTy+agbsTo+C14T1 Ty

((-1+T1) (-1+T3) (—1+T1T2))): f11 > - ’
(*1+T1) (*1+T1T2)

azb3+C6T1—C15T1+a4b3T2—a4b3T1T2—C6T1T2+C15T%T2
f12 - - P
T]_ (*1+T2) (*1+T1T2)

fi3 —

~((a2bs-azbs-a; b3 Ty +CaTy-CaTi+asbsTo+abs To-asbs Ty-2a,b3 Ty To+agbs Ty T +
ab3TiT - Ti T+ CaT3To+asbs T -agbs T T3) /(T3 (-1+T2) (-1+T1Ta))),

fia > - ((-azbs+azbs+2a,b3Ty-asbsTy+CsTy-a, b3 T3 +agbs T3 -cs T3 -agby Ty -
aybsTo+asbsTy+3asbs Ty Ty—asbs TaTy-Cs Ty To—2a,bs T2T, +
CsTiTa-asbs T3+asbs Ty T3) /(T (-1+Ty) (-1+T1Ty))),

fis > - ((azbs+axbsTy-asb3 Ty -a,bs Ty +asbs Ty +Ce Ty —a, by T; +ag by Tg -
CeTi-aybsTo+agbsTo+asbs Ty To+asbs Ty To-3abs Ty To-CeTy Ty -
asbsTiTy+CeTiTa-asbs T3+ 2a5bs Ty T3) / ((-1+T1) Tu Ty (-1+T1Ty)) ),

1
'F16%f (—a2b3+a2b3T1—a2b5T1+a4b5T1—C4T1—c13T1—azb3T§+
T2T, (-1+ Ty Ty)

a4b3T§+C4T%—a4b3T2—azb5T2+2a4b3T1T2+azb5T1T2—234b5T1T2+C13T1T2—
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2a,b3 T3 T+ CaTiTo+Ci3TiTa-Ca T3 Ty —asbs T3+ 284 bs Ty T3 - €13 T3 T3,

o (a2b3-3a,b3Ty+asbsTy+aybs Ty —asbs Ty - Cs Ty - Cyg Ty +

T3 (-1+T,) T,
2a,b3 T2 -2a,bs T2+ csTi+asbsTy-4asbsTyTy-asbs Ty Ty+2asbs T Ty +
CsTiTo+ClaTiTo+4ab3TiTo-Cs T3 To+Ca T3 To—ag bs Ty T3 - €1 T3 T3)

'F]_g%*;zz (azbs-azbs-a;byTy+abs Ty -asbs Ty - CgTy—Cis Ty +Ce Tg +
(-1+Ty) T2 T2
c15Ti+a4b3T2+2a2b5T2—a4b5T2—2a4b3T1T2—2a2b5T1T2+4a4b5T1T2+c6T1T2+
agbsTiTy- T T+ s TiTo-Cus Ty To+ 23, bs T3 -4 ag bs Ty T3 ), 19 > 8, 20 - O,

f21-50, fau > - ((@2bs-aybs+asbs ~Ci3-a, b3 Ty +asbsTy+asbs To+a,bs T -2a,bs Ty +
C13Ta-2a,b3 Ty To+ 3T Ta+agbs T3 - Ci3 Ty T3) /(T (-1+T3) (-1+T1Ta)) ),

fa3 > - ((-@2bs+abs-a4bs - Cig+ @ b3 Ty -asb3 Ty —asb3To-abs Ty + 28, bs Ty +
ClaTo+285b3 Ty To+ Coa Ty To-agbs To-Cia TeT5) / (Ty (-1+Ty) (-1+T1Ty)) ),

faa > - ((@2bs-abs Ty -Cs Ty +Cis Ty +agbs To+aybs Ty~ 2a,b3 Ty To-a, bs Ty Ty +ag bs Ty T +
asbsTiTa+Cis T Ty~ Cis Ty Ta+@gbs T5-2a, bs Ty T5) / ((-1+Tq) TyTo (1471 T2)) ),

fs >0, frg >0, 7 >0, f3 >0, fzga—M,

T (-1+T,) T,

ay bs

(-1+T1) Ta

f31 > 0,

f3; - 0,

f33 > 0,

fis > 0,

fi5s - 0,

fi6 > 0,

fi7 > - ((azbs-azbs-a; b3 Ty +CaTi-Ci3Ti-CaTi+asby To+abs To—asbs T, -
2a,b3TyTo+asbs Ty To+CisTaTo+asbs ToTo—CaT2To+C3TaTo+Ca T Ty +
agbsT3-agbs T T3-Ca3 TiT5) / ((-1+Ty) Ty (-1+Ty) (-1+T1T2))),

fig > - ((-a2bs+aybs+2a, b3 Ty —agbs Ty +CsTi-cCuaTr-a, b3 Ti +as b3 T3 - cs Tj -
a4b3T2—azbst+a4b5T2+3a4b3T1T2—a4b5T1T2—c5T1T2+c14T1T2—2a4b3T§T2+
CGsTiTa+CaTiTo—agbs T3 +asbs Ty To-Coa T3 T5) / ((-1+T1) Ty (-1+Tp) (-1+T1Tp)) ),

1‘:39*—((azbs+f="2b3T1—a4b3T1—a2b5T1+a4b5T1+c6T1—c15T1—a2b3T§+a4|;~,3Ti_c6'|'i+
CisTa-asbsTy+asbs To+asbs Ty To+a,bs Ty Ty -3a,bs Ty Ty —Cg Ty To—ag by T3 Ty + ¢ T2
Tp+CisTiTo-Cis T3 Ta—asbs T3 +2a4bs TaT3) / ((-1+T1) Ty (-1+T3) (-1+T1T2)) ),

fao > - ((-a2bs+azbsTi-CaTi+CaTi-asbsTy-a,bs Ty+2a5b3 Ty To+abs Ty To-asbs Ty Ty -
asbsTiTa+ T - TiTo-asbs T3 +2a,bs TiT5) / ((-1+Ty) TyT, (-1+T1Ty)) ),

far > - ((azbs-3a3b3Ty+asbsTy-csTy+2a, b3 T3 —agby Ti+CsTi+asby To-4agbs Ty Ty +
agbs Ty Ta+CsTiTp+3asb3TiTo-CsTiToa—agbs Ty T3) / ((-1+T1) 77 (-1+T2) To) ),

fa2 > - ((-a2bs-azbsTy+absTy-asbs Ty -CgTy+as by Ti+ce T3 +ay bs Ty -
agbsTy-asbs Ty Ty—a,bs Ty Ty +4asbs Ty Ty+CeTyTo+asbs TT, -
CeTiTa+agbs T3-3a,bs TiT3) / ((-1+T1) T3 (-1+T2) To) ),

f43 >0, fa0 >0, 4550, f46 >0, f47 >0, f45 >0, f49 > —Cyuo,

fse > —Cses
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fs1 > - Cs1,

2
C49 + C5p — C49 T7

foo > -— 7,
T
Cse + Cs3 — Cs T3
-FSBQ_ )
T
1
'F54%* (*azbs*azb3T1+a4b3T1+C51T1+C54T1*a4b5T2*
LERE;
a4b3T1T2—a2b5T1T2+a4b5T1T2+a4b3TiTz—a4b5T1T%fc51TiT§),
—C49 - Cs52 —Csp — Cs53
fs5 >0, fs56 20, f5750, fosg > -———, fog o -———,
Tq T,
1
'Fsg% <*azb5*azb3T1+a4b3T1+C51T1+

T2T, (-1+T1 Ty)
CsaT1— a4 bs T, — ay by T1T2+a4b5T1Tz—c51T§T2-c54T§T2)}}

in[-]:= Length[sol]

Out[e]=
60

in[-]:= sol /. (v_ >val_) = (v=CF[val]);

in[-]:= CF[raa[-1, i) J]]
out[e]=

2
(*C49 — Cs2 + Cyq9 T1> P1,§ X1,i

= Ca9 P1,i X1,i + 2 +
T1
~Csp — Cs3 + Csp T2  Xa 4
(Cao + Cs52) P1,j X1,5 se — Cs3 + Csp 15) P2, X2,i
— Csg P2,i X2,i + 2 -
T1 T3

((azbs-asbs-a;bsTy+CaTi-CaT;+asb3To+aybsTy—asbs To-2a5b3 Ty To+agbs Ty To + ag by T3
Ty-CaTiToa+CaTyToragbs T5-asbs T1T3) pa,5 P2, Xe,1 X2,1) / (Ta (-1+T2) (-1+T1 o)) -
((-azbs+asbs+aybs-—azbs +Cy3+aybsTy-asbsTy-asbsTo-a,bs Ty +2a,bs To-Cy3 Ty +
agb3TiTo-ci3TiTa-ay b5T§+C13T1T§) P1,i P2, X1, X2,1) / ((-1+4T1) Tp (-14T1Ty)) +
1

(a2b3—a2b3T1+a2b5T1—a4b5T1+C4T1+c13T1+a2bgTi—a4b3Ti—
T2T, (-1+T1Ty)

CaT2vagbsTo+asbsTo-2abs Ty To—asbs Ty To+2abs Ty To-Cy3 Ty To+2a, b3 T3 T, -
CaTiTy-Ci3TiTo+Ca T3 Ta+asbs T3 - 25 bs Ty T3 + €13 T3 T3) P1,j Pa,j X1,1 X2, +
((-azbs+azbs+asbsTy-caTy+Ci3Ty+CaTi-asbsTy-a,bs Ty+asbs To+2asb3 Ty Ty -
a4b5T1T2—c13T1T2—a4b3T§T2+c4TiT2—c13T§T2—c4TiT2—a4b5T§+a4b5T1T%+c13T§T§>
P1,§ P2,i X1, Xz,i) /((*1+T1) T (m1+T) (-1+T1Ty)) +
((azbs-a2b3Ty+CaTi-CaTi+asbsTy+a,bs To-2a5b3 Ty To-abs Ty To+agbs Ty Tp +
aab3TiTo- T3 T+ T3 To+asbs T3 -2, bs Ty T5) pr,g P2, X1,5 Xa,1) /
(Cse + Cs53) P2,j X2,5
((m1+T1) TaTo (14T Ty)) + 5 -

<<*azb3+a4b3+azb5*a4b5*C4+C13+azb3T1*a4b3T1+C4T1*a4b3T2*a2b5T2+
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2a,b5Ty-Ci3Tp+asbs Ty T+ CaTa Ty - Ci3 Ty To - Ca T To - ag bs T3 + €13 T4 T3)
P1,iP2,5X1,1X2,5) / ((-1+T1) (-1+Ty) (-1+T1Ta)) +
((-azbs+azbs-asbs+ciz+aybsTyi-asbsTy-asbsTy-a,bs To+2asbs To-Cy3To +
2a,b3T1 Ty - C13Ti Ty —agbs T3+ Ci3 Ty T%) P1,5 P2,§ X1,i Xz,j) / (Ty (=14 T3) (-1+T1T2)) -

1
Cs1P3,i X3, + —— (a2bs+aybsTy-asbs Ty -Csy Ty - Csa Ty +agbs To+agbs Ty To+

1T2
aybs Ty Ty —asbs Ty To—as by T3 Ty +@g bs Ty T3 + €53 T3 T3) P3, g Xa,1 +
((a2bs-asbs-2a,bsTy+asbsTy-CsTy+asbyTi-asbs T3+ s T3 +agbs To+abs Ty -
asbs Ty -3a4b3 Ty To+asbs Ty To+Cs Ty To+2a,b3 T3 Ty - s T3 Ty + ag bs T3 - ag bs Ty T3)
P1,5 P3,i X1,i X3,i) / (Ti (-1+Ty) (-1+T, Tz)) +
((azbs-2absTy+asbs Ty +aybs Ty -agbs Ty - CiuTy+a, by T3 —agbs Ti+asb3 T -3a5by Ty Ty -
aybs TiTy+2a,bs Ty Ty +ClaTaTo+2a5b3Ti T+ Cig T3 Ty —as bs Ty T3 - €10 T3 T3)
P1,i P3, X1,i X3,i) /((*1+T1) T (-1+Ty) Tz) - 3;
T (-1+To) T,
(a2bs-3a;bsTy+asbsTy+aybs Ty -asbs Ty —Cs Ty -Cia Ty +2a,b3 T3 - 23, by T7 +
c5Ti+a4b3T2—4a4b3T1T2—a2b5TlTz+2a4b5T1T2+c5T1T2+c14T1T2+
4agbsTiTo-CsTiTo+ €T3 To—aabs Ty T5 - C1a T3 T5) P,y P3,j Xa,1 X3,1 +
((azbs-azbs-2a,byTy+agbsTy-Cs T+ CraTr+a,bs T3 —asby T3+ cs T3 +a, by To +
aybsTo-asbsTy-3asbs Ty Ty+asbs Ty Ty +Cs Ty To—Cia Ty To+2as by T2 T, -
CsTiTy-ClaTiTo+agbs T5 -~ asbs Ty T3+ Caa T3 T3) 1,5 P3,1 X1,5 X3,1) /
bs (a2 + a4 T2) P1,i P3,j X1,j X3,1
((=1+Tq) T (-1+T2) (-1+T1T3)) + -
T (-1+Ty) T,
((azbs-3absTy+asbsTyi-CcsTy+2a,bs T3 —asbs T3+ s Ty +asbs To-4asbs Ty To+agbs Ty Ty +

Cs Tl T2+3a4 b3 Ti T2*C5 Ti T2*a4 b5 Tl T%) pl,j p3,j Xl,j X3,i) /((*1+T1> Ti (*1+T2) T2> +

((-azbs-azbsTy+agbsTy+asbs Ty -asbs Ty -CeTy+asbsTi—asb3 T3+ Cg T3 + @2 bs Ty —as bs T, -
aab3TiTy-a,bs Ty To+3a,bs Ty To+CeTiTo+asbs T3 Ty - Cg Ty To+agbs T3 - 23, bs T1 T3)
P2,3P3,i X2,1X3,1) / ((-1+Ty) Ty Ty (-1+T1Ty)) +
((azbs-azbs-a;b3Ty+asbs Ty —asbs Ty~ Cys Ty + Cy5 T3 +@s by Tp+ a3 bs Ty - ag bs Ty -
2a,b3T1To-a,bs Ty To+3a5bs Ty Ty +asbs T3 T+ Cas T3 Ty - Cas T3 To + @5 bs T3 — 2.4 bs Ty T3)
P2,1P3,5X2,i X3,1) / ((-1+T1) T3 (-1+Ty) Ty) +;22
(-1+Ty) T2T3
(~azbs+azbs+ayb3Ty-a;bs Ty +asbs Ty +CeTr+CisT1-CeT; - Cis Ti—az by Tp -
2a,bsTo+asbsTy+2a,bs Ty To+2a,bs Ty To-4asbs Ty To-CeTyTo-azbs T2 T, +
CeTiTo-CisTiToa+ Cas T3 Ty~ 2asbs To + 4 as bs T1 T5) Pa,g P3,g Xa,1 X34 +
((-azbs-azbsTy+agbyTy+asbs Ty —asbs Ty -CgTy+Cis Tr+az by T3 —agbs T3 + ¢ T3 -
CisTo+a,bsTy—agbs Ty —asbs Ty To—a;bs Ty To+3azbs Ty To+ Ce T Ty +
b3 TiTo-CeTiTo-Cis TiTo+ Cis T3 T+ @s bs T3 - 284 bs Ty T3) Pa, 5 P31 X2,5 X3,1) /
aa bs pa,i P3,j X2, X3,1
((=1+T1) T1 (m1+T2) (-1+T1T3)) - -
(-1+Ty) Ty
((-azbs-a;bsTy+aybsTy-agbs Ty~ CeTy+a by T3+ CeTi+a,bs To-asbsTo-asbs Ty T, -
aybs Ti Ty +4a,bs Ty Ty+CeTyTo+asbs Ty To - Cg T To+ag bs T3 - 3a, bs Ty T3)
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1

P2,5 P3,5 X2, X3,i) /((*1+T1) T (-1+Ty) Tz) +
TIT, (-1+T1 Ty)

(azb5+a2b3T1—a4b3T1—c51T1—c54T1+a4b5T2+a4b3T1T2—a4b5T1T2+c51TiT2+c54TiTZ

P3,5 X3,5 -
(agbs —agbs +C5-Cig-Cs Ty +asbs Ty +C1aT1 Ty) Pa,i P3,5 X1,i X3,5

(-1+Tq) (-1+T1Ty)
((-a2bs+aybs-~asbs - Cig+ayb3Ty-asbsTy~asbsTo-a,bs To+2a,bs T+ Cig Ty +2a4b3 Ty Ty +
C1aTaTy-asbs T3 - C1a Ty T%) P1,5 P3,5 X1,i Xs,j) / (Ty (m1+T3) (-1+T1Ty)) +
((—az by -CeTi+CisTe-agbsTo+agbs Ty T+ Ce Ty Ty - Ca5 T3 Tz) P2,i P3,§ X2,i X3,j> /
(T1 (=1+T3) (-1+T1T2)) -
((azb3—a2b3T1—c15T1+c15Ti+a4b3T2+azb5T2—2a4b3T1T2—azb5T1Tz+a4b5T1Tz+a4b3T§T2+
C1sTiTy—Cis T3 Ty +agbs T3 -2a4bs Ty T%) P2,5 P3,q X2,i X3,j) / ((-1+T1) T To (-1+T1T2))

In[]:= CF[T‘42[-1: i, §j17.

