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Pensieve header: Proof of invariance of $\rho_1$ using integration techniques.

Initialization

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

The p; Integrand

Adopted from pensieve://Projects/APAl/PerturbedGaussianintegration.nb.

mil= qIs_y i, 3.1 1= % ((1-T°) Puaa+ (T°-1) Pjaa) s
rifs_, 1,71 :=
s(-1+2pixi-2p;x;+ (T°-1) pip; X+ (1-T°) p2x3 - 2p; py x; X5 +2p% x; X5) / 25
Yilo , k.1 =€ (1/2-X:pr);
pli[s_,i_, j 1:=T"*E[-q[s, i, j] +ers[s, i, j] +0[e]’];
Plile_, k1 := T2 E[-Xx (Pr - Pra1) +¥1[@5 k] +0[€]?];
pli[End, k_] := E[-X,p.+0[e]?];
pli[K ] := Module[{Cs, ¢, n, c, k, &},
{Cs, ©} =Rot[K]; n = Length[Cs];
& =pli[End, 2n+1];
Do[& *= plieec, {c, Cs}];
Do[& *= p1li[e[kl, k1, {k, 2n}];
CFes
15
plvs[K ] := Unionee Table[{x;, pi}, {i, 2Crossings[K] +1}]

mn[-1:= p1li[Knot[3, 1]]

Out[]=
1 . p3xa (-1+T) pegXy
— ]E|:€Ser‘1es|:*p1 X1+p2 lepz Xy + + *p3 X3+p4X3+
T2 T T
(=1+T) p2Xq Ps X4 (=1+T) paXe p7 Xe
% —P4X4+T —p5X5+P6X5+% ~ P6 Xp +

(<1+T) papsx; (-1+T) pix; )
1-pyXp+PpsXy+ T - T +P1 Xgq — P1 X1 X4 + P1 Pa X1 Xg -

(-1+T)pix; (-1+T) p1psax] 2
+ + P2 Ps X2 X5 = P5 X3 X5 + P3 Xg —
2T 2T

- P7 X7,

(-1+T) pixg <—1+T>p3p6x§H

p6x6’p§X3X6+p3p6X3X6’ +
2T 2T

in[-1:= plvs[Knot[3, 1]]

Out[«]=
{P1s P25 P35 Pas Pss Pes P75 X1, X25 X35 Xa, X5, Xg, X7}
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in[-1:= K =Knot[5, 2]; pli[K]

Out[«]=
1 . pPaxa (-1+T) pgXx;
— ]E[eSer‘1es[—p1X1+p2X1—p2 X + + —p3X3+p4X3+
T3 T T
(=1+T) p2Xs Ps X4 p7Xe (-1+T) p1g Xs
——— —PaXg+ —— - Ps5 X5 + P X5 — Pe Xg + + - P7 X7 + Pg X7 +
T T T T
(=1+T) paXg Ps Xg (-1+T) pe X10 P11 X1e
—— —PsXgt+ ——— - P9 Xg+PigXg+ —————————— —Pie X1e + ——— - P11 X11,
T T T T
(-1+T)papr X3 (-1+T) p7x3 )
2 -py Xy +P7 Xy + - +P1 Xq — P1 X1 X4 + P1 Pa X1 Xg -
2T 2T
(-1+T)pixz (-1+T)p1paxg (-1+T) pspeXg (-1+T) p5x
+ — P6 Xg + P9 X + - + P2 P7 X2 X7 =
2T 2T 2T 2T
" ) (-1+T)p3xg (-1+T) p3psX;
P7 X2 X7 + P3 Xg — Pg Xg — P3 X3 Xg + P3 Pg X3 Xg — + — P9 Xg +
2T 2T
5 R (-1+T)pixiy (-1+T) pspioXip
P6 P9 X6 X9 = Pg Xg X9 + P5 X19 — P5 X5 X19 + P5 P1o X5 X108 — ,T + T H

mnf[-1:= K =Knot[5, 2]; Jpli[K] d (plvse@K)

Out[e]=
) . (-1+T)2 (5-4T+5T?)
1TE [eSer‘les [0, — o ] ]
(2-37+2717%)

2048 it (2_3T+2T2)

m[-1:= K=Knot[8, 19]; Jpli[K] d (plvseK)

Out[«]=

(-1+T)2 (1+T*) (3+4T3+37°) } ]

iTE [eSer‘ies [0, - . .
(1-T+7%)% (1-T7+T%)

131072 7%’ (1—T+T3 -T° +T6)

Concatenating edges
in[-]:= 1hs = J.(IE[ﬂ'i Pil Pli[el, i] p1i[@2, i +1]) d{Xi, Pis> Xis1s Pis1}

rhs = f(m[ni ps] p1i[el+ 02, i]) d{xs, 1)

Out[e]=
il+i2 . 1
T2 "7 EfeSeries [py.i /i, 5 (-91-02) = (01+¢2) pim] |

4 ?

