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Pensieve header: Nilpotent Gaussian integration.

Initialization

mn[-]:= CCF[&_] ExpandDenominator @ ExpandNumerator@Together[&];
CCF[& ] Factor[&];
CF[w_. & FE] :=CF[w] CF /@ &;
CF[& List] :=CF /@ &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&.] := Module[{vs = Cases[&, (x|p) , o] U{X, p, €}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;

Integration

Using Picard Iteration!

- E/:E[A_]E[B ] :=E[A+B]

in[-]:=  $7 = Identity;

What must a Feynman Ring F have? (Over some set of labels S with elements x, y, ...)
* A vector space over Q.

* Has a symmetric linear Z — 8, , Z and a symmetric bilinear (Z;, Z,) — (84 Z1) (6, Z,) that satisfy the
axioms of (roughly) a connected circuit algebra.

*Has gy, : F > Qin some sense dual to some 6, , € F.

*Has Evys,o: F > F.

Further axioms must be worked out.

Goals.

* Define f

* Prove a Fubini theorem.

* Prove a theorem about the injectivity of the Laplace transform.
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in[-]:=  Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, Z, e, A, a, b},

n = Lengthevs; Loe=L /. e » 0;

Q = Table[ (-Oyspay,vspop LO) /- Thread[vs » @] /. (p|X) - @, {a, n}, {b, n}];
If[ (A = CFeDet[Q]) == @, Message[Integrate::sing]; Return[]];

Z = CF@$n[L +vs.Q.vs /2]; G = Inverse[Q] /2;

While[

€= CF@$7!'[ (a)tz) - Sum[G[[a) b]] ((avsl]:a]],vs[b]] Z) + (avs[a]] Z) (avs[b]]z) ) 3
{a, n}, {b, n}11;

A
O=l=e¢e, Z—=jedl)a
(]

s

PowerExpand@Factor [~ (4 (2 7r)")'1/2] E[CF[Z/.A->1/.Thread[vs » 0]]]

[E

Protect[Integrate];

Infe]:= j]E[i)txi/z] d{x;}

out[e]=
(-nHY*E(0]

N2 A

Infe]:= Jﬁ[-izxi/z]d{xg

Out[e]=
(-1)**E[0]

V2 A

i b
In[]:= J]E[E {X1, X2}. (Z c)-{X1: Xz}] d{x1, X2}

Out[«]=
E[0Q]

2+b%-acr

Inf-]:= jE[-Axi/Z] d{x.}

Out[«]=
E[0Q]

V2 A3
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Inf-]:= j]E[—xi/2+§x1] d{x;}

Out[e]=
2
]E[é
2

V2

[E—

1 b
il - ﬁE[-; O xad (o ) s xad + (60, €2} 00, 3} ] 00, )

Out[«]=

E [ c&i-2b& &+a 8l ]

2 (-b’+ac)

2+-b%*+acr

1 b
intof= T1 = le[—; O xad (o ) s xad + {60, 2} 00, X} | d0x0)

out[e]=
]E[_ (brac)xi &  x(b&ragy) ]
2a 2a a

Va 2 r

In[]:= jIld{xz}

Out[e]=
[ c&-2b& &ra s ]
IE —_— e
2 <7b2+a c)

2+-b%+acr

In[]:= JIE[§x+r7y+z (X-y) +x2] d{x, z}

out[e]=
TE[Yy (y+n+&)]

27

Integration of e-Series

Info]i= Block[{$7r = Nor‘mal[#+0[€]7] &})

JE[—X2/2+GX3/6] d{x}]

+— 4+
24 16 1152

V2

562  5¢&*  1105€°
E|
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Inle o= Block[{$7r = Nor‘mal[#+0[€]7] &},

fE[—¢2/2+e¢4/24] d{¢}]

Out[«]=

e € 11e*  17&*  619€°  709¢€°
]E78+7

+ + +
12 96 72 960 324

V2

Inf]:= Block[{$7r = Normal[# +0[e]®] &},

JE[px+ep2x] d{p, x}]

Out[e]=
iE[0]

27

In[-]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}],

mon — And [
Exponent [mon, €] < 2,
Exponent [mon, x] == Exponent [mon, p]
]

18&},

JE[px+ax2p+ebx3 p’] d{p, x}]
Out[e]=

iE[-6be+342b%?]

27

Inf]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}]1,

mon +— And[
Exponent [mon, €] < 4,
Exponent [mon, x] - Exponent [mon, p] < 3
]

18&},

fE[px+ax2p+ebp2x] d{p, x}]
Out[e]=

iE[-6abe+162a%b’e”-9072a% b’ €3

27
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In[-]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}],
mon +— And [
Exponent [mon, €] < 4,

Exponent [mon, x] - Exponent [mon, p] < 3 - Exponent [mon, €]
1
1&},

J]E[px+ax2p+ebp2x]dl{p, x}]

Out[e]=

iE[-6abe+162a%b’e?-90722a% b’ €3]

271
Inf«]:= MatrixForm@Table[

jE[X1 P2 + X2 P3 + X3 P1 + &5 Xi + 715 Pj] d{X1, X2, X3, P15 P25 P3}»

{4, 3}, (3, 3}]

Out[~]//MatrixForm=

1E[O] 1E[-7; & 1E[0Q]
N 83 N 83 N 813
1E[0] 1E[O] 1E[-73 &)
B 83 - 83 - 83
LE[-m &3] iE[0] iE[0]
N 83 N 83 N 83
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