{as > @, b3 >0, by » (Ty-1) (T,-1) (T3-1) a3', Cays|s|13)14]15]4950]51|52|53|54 > 0}]

Out[e]=
(-1+T1) (-1+T) p1,3P2,i X1,i X2,5  (~1+T2) 2Py s Pa g X1 Xa,s
) T2 : T, )
(=1+Ty) (=1+T3) (=Ta-Ta+T1T3) P1,jP2,5%1,iX2,i (=1+T2) P1,5P2,iX1,5Xz,i
TIT, ) T, )

(=1+T1) (-1+T2) p1,jP2,j X1, X2,i

+ (=1 +T3) p1,1 P2,§ X1,i X2,5 -

T1
(=1+T1) (-1+T3) p1,jP2,5X1,iX2,5 (=1+T1) (=1+T2) (-1+T1T3) (1+T1T3) P3,5X3,1
Ty ' 312 :
(=1+T1) (-1+Ty) p1,jP3,i X1,i X3,i (=1 +T3) (=1+T1T3) p1,i P3,j X1,i X3,
T2 ) T, T, ’
(=1+T1) (-1+T2) (-1+T1T2) P1,jP3,9X1,1X3,1 (=1+T3) pP1,5P3,iX1,j X3,1
2T, ' T, )
(-1+Ty) (-1+T2)%pa§P3,iXo,i X3, (-1+T1) (=1+T2) (-1+T1Ty) Pa,iPa,j X2,i X3,1
T, T, ) T, '
(=1+T1) (-1+Ty) (-1+2Ty) (-1+T1T2) Pa,jP3,jX2,i X3,
772 ’
(=1+T1) (-1+T2) P2,yP3,i X2,5%3,i (=1+T1) (-1+T3) (-1+T1T2) P2,jP3,jX2,j X3,i
Ty ' 2T, :
(-1+T1) (-1+T2) p3,jX3,j
3 + (1-Ty) p1,i P3, X1,i X3,5 +
T T2
(=1+T1) (-1+T2) p1,jP3,5X1,i X3,5 (=1+T1) (=1+T3) pa,jP3,qX2,i X3,
T ' T
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mil= L[Xi 5 [s_1]1 1= T3E[q[s, i, j]1 +rels, i, j]1 +eri[s, i, j] -€rals, i, j1 +0[e]?];
L[X;,5[111 // Short
L[X;,5[-111 // Short
Out[-]//Short=
1T E [eSer‘ies[ (=P1,i +P1,1+i) X1,i + (=1 +T1) (P1,14i — P1,1+3) X1,i +

<<1>>
<<9>> + (-1+T1T2) (P3,1+1 — P3,1+3) X3,i + (=P3,§ + P3,1+5) X3,§5 <<52>> + ] }

<«<1>

Out[-]//Short=
E[eSeries[ (-pi,i + P1,1.i) X1,i + <<11> + (=p3 5+ P3,1.5) X3,9, <<1>]]

T:1 T,

in[-]-= Echo /@ CF@CoefficientList[Cases[f‘r"[i, jlxL£/@ (Xi,5[1] Xi+,5+ [-11) d{vSi, VSj, VSj+, VSj+},

eSeries[_, & ] » &, oo] [1] /. {a; =»2Aa;, by =»2ab;}, A]);

1

(-1 +T1) T1 (-1+Ty) Ty (-1+T1Ty)

(@2Cs1+@2Csa-a,Cs1 Ty -@3Coa Ty -8CaTo-38,CsTo+28,C13Ty+@,C1uTo-82Cs1 To+aCsoTo -
A2C54Tr+2aC4T1To-2a4C4T1Trp+2aC5T1Trp-4aCT1Tr+3a3CT1Tr-2a,€C13T1 T+
a3C13T1To+3aC1aT1Tr+4a,C5TiTo-a3CisTiTo-a2C9T1To-a2C50T1 T2 -a2C5,T1 Ty~
aCs3TiTo—a G ToT,+ 28,4 ToTo+a, s ToTo+4a, CeToT,-3asCeToTy-4a,Cis T2 Ty +
A3C1s T2To+a,CaoTiTo+a,CopTaTo+a,Cor TaTy+asCo3 TaTy+a,Coa TaTy—a5¢Ca T3+ 3@, C5 T3 -
3a¢5T5-22a,C13T5+2a,C13T5-a2C14Ta+a5C1aT5-a,CsT5+a,CspTa+a,C Ty To+
AascaTiTa-2a,CTiTe+6asCsTaTo+4a,C6TiTa-6a,CeT1Ta-4a5C3TiTa-4a,C,ToTa-
A4 C14 T1 T§+a4 Ci5 Ty T§+az Cqo T1 T§+a2 Csp T1 T§+a2 Cs1 Tq T%—a4 Csy Ty T§+a4 Cs3 Tq T§+
A CsuT1To-2a, G o T2 —a,ca T2To-a,Cs T2 T2 -3a,Cs To T2 - 4a, g T2To+6a, Ce T2 T2 +
2a,c3T2To—a,Ci3T2To-3a,CuToT2-day s T2To—ay o1 T2 Ta v @, Cs, ToTo — @y Cog T2 T2 +
A TiTE-2a,¢, T3 To+4a,C5TaTo-asCisTaTa-aCaoTaTo-a2Csp T To -2 Co3 T3 T3+
3asC5Ta-2a,C13Ta-a3C1aTo-asCooTa+asCaTiTa—6a,CsTiTo+3a5CTaTo+2aC3T1Ta+
asCi3TiTo+ayCiaTaTa+a,C TaTo—4ascaToToa+3a,CsToTa-3a,CTaTo-2a,¢3T2To +
4a,Ci3T2T3+3a,C1, T2To+asCaToTa—asCis ToTa—a,Cao T2 T — @, Csp T2 Ta— @2 Csn T2 To +
A CHrTiTo—asC3ToTa+3a,CuToTo+asCis ToTa+a, CaoToTa + @y Cop Ta Ta + @4 Cs3 T2 To +
234 C13Tq T‘2‘+a4 Cia T1 T‘21+a4 Csp Tq T§—3a4 C13 T% T‘Z‘—a4 Cia T% T‘Z‘—a4 Cso Ti T‘Z‘) P3,2+5 /11,1 72,1 —