Out[«]=
[73 8 (/772 .
iTz"2 E[eSeries|[py.; i, % (-1 -¢2) - (1 +¢2) pr.y ] |

27
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Invariance Under Reidemeister 3b

in[-]1:= 1lhs = j(]E[ni Pi + 715 P§ + Tk pk+0[e]2] pli[1, i, j]1 p1i[1, i+1, k] p1i[1, j+1, k+1]
pli[@, i] p1i[@, j] p1li[0, k] p1i[0@, i +1] p1i[0@, j+1] pli[e@, k+1])
d{Xis Xj5 Xks Pis Pjs Pks Xit1s Xj+1s Xks1s Pis1s Pjs1s Pks1l
rhs = j(E[ﬂi Pi + 73 Py + i P + O[€]12] p1i[1, J, k] p1i[1, i, k+1] pli[l, i+1, j+1]
plife, i] p1i[@, j] p1i[@, k] p1i[@, i+1] pli[0, j+1] pli[e@, k+1])

d{xi, Xjs Xk Pi» pj: Pis Xi+1s Xj+15 Xk+1s Pi+1s pj+1: Pk+1}s

lhs == rhs
Out[«]=
— TB/ZE[GSEPiES [TZ P2+i ﬂipr2+j (*7Ti+T7Ti*7Tj) + P2k (7Tj_*T7Ti+7Tj fTT(j + 7Tk ) »
64 °
3015 3.2
—— = T PiPai i (7 + Ty = 2013) = — T2 pyg7m (-7 + Ty - 2715) +
2 2 2
Tpa.g (T -715) —ETpik (g +7t5) (=7t + Ty =75 + Ty = 271) +
1, 1
;T P2ii Pk 7T (=703 + Ty =275 + 2Ty = 27m¢) + Poyk (T -7t + 2Tty - 2 71y) ’ETp2+jp2+k
(ﬁi—ZTJT§+T27T§+27Ti7Tj—4T7Tifrj+2T27T17Tj+7T§—T7'(§+27T17Tk—2T7T17Tk+27rj7Tk)H
Out[«]=
True

Invariance Under Reidemeister 2b

[++ /‘ J++

Territory: (X | P)g)jy» Xijj-

Y

in[-1:= lhs = f(]E[Tl’i pi + 75 p;] P1i[1, i, j] pli[-1, i+1, j+1] pli[0, i]
pli[@, j] p1i[0, i +1] p1i[0, j +1]) dA{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pje1}
rhs = j(E[ﬂi pi + 75 p5] P11[0, i] p1i[0, j] p1i[@, i+1] p1i[0, j +1])

d{Xi> X5 Pis Py Xi+1s X415 Pis1s Pys1l}s
lhs == rhs

Out[«]=
E[eSeries[p;.i 7ti + Pa.j 71§, 0] ]

16 7*

Out[«]=
True
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Out[]=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

Invariance Under R2c

. '-’_|_
it )t
et
AR A
S .
1

Ihs = [ (B 0rsps +my py) U1, 4, 311 1E[1, 1+, 3] p14[0, 1]

pli[@, j] p1i[@, i+1] p1i[1, j+1]) d{Xi, Xjs Pis Pjs Xiv1s Xji1s Pisis pj+1}

AT E [eSeries[py,s 71y + Parj 7Tys —i - P2 715 |

16 7

rhs = f(E[ﬂi pi + 75 pj] p11[0, 1] p1i[@, j] p1i[0, 1+1] p1i[1, J+1])

d{Xis Xj5 Pis Pjs Xis1s Xju1s Pis1s Pje1}s

lhs == rhs

True

Invariance Under R1l

i—i—k

7 1

lhs = j(lE [ pi] P1i[1, i+1, i] p1i[0, i] p1i[1, i +1]) d{Xi, Pis Xis1s Pis1}

E [eSeries[py,i i, O] ]

4 ?

rhs = f(m[ni pi] p1i[0, i] p11[0, i+1]) d{Xi, Pis Xiv1s Pisi}s

1lhs == rhs

True

Invariance Under R1r
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Rlr

in[-1:= 1hs = j(E [7s ps] P1i[1, i, 1 +1] p1li[@, i] p1i[-1, i +1]) A{Xi, Pis Xis1s Pis1}

Out[-]=
E [eSeries[py,i i, O] ]

4 7%

in[-]:= rhs = f(E[ﬂi Pil p1i[0, i] p1i[@, i +1]) d{Xi, Pis Xis1» Pis1};

1lhs == rhs
out[e]=
True

Invariance Under Sw

__\
Swt )
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in[-]:= 1lhs =
J-(]E[ﬂi Pi + 715 Pj + € Tiy1 Pisv1 + € 7441 P + Siv1 Xis1 + a1 Xj41 +0[€]2] pli[l, i, j] p1i[-1, i]

Pli[1, i +1] pli[-1, 1 PLi[1, J+1]) d{Xis Xi5 Pis Pj> Xis1s Xjs1s Pis1s Pje}
rhs =

j(lE [701 P1 + 705 D5 + € i1 Piat + € 7401 Pyan + Eiv1 Xiva + €541 X401 + 0[€]?] p1i[1, i, j] pli[0, i]

pli[0, i+1] pli[@, j] p1if[0, j+ 1]) d{Xis Xj5 Pis Pjs Xis1s Xju1s Pis1s Pje1}s

lhs == rