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Pensieve header: Proof of invariance of $\rho_2$ using integration techniques.

Initialization

mn[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< NilpotentIntegration.m;
$7 = Normal[# +0[e]®] &;

mi]- T2z[p_] :=Module[{q = Expand[p], n, c},
I-F[q === 0, 0, c = Coefficient[q, T, n = Exponent[q, T]];
cz?"+T2z[q-c (TY2-T2)?"]]];

The p, Integrand
Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

Variable convention:
G e

M end | 'ﬂycz 2 4 >Cin
A 74 -
Vi i+ Vid | Vs

I 0

|+ | |+ 2
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mil= o als_, 1, G 2= X (pi _Ri+1) + X5 (pj_gj+1) + X ((1'TS) Pia* (TS '1) Ej+1);
rifs , i ,3.1 :=
s (-1+2pixi-2p;x;+ (T -1) pip;xi+ (1-T°) p2xd - 2p; pj xi X5+ 2p% X X;) / 2;
rall, i, 5.1 := (-6piX;i+6p;X; -3 (-1+3T) p;p;X2+3 (-1+3T) pixZ+4 (-1+T) pZp; X} -
2(-1+T) (5+T) p;p3x3+2 (-1+T) (3+T) p}x; +18p; p; X; X; - 18 p% x; X; -
6pIp;XiX;+6 (2+T) pi pixix;-6 (1+T) p3xi x;-6p; p2x; X5 +6p3 x; x3) /125
rp[-1,1 , 7 ] :=
(-6T*pix; +6T2p;xX; +3 (=3+T) Tpip;x;-3(-3+T) Tpixi-4(-1+T) Tp2p;x;+
2(-1+T) (1+5T) p;p3x3-2(-1+T) (1+3T) p3x3+18T p;p;x; X; -
18T2p2 x; X; -6 T2 pip;xix; +6T (1+2T) p; p3x} x; -
6T (1+T) p3xix;-6T2p; p2x; x5 +6 T2 pl x; x3) / (127%);
¢(1/2—5kgk);
Yolo , k.1 :=-0p, X, /2;
LIs_,i_, j_1 :=T"2E[-q[s, i, j] +eri[s, i, jl +€*rao[s, i, j1];
Lig_, k] :=T2E[-x, (p, -Pr) +€¥1[@, R] + € v2l0, k1]
E[-x: (Pi-p,,) ]
L[End, k_] 1= E[-X, (P, - Pr) - X Pr] 5
L[K_] := Module[{Cs, o, n, c, k, &},
{Cs, ©} =Rot[K]; n = Length[Cs];
&= (27)*™2 L[End, 2n+1];
Do[& = L@@c, {c, C5}];
Do[& *= L[¢[kD, k], {k, 2n}];
CFes
|5

vs; :=Sequence[x,, P> Xi, pi]

Yile , R_1

L[Dot, i ] :

p2vs[K ] := Unionee Table[{vs;}, {i, 2Crossings[K] +1}]
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L[Knot[3, 1]]
Out[«]=

" 1, 1, (-1+T) epyps X3
— 16384 1T E|-p1 X1 - P2 Xa—EPaXyg— — EPaXa+EPs X+ — €7 Ps Xy + +
2 2 2T
(-1+T) €?p2ps x5
4T 2T 4T 3T
(-1+T) (1+5T) €?p,pix3 (-1+T) (1+37T) e?pix3 1

*P3X3+€P1X4+*€2P1X4*
6T 6T 2

1 2 3 2 2 3 2
p4x4—ep4x4—£e P4X4*€P1X1X4*£€ p1X1X4+€P1P4X1X4+£€ P1 P4 X1 X4 +

TZ

(-3+T)e’papsx3 (-1+T)epixs (-3+T)e?pix3

1,5, 1., 5 (-1+T)epix: (-3+T)e?pix; (-1+T)epipsxs
56 pl)(1>(4_£6 P1 Pa X1 X4 — - + +

2T 4T 2T
(-3+T)e’pipax; (1+T)e’pixax; (1+2T)e’pipaxax; 1
+

- S Etpyipixg Xi-
aT 27 27 2

(-1+T) (1+3T)e?p3xd  (-1+T) (L+5T)e?pipsxs (-1+T)e?pyipix;
. _

6T 6T 3T
3, 2 2.2 2 2 2
€P2P5X2X5+£€ P2P5X2X5*€P5X2X5*£€ Ps X3 X5 — — €7 P, Ps X3 X5 +

= Ps X5 +

(1+2T) €®py p2 x5 Xs

2T
(1+T)e?paxsxs 1 1

2 2 2.3 2 2
—56 p2P5X2X5+£€ p5X2X5+€p3X6+£€ P3 X6 = P6 X6 — € Ps X6 —

2T
1 2 2 2 .2 3 2 1 2 .32
56 P6Xs*€P3X3X6*£€ P3 X3 Xg + € P3 Pe X3 Xg + — € P3P6X3X6+£€ P3 X3 Xg -
1,, (-1+T)epixz (-3+T)e?p2x2 (-1+T)epapsxs (-3+T)c?pspsx2
— € p3p6X3X6— - + +
2 2T 4T 2T 4T
(1+T) e?p3xaxg  (1+2T)e’pipexsxg 1 , o (-1+T) (1+3T)e’p3xe
+ - — € p3p6X3X6— +
2T 2T 2 6T
(-1+T) (1+5T) €2pipex? (-1+T) e2psp2x} Xs (=P, + TP, + Py
- ~P7X7+ X3P, +X3p, +
6 T2 37T -
X [Py~ Pg+TPg) Xs (-P,+TP,+P,)
X5£6+ +
T T
1 2

Py X3 PaXe Py Xy~ €7P, XgtE (1+p, X4) +Ps Xs ~ P, X5+ Pe X ~ Py Xg + P7 X7~ P, Xy

T

+P1Xy -Py Xy + P2 Xy - P, Xy +P3 Xy -

in[-]:= p2vs[Knot[3, 1]]
Oout[-]=

{pl.v P25 P35 Pas Pss Pes P75 X1, X2, X3, Xg, Xs,

X6 X7, El" EZ" E3) E4) ES’ EG’ E7) Ll) LZJ L?,) l4) LS) lﬁ) l7}
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Out[e]=

In[«]:

Out[e]=

In[«]:

Out[«]=

out[e]=

In[«]:

Out[«]=

out[e]=

In[]:

Out[«]=

In[«]:

Out[]=

In[«]:

Out[e]=

K = Knot[3, 1]; JL[K] d (p2vseK)

T IE[ (-1+T)2 (14T e T? (1-4T%+T%) ez]
(1-7+7%)2 2 (1-T+72)*

1-T+T?
T2z[T2? (1-4T2+T%)]
2+427%+ 24
Factore (2-42z%+32%+42°%+2%)

2-47%24+372%+42°%+ 28

K = Knot [5, 2]; ~J‘L[K] d (p2vseK)

(-1+T)% (5-4T+5T%) (1-4T+11T2-44 T3+ 76 T*-44 T°+11 T°-4 T74T%) 2 }

TIE[ +
(2-37+272)? 2 (2-37272)*

2-3T+2T?

T22[(1—4T+11T2—44T3+76T4—44T5+11T6—4T7+T8)/T4]
4-2072%2+72%+4 2%+ 28

K = Knot [8, 19]; J-L[K] d (p2vs@K)

T3 ]E[ (-1+T)% (14T%) (344 T3437T%) € }

(1-T+72)% (1-T247%)2

17179869184 7% (1-T+ T3 - T° + T°)

Concatenating edges
L[Dot, i]

El-xs (pi-py,)]
L[p2,1i+1] /. € >0
T22E[- ((-pra+p, ) X11) ]

(E[7;pi] L[el, i] £L[Dot, i] £L[¢2, i+1]) /. e > ©

0l 92

T2 2 E[pim-Xi (Pi-Py )~ (Pi+Py) X = (-Pri+ Py ;) Xps)
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i - 1hs = CFU(JE[ni pil £Iol1, 1] £[Dot, i] £[2, i+1]) d{Xi, Pis X;,15 P, }]