2 2
(34 Ca+a2C5-A3C1u-aCTy-a,CsTy-a3¢C, Ty Tr+a,C1aTiTr+a3€4T] Tz) P1,2+1i P3,2+3 71,1 72,1

(-1+Tq) (-1+T1T>y) )
1
-1+T, Ty
(asca+ayCs-ayCi3+a5C13-a3CaTy-a3C5 Ty -
apC13Ty-a3CTiTo+aC3TiTo-asCi3 T To+a5 € T3 Tp + a5 €13 Ty T5)
1

P1,2+5 P3,2+5 ﬂii Tl2,i +
(-1+T) T2 (-1+Ty) To (-1+ T4 Ty)

(a2 +a4 T2)

(Cs1+Csa-CorTy-CoaTy+CagTo~Co T+ CsaTa-CsaTo+3CaTiTo-4CeTiTo-3C13TyiTo+4C5Ti T,
CaoTaTo-CooTaiTo-CooTiTa-3C T2 T +4CeT2Ty-4Cis T2 Ty + Cop T2 Ty + Cog ToTo + Coa T2 Ty -
CaoTo - CoaTo4+8CeTiT24+3C3TiTo+CopTaTo+Cor TiToa+CoaT1Ta-3¢C,ToTo-4cgToTE
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33T T2 A T2 T Cao T2 T - 1 T2 T2+ o T2 T2 - Coa T2 T2+ 3, T2 T2 +4Cis To T2 - Cop T2 T2 +
3 3 213 213 213 213 3.3
Cgo Tl T2 + Cg) Tl T2 *3C13 Tl TZ - Cygo Tl TZ — Csp Tl TZ - Cs2 Tl TZ + Cgp Tl T2> p3,2+j 71,4 72,i —
(@2 +a3Ty) (=Cs+Cag+Cs5 Ty~ C1aT1T2) P1,2:1 P3,245 7T1,1 71,5 72,4

(*1+T1) Tl (*1 +T1 Tz)

1

(=1+T1) T1 (-1 +Ty) (-1+T,Ty)
(—a2c5+a2c13+a2c4T1+2a2c5T1—2a2c13T1+a4c13T1—a2c4Tf—a2c5T§+a2c5T2—a4c5T2—a2c13T2+
a3C13Ty-2a,C5TyTo+2a,Cs Ty To+a,C3TyTo-3a,C3TaTo-a,C4TiTo+a,CsTaT,-asCsThT,+
2a,C13TiTo-asCi3TaTo+a,CaToTo+asC5To-a5C13T3-2a5C5TyTa+a,C3T1Ta+az€C3Ty T+

2 12 2 12 2 52 3 2 13
A CsTiTy-2a,C3 Ty To+3a5C3 Ty T +a3¢C13T1 T3 -2a2¢3T) T2) P1,2+5 P3,2+j 71,1 71,5 72,1 +

2
(ag +a4Ta) (-Cq+Cy3+CqaT1-C13Ty) P1,2:5P3,249 711,5 7T2,1

+
(*1+T1) Tl (*1+T2)

1

Ti (-1+T2) (-1+T1Ty)
2
(32C13—32C6T1+32C15T1—32C13T2+a4C13T2+32C6T1T2—32C13T1T2—32C15T1T2—
2 2 2 3 2 L
AC13 Ty +@C13T1 Ty -a3C13T1 T3 +a5C13 Ty T2> P2,2+i P3,2+3 711,i 7134 ~
Ty (-1+T1Ty)
(—a2c4—a2c13+a2c6T1—a4c4T2+a2c13T2—a4c13T2+a2c4T1T2+a4c4T1T2—a2c6T1T2+a2c13T1T2+
2 2 2 2 212 3 2
A C13Ty+a3€C4 T Ty -a,C13T1 Ty +a2¢€C13T1 T3 -a2¢4T3T;-a5¢C13 Ty Tz) P2,2+5 P3,245 71,i 7,5 +
((a2+a4T2) (Ca-Co-Ci3+Cis—CaTi+CeT1-Cis Ty +CeTa+Ci3Ta-CaTiTo-CeTaTo+C13 Ty To -
2 2 2 2
CisTaTo+ CaTiTo+ Cos T3 To - €3 Ta T5) Pa,2vi P3,24i 1,5 75,1) / (-1 +T1) Ty (-1+T5) (-1+T1Ty)) -

2
(-1+T2) (a2 +a4Ty) (-Ce - Caz+Ce Ty +C13T1T2) P2,245 P3,249 11,5 73,5

+
(=1+T1) T2 (-1+T1Ty)

1

(-1+T1) Ty (-1+Ty) Ty (-1+T,Ty)

dg (*Csl*C54*C59T1+C51T1*C53T1+C54T1+CseTi+C53T§+C51T2+C54T2+3C4T1T2+4C5T1T2*
3C13T1T2*4C14T1T2+C49T1T2+C53T1T2+C53T1T2*3C4TiT2*4C5T§T2*C49T§T2*C51T§T2*
CoaT2Ty-CopToTy—Co3ToTo-4Cs Ty To+3C3TyTo+4CTiTo-CaoTaTo—Coy T1 T2 - Coa Ty T2 -
34 TiTo+4csTaTo+3C3TaTo+4C1,TiTo-CopToTo+Coy ToT5-Co3 TaTo+Coa TaTo 43¢, T3 TS+
CasT3To+Coo T3 To+ Cs3 T3 T3 -3C3Ti T3 -4Cu T3 T3+ Cag T T3 — Cag T3 T3) P3,205 7Ta,1 72,5 +

(a4 (Ca+C5-Cr3-Cla-CaTy-CsTi-CsTo+C3Ta+ClaTo-CaTiTo+CsTiTo+Cy3 Ty To +
ClaTiTo+CaTiTo-Ci3TiT5 - Ca Ty T%) P1,2+i P3,245 Tfii ﬂz,j) /

A (-1+T1) (-Ca-Cs+C5Tr+CaT1T2) P1,2.9P3,2+5 F%,i 72,75
((-1+Tq) (-1+Ty) (-1+T,Ty)) + +
(-1+Ty) (-1+T1T,)

A4 (=Ce +C15 + Ce To = C15 T1 T2) P2,24i P3,245 /11,1 72,1 712,

(*1+T2) (*1+T1 T2>
1

+

(-1+T1) Ty (-1+Ty) (-1+T1Ty)
(a2c4—a2c4T1+a4c4T1—a4c6T1—azc13T1—a4c4Ti+a4c6T§+a4c4T2—a2c4T1T2—3a4c4T1T2+
2a5C6TaTo+a,Ci3TiTo+asCaTaTo+a,CaToTo-2a5CTaTy+a,Ci3ToTo+asC,TaTy—asCa Ty Ts -

2 2 12 2 12 2 12 32
aCe T Ty +3a5¢4TiTo+as€C T Ty -a3¢C13 T3 T3 -2a5¢4T; Tz) P2,2+5 P3,2+j 71,1 7T2,i 7T2,§ +

2
A4 (~Ca+Cy3+CaTy—Ca3Tp) P2,2:5P3,245 71,0 72,5 (-2 Cag + 84 C15 T1 — 84 C14 T2) P3,241 P3,245 71,1 72,1 713, 1

(-1+Tq) (-1+T>y) T,
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1

T1
(32C5+32C14+32C6T1*34C6T1*a4C15T1+a4C5T2+a4C14T2*
2 2y 2
a3 CsTiTy+a3Ce Ty To -y Cra T To+ a4 Ca5 T3 To - @4 C1a T1 T3) P35 5.5 711, 72,1 /13,1 +

(a2 +a3 Ty) (~C5+Cag+C5 Ty~ Caa T1T2) P3,241 P3,245 71,5 7T2,1 713,

+

(*1+T1) Tl (*1 +T1 Tz)

2
(a2 +a4T2) (-Ce+Cra+CeTa—CaaT1T2) P3 547,53 7T2,i 73,1

(*1+T1> T1

A4 (=Ce +C15 + Cg Ta — C15 T1 T2) P3,2.1 P3,245 /11,1 72,5 /13,1

(-1+Ty) (-1+T1Ty)

2
A (=Cs+Cy5 + Cs5 To — C15 Ty T2) P35, 71,1 72,5 73,4

+

*1+T2
1

(-1+Tqy) T1 (-1+T3) (-1+T1Ty)

(azcs—azcsTl+a2c6T1—a4c6T1—azc14T1—a2c15T1—a2c6T§+a4c6T§+a2c15T%—
A,CsTr+asC5Tr+a,C5T1 Ty -2a4C5T1To-a,€CTiTo+2a3€CTiTr+a€C14T1To+
A3 CsT2To+a,CeToTa-2a5CeTaTy+a8,C1aToTy+a@Cs ToTo—ayCys To T — a4 Cs T3 +
2a,C5TiT5-asCeTiT5-aaCs T3 T3+ a5 Co T3 T5 -3y Cug T3 T5) P3 505 7105 72,5 /13,5 —

2
(@ +a4Ty) (-Cg+Cys+Ce T~ Ci5T1Ty) P3 5.5 7T1,5 7T2,i /T3,

+

Tl (*1 +T2) (*1+T1 Tz)

2
A4 (=Cs+ Cya+ C5 Ty -~ C1a T2 T2) P53 0,4 71,4 72,5 73,5

(*1+T1) (*1+T1 Tz)

2 2 2 2 2 2 2 2 2
(*az A4 Cp+a;Ci3-axa4C13-a,Cy Tp+2aa4C13T, - az Ci13 T, + az Ca T Ty + ay Ci13 T2> p3,2+j 71,1 7,4

T1
1

(a2+a4Ty) (-82C13-32C Ty +2a;C13Ti-asCi3 T +aCa T +aC13Tp -
(-1+T1) T3 (-1+Ty)