—i+l

rhs = J(E[m pi] LI01+02, i1) a{x;, p,}

Out[]=
1 == 1, 2
721'2 Z]E[—Eili—EG 17 p, X; + Prei (Ti +X;) -
4
1 P 1
€92P1.i (713 +X;) £ e ©2° p1s (771 + X4) £ e (wl—wZ—Zwlgixi)}
Out[]=

)

1Tz ]E[%e (—o1-¢2) +psm|

271

inl-]= CFIE[7; ps] L[l + 92, 1]]

Out[]=
2,2 1, 2 1
T: ZE[—EiLi—EG (01+62)% py X3 +Ps (713 + X5) -~ € (01 462) (—1+221xi)}
Invariance Under Reidemeister 3b
(E[7; pi + 75 P + mePe] £[1, 1, j1 £[1, i+1, k]
L[1, j+1,k+1] £[0, i+1] £[0, j+1] £[0, k+1]) /. {e >0, T > 1}
out[e]=

E[Pi T+ Pj 7Ty + Pk Tk — Xy (pi—Ehi) - X144 (P1+i—22+i) - X5 (Pj —th) — X145 (P1+j —EM.) -

Xi (P= Py ) ~Xauk (Prk— Py ) = (~Pra Py ) Xaos = (~Prs + Py ) Xaug = (~Prac+ Py, ) Xa]

In[]:= {xi.) Xjs Xks Pis Pjs Pks VSitis VSji1s VSkits Xj,25 Xj.25 Xyi2 Bi+2’ Ej+2’ Ek+2}
Out[«]=

{Xiz Xj: Xk, Pis pj) Pk» L1+i) Bl+i’ X1+is P1+ios X1+j: Bl+j’

X1+j: pl+j: Xq1k Bl+k’ X1:ks P1+ks Xo.i» lzﬂ') X5,k 22+i’ 22+j’ Ebk}

'r(]E [7ti pi + 715 P§ + 7k Pk] L[1, 1, j1 £[1,i+1, k] £[1, j+1, k+1]

L£[0,i+1] £[0, j+1] £[0, k+1]) d{x;, Xjs Xks Pis Pjs Pks VSi+1s VSji1s VSi.1}

Out[«]=
$Aborted

lhs = J-(IE[ﬂ'i pi + 715 Pj + 7 Pk] £L[1, i, j1 £[1, i+1, k] £[1, j+1, k+1]
L£[0, i+1] £[0, j+1] £[0, k+1]) d{x;, Xjs Xks Pis Pjs> Pks VSis1s VSji1, VSks1}
rhs = J(IE[ﬂi pi + 715 Pj + 7 Pk] £[1, j, k]l £[1,i, k+1] £[1,i+1, j+1] £[0, i+1]

£[0, j+1] £[0, k+1]) d{x;, Xjs Xks Pis Pjs> Pks VSis1s VSji1s VSki1l}s
lhs == rhs

Out[«]=
1

512 5°
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i 7372
1
2

2 2
E [T T4 B2+i +T 7 B2+j -T 4 RZ+j +T 7TJ B2+j T B2+k -T 4 B2+k + T(] B2+k -T 7TJ E2+k + Tk E2+k +

e (_3 +2Tmp, -2Tmp,  ~Trip, b, +T*nip, P, -2T mmp, P,
T3 n? p;j -T2 p;j + 27T 75 1 p;j +2Tmp, -2mp, +4Tmp, -
2 _2 3 _2 2 3
4 7 B2+k -T 7 E2+i E2+k +T 7 p p2+k —2T 7y 13 B2+i E2+k 2T 713 E2+i E2+k B
2 TZ 7 T E2+i B2+k -T 7'(% B2+j E +2 T 7T1 p p2+k T3 ﬂi p2+ j p2+k -2T 7T E2+j E2+k *
2 3
4T 7y 7 B2+j E2+k -2T s E2+j E2+k T ]T p2+] p J p2+j p2+k -

2T 705 7Py g Py + 2 T2y oy Pou =2 T7G 7Py EZ+k +Tip, - T e,

2 2 2 2 .2 2_2 .2 2 2
2T7T17TJBZ+k—2T 7T17T]EZ+k+T7TjBZ+k—T 7TjBz+k+2T7T17TkBZ+k+2T7TJ7T|(EZ+k

62 _6T27Ti22+j+6T7TjEZ+j+3T37T§EZ+'p P

1_2+J—9T 7T1p i P

+18T3 73 75 P

.t
2+3 2+1 1243

2T i p2 . P, -2 T3 pl . P, +6 T° %y P2, P, -9 T2 p2+j +15 T4 Bi; _
3 2 4 3 2 5 6 2
30T 7Ti7TjBZ+j+2T ﬂiBZ+iEZ+j_1@T 1p21p2j+8T7T P, P

4 _2 2
2+j+6T ﬂiJTJEb. p

iy

24 T° 2 T3P, E;j +6 T3 7T§ P,.; E;j 273 EZ+j +8T° 3 EZ+j -6T%13 E;] -

6T rinyp,  + 18T mimyp;  ~6T mmp;  ~6Tmp, +6m5p, ~24Tmyp,

24 7 E2+k +3 T2 Nﬁ B2+i p2+k -2 T3 JT% E2+i p + 18 T2 i 713 E2+i E2+k 30 T i 713 I:)2+1 p2+k *
30 T% 1y 70 Py Py +2 T p 1Pr =2 TS 7 p 1Pry 0 T 7 s qu Py ™

5 2 2 4 2 2
6T iy Py Py v 6T i HkRZ+iBZ+k+3T7TiEZ+j Py~ 18T, 4Pyt

3. 2 2 3
1577 g P, P, * 18T P, P, — 60T sy P, P, T 42T 7y PPy ?

15T 7T§ PPy 21 T2 7T§ Py Pouc? 30T i e p, . i P~ 42 T% 7ty PyiPou?

42Tﬂj7rkp -Em*l@T 7r P, P, jp 20T47r pzﬂp jB *101—57@32432@22«*

30T7T7ij 54T7T7ij p,. +24T7T7r]p

—2+1 p2+j E2+k p 2+1 p2+j B2+k *

B2+k -24 T T Hj E2+i E2+j

Rzﬂ' Py ™ 272 7T3 p2

2+1 2243

2473 JTj P, P

i Pa.j Pyt 24 T3 7Ti Tk P.

2+1 EZ+j E2+k B

24T i mep, P ~12T 7Py P,

3
i Pay Py * 36 T" 4 T4 Tk P.

2+1 j p2+k

4.3 5 3 2 2 2 2
18T p jPy " 8T 7P, Py v 6T ﬁiﬂjBujB -36T i p2 JEZ+k+

48 T* 1§ 15 EZ+j P, 18 T 7t 75 Eij Py 6 Ty 75 p 3P, 39 Ty 75 Ez+j Poac*
4 2 2 2.3 2 3 3
24T 7 75 P, 5 Py v 2T TGP, Py ~ 2T T3PS g Py + 6 T pZ*J Py ™

3_2 2 4 2 2 2 2
24T Ty 7Tk22+j 22+k+18T s 7Tk22+j RZ+k+12T T4 70§ JTkBZ+j Bz+k_36T Tt 705 JTkE +

2+3 B2+k
6T 5 mepy Py ~ 9T /i Py + 15T mipy  ~30Tmymypy  +42T iy py  ~21T 75 py | +

2772 nip2  -42Tmmep? -54Tmymeps +2Tmip,  p2 -10T ip, . p5 +
4 _3 2 2 2 2 32 2

8T  nij P, P5 + 6 T° 71y 7y P,.; P>, —30T T3P, 22+k+24T 7Ti T3P, Pyt

6T° 75 p, p2+k—24T P, p2 +18T'mynp, P2 +6T mimep, P>, -
24T i mep, Py +12T g mep, Py 36T mumymep, Py 46T mmep, Py +

2 3 4 2

2T7rlp p —12T 1p23p2k+18T 1p2]p2+k—8T 1p23p2k+6T7T 7T]p2+3p2+k7
36 T2 i njp p +54T7T7T]p p —24T7T7T3p p2k+6T7T1 §P2j2§+k‘

36 T2 7T17T P,. p +48T 7T17(p p —18T 7Ty Jp23p2k+2T7T P,. p2+k

107’13 p,, p2+k+8T3 P, P2 +6T7r T p,, p 30T ninkpbjpiﬂ
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24 T3 7'(% Tk Py 5 sz +12 T 7t 715 7k Py B;k - 60T 3 75 7k Py 5 Eik +36 T3y T TP, B;k +

2 2 2 2 2 2 2 2 2
BTGPy 5P ~ 24T 75 Tk Py s Py O T T TPy 5 P,y ~ O T T T Py 5 PG

6T 7y e P, Py, -2Tmip) +8T mip) -6T ripl -6Trimp, +24T nimp) -
18 T° 5 7t E;k -6 T 5 E;k + 24T 1y 7§ B;k - 18T 71y 11§ E;k -27T73 E;k +
8T rjp,  -6T m3p,  -6Tmimepl +18 T rimp, -12Tmmmep)  +
36 Ty mcpl, -6 T mepl +18 T2 mepl -6 Tmmipl  ~6Tmymepl ||
Out[]=
True

Invariance Under Reidemeister 2b

j++ /‘ J++

- Territory: (X | p)iiiy> Xij-
R2b aw |J

Y

ml-]:= lhs = J(]E[ﬂ'i Pi+7ypi] £[1, i, 31 £[-1,i+1, j+1] L£[0, i+1] L[O, j+1])

d{Xis Xj5 Pis Pjs VSii1s VSj.1}

Out[«]=

E [ﬂi Py 75 qu]

64 n®

mn[-1:= rhs = J.(]E[ni pi + 75 p5]1 £[0, i+1] £[0, j+1]) L[Dot, i]

L[Dot, j] L[Dot, i+1] L[Dot, J+1] d{Xi, Xj, Pis Pjs> VSi1s VSj.1}

1lhs == rhs
Out[e]=
E|75 D, ¢ 75, )
64 7°
Out[«]=

True

Invariance Under R2c

. ‘—i_'_
it )t
E
A AN
S- .
1
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in[-1:= lhs = J-(]E[Tl'j_ pi +7mp5] £[-1, 1, j+1] £[1, i+1, j]1 £[0, i+1] £[1, j+1])

d{Xis X5 Pis Pjs VSis1s VSj.1}
Out[«]=

1 1
\/?]E{ﬂigz+i+ﬂj22+j+£ ezﬂj22+j+ie —1—27Tj22+j)]

64 n®

in[-1:= rhs = J.(]E[ni p;i + 75 p;] L[Dot, i] £[Dot, j] £[Dot, i+1] £[Dot, j+1] £[0, i+1] £[1, j+1])

d{xi, Xjs Pis Pjs VSis1s V5j+1}3
lhs == rhs
Out[e]=
True

Invariance Under R1l

lhs = J-(IE [7ri pi] —C[l.' i+ 1, i] .[,[0, i] L[l: i+ 1]) dl{xi: Pis Xis1s pi+1}

rhs = J.(]E[ﬂ'i Pi]l £[0, i] £[0, i +1]) d{Xi, Pis> Xis1s Pis1}s3

1lhs == rhs

Invariance Under R1r

(

Rlr

lhs = f(lE [7ri pi] —C[l.' i: i"'l] .[,[0, i] ’L[_l) i+1]) dl{xi: Pis Xi.1s pi+1]’

rhs = J.(]E[ﬂ'i pil £[0, i] £[0, i +1]) d{Xis Pis> Xis1s Pis1}s3

1lhs == rhs

Invariance Under Sw
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__\
Swt )

CF/e{c[1, j1, £[1, i, j]}
lhs =
j(E[ﬂi Pi+ 705 Pj + € i1 Piva + € Tyuq Pjer + Eiva Xiva + §441 X442] L£[1, 1, J1 £[-1, 1] £[1, i+1]

L[-1, 31 £[1, j+1]) d{x;, Xjs Pis Pjs Xis1s Xjs1s Pis1s Pje1}

rhs = f(lE [7t Pi + 715 P§ + € Tis1 Pis1 + € Te1 Pjss + Sivt Xiwa + 541 X542]1 L[, 1, J1 L£[0, i]

L[0, i+1] £[0, j]1 £[0, J+1]) d{Xis Xj5 Pis Pjs Xis1s Xje1s Pis1s Pje1l}s
lhs == rhs
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