2 2\ .2 2
agCi3Ta-2ayCi3TiTa+3a3¢C3TiTra+as¢C3Ty-2a4¢13 T Tz) P3,2.5 71,1 711,37, 1 +

2 2 2 .2
(a2 +a4T2) " (-Ca+Ci3+CaTa-Ci3Ty) P3 5,5 711 5715 5 1

(-1+T) T2 (-1+Ty) (-1+T1) Tq (-1 +Ty)
dg (*32C4+32C4T1*34C4T1+32C13T1+34C4T%*34C4T2+3a4C4T1T2732C13T1T27234C4T%T2)

2 2 2 2
34 (*C4 + C13 + Cy T1 - C13 Tz) p3,2+j ]Tl,i ﬁZ,j

P%,zq ﬂi,i 712,i 72,5 ~
(-1 +T1) (-1+T5)

1

(-1+T) T2 (-1+Ty) To (-1+ T4 Ty)
(a3bs+asbsTy-a,asbsTy-asbs Ty -a3bs Ty +aa,bs T3 —a3bs To+ayasbs To+5a5b3 Ty Ty +
ayagbs Ty To+2a3bsTaTy-3a,a,bs Ty Ty -7a3bs ToTo+a,as b3 ToT,+3abs T2 T, -
2aa,bs T2Ty+2a5b3TaT,-2a,a,b3ToTy-aasbs Ta+8a,a, by TaTo-aZbs Ty T2 -
asbs Ty To+7a,a,bs Ty T2 -abs Ty To-18a,a, b3 T2 T2 +4a2 by T2 T2 -3abs T2 T2 +
2a,a,bs T2T5+3a by T2T2+10a,a,b3 T3 T5-3a b ToT3+3a5b3TaTo-4a,a,bs T T3 +

4aibs Ty T3 -8a,by T3T3-8a;bsTaT3+5a;b3 T3 T3 -3a;,bs Ty T3 + 5a; bs T3 T5)
aybs (82 - a4 + a4 T2) P1,2.1 P3,2.3 73,1 72,5

P3,2+5 711,i 72,i — _
(*1 + Tl) (*1 + Tl Tz)
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(a —aa+asTy) (*32 b3 +a;b3Ty-asb3Ty+asbs Ty +as3b3 Ty Ty, —asbs T%) P1,2+5 P3,2+3 F%,i 7,1

(-1+Ty) (-1+T1Ty)
1

(-1+T) T3 (-1+Ty) To (-1+ T4 Ty)

(ay +asTy) (a2b5+a2b3T1—a4b3T1—azbSTl—azbgTi+a4b3Ti—a2b5T2+a4b5T2+
a,b3TiTy+2aab3TiTy+3a,bsTiTy-2a4bs Ty Ty -2a,b3 T T —agbs TiTr +a, bs TI T, +
a b3 T3Ty—asbsTiTo—asbsTo+asbs Ty To-2a,bs Ty T3 +4a,bs Ty Ta-4a,bs T2 TS -
aybs T3 T5-a,bs T3 T5+3a, by T3 T5-2a,bs Ty T3+ aa bs T3 T3) P3,2.5 711,5 72,5 +

bs (ay +a4Ty) (@2 - s + a4 T2) P1,2+i P3,245 71,1 71,5 2,1

+
(-1+Tq) Ty (-1+T1 Ty)

1

(-1+Ty) Ty (-1+Ty) (-1+T1Ty)
(a%bs—a2a4b5—a§b3T1+a2a4b3T1+a§b3Ti—a2a4b3Ti+a2a4b3T2—a§b5T2+2a2a4b5T2—
asbsTy-3ayasbsTyTo+asbs Ty Ty +2aa,b3 T2 Ty-asbs T2T, +a2bs Ta—a,asbs T2 +
agbsT5-3aiby Ty T +a;bs Ty T5+2a;b3 T3 T3 - a; bs Ty T3) Pa,2.5 P3,2.5 71,1 71,5 72,4 -

(a2 +a4Ty) (b3 +bs+b3T1-bsTy) (ay+asTo-asT1T2) P1,2+5 P3,2+45 ﬁij 7,4

(-1+T) T3 (-1+Ty) (-1+T1Ty)

2
aybs (ay+a3Ta-asT1T2) P2,2:i P3,249 71,1 73,5

T1 (*1+T2) (*1+T1 Tz)

(A +a3Ty-as Ty Ty) (*az b3+ayb3Ty-asbsTy+asbs Ty +asb3 Ty Ty -asbs T%) P2,2.5 P3,2+3 11,1 ﬂ%,i

(*1+T1) Tl (*1 +T1 Tz)

2
bs (ay +a4T2) (@2 + 33Ty - a2 T1T2) Pa,2.i P3,245 71,5 72,4

+

(-1+Tq) T2 (-1+ T, Ty)

bs (-1+T;) (az+a3T2) (a2+asTy-2asT1T2) P2,2+5 P3,2+9 71, ﬂ%,i

(-14+Tq) T2 (-1+T1Ty)
1

(-1+Ty) T2 (-1+Ty) To (-1+ T4 Ty)
dg (—a2b5—a2b3T1+a4b3T1+a2b5T1+a2b3Ti—a4b3Tf+a2b5T2—a4b5T2—2a4b3T1T2+2a4b5T1T2—
2a,b3T2T,+4a,b3T2Ty-2a,bs T2Ty+asbs ToT, +2a, b3 ToTo—2a,bs ToTo+asbs Ta—a, b Ty T2 -

agbsTyT3-asbs TiT3+2a,bs T3 T3 -4 asbs T3 T3 +as by T3 15— as bs Ty T3 + 3a, bs T3 T3) P35 71,1 72,5 -

2 2
Ay bz (a2~ @z + a2 Ty) P1,2:1 P3,2:5 71,1 72,5 Aabz (-1+T1) (32 - a4+ a4 T2) P1,2+j P3,2+5 11,1 72,3

(-1+Ty) (-1+T1Ty) (-1+Ty) (-1+T1Ty)

agby (ax+asTa-asT1 Ty) P2,2+i P3,2+5 71,1 712,i 772,35

Ty (-1+Ty) (-1+T1Ty)
1

(-1+T1) Ty (-1+Tp) (-1+T1T)

(azasbs-a3bs Ty +asbsTy-a,asbs Ty +a5bsTi-a,a,b3 77 +a; b3 To-aa,bs To-2a8,b3 Ty Tp -
asbyTyTo-aibs Ty To+3aasbs Ty To-albs TaTo+2aa, b3 T2 Ty +aa,bs Ta-a2bs T3 -aZbs T, T3 -
2a,a,b5 Ty T3 +3a;bs Ty T5+azbs T3 T3+ a5 bs T3 - 2@, bs Ty T3) P2,2.5 P3, 2.5 /11,1 /12,1 72,5 —

ag (ag—ag+asTy) (-b3+bs+b3Ty-bsTy) pa,2.jP3,245 71,1 F%,j 1

(*1+T1) (*1+T2) (*1+T1T2) (*1+T1) T1 (*1+T2)

(a§b3*zagb3T1+a§b3Ti+2aza4b3T2*432a4b3T1T2+aib5T1Tz+Zaza4b3TiT2+
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azbsT3-2a3byTiT3-2a5bs Ty To+a; by Ti 5+ @, bs Ty T3) p3 5.5 /1,1 72,1 713, -
((az+a4T2) (azb3fazb5*232b3T1+a4b3T1+azb3Ti*a4b3Ti+a4b3T2+azb5T27
a4b5T2*334b3T1T2+a4b5T1T2+Za4b3TiT2+a4b5T§*a4b5T1T§>
P3,24 P3,203 711,372, 73,1 ) / ((F1+T1) T3 (-1+Tp) (-1+T1Ty) ) +

(a2+a4Ty) (-a2bs+aybs+aybs T2 —azbsTy-asbsTy+asbsTy+azbs Ty Ty —agbs T%) p%}zﬂ. T4, 72,1 73,1

.
(-1+T1) T2 (-1+Ty)

(34 (—azb5—a2b3T1+a4b3T1+azb5T1—a4b5T1+azb3T§—a4b3T§+a2b5T2—
a4b5T2—a4b3T1T2—a2b5T1T2+3a4b5T1T2+a4b3T%T2+a4b5T§—Za4b5T1T§)
P3,2:i P3,245 71,1 72, Fz,i)/((*1+T1) Ty (F1+Ty) (-1+T1Ty)) -

2
a4 (-agbz -a;bs +asbs +a;b3 Ty +a;bs Ty -asbsTs) P3,2:5 7T1,i 72,5 713,

i
(-1+T1) (-1+Ty)

as (ay+asTy) (-b3-bs+b3Ty +bsTy) p;zg,zﬂ' 71,5 712,35 713,i

+

(-1+Tq) T1 (-1+Ty)
1

(-1+T1) Ty (~1+Tp) (-1+T1Tp)

(2a3b;-3ajbsTy+ayasbs Ty +a3bs Ty -ayasbs Ty +as by T —a,a5b3 T3 +3 a8, b3 Ty + a3 a4 bs Ty -
TJasaghbs Ty To+asbsTyTo-aibs Ty To+asasbs Ty To+asbs TaTo+4a,a, b3 T2 Ty —az by T2 T, + a2 by T3 -
ayasbsT5+azbs T3 -3a,by Ty T3 -3a,bs Ty To+2a;bs T3 T3 —azbs T3+ 2@, bs Ty T3) p3 5.5 71,1 /12,4 73,5 +

2 2
by (az +a4Ta) (a2 +as2Ty-as3T1T2) P3 5,5 71,5 72,1 73,9  Aabs (a2 - ag + a4 T2) P3 5,5 711, 72,5 73,5

T% (-1+Ty) (-1+T1Ty) (-1+T1) (-1+T1Ty)

s (2 +a4Ty) (az b3 +a4b3 Ty +a,bs Ty —asbs Ty —as bz Ty Ty + a4 bs T%) p§,2+j H%,i ”%,i

+

T1 (-1+T1Tp)
((az+a4Ty) (-ajbs+ajbs-aasbs+a5bsTi-a,asb3T,-a5bs To+2aa5 b5 To -
azbsTy+2a,a,b3 Ty To-a,85b3Ti To- a8, bs T3 + a3 bs T3 + a3 bs Ty T3 - aj bs Ty T3)
P3,2.3 7,1 71,3 751 ) / ((F1+T1) T3 (-1+Ty) (-1+T1Ty)) -

(@2+34T2)? (~b3+bs +b3 Ty -bsTy) (ay+asTo-asTiTo) P3 o5 7%,5 73,4

.
(<14 T) T3 (-1+Ty) (-1+T4Ty)

1

(-1+T1) Ty (-1+Ty) (-1+T,Ty)
dg (a2a4b3—a§b3T1+a§b5T1—a2a4b5T1+a§b3T§—a2a4b3T§+aib3T2—2a2a4b3T1T2—aib3T1T2—
a% b5 Tl T2+2a2 dg b5 Tl T2+232 dg b3 Ti Tz—ai b3 T1 T%*az dg b5 T1 T§+a‘21 b3 T% T%) p§,2+j JTii T2,i 72,5 +

a; (az-az+a4Ty) (~b3+bs+b3Ty-bsTy) p3 o573 ;75

(-1+T1) (-1+Ty) (-1+T1Ty)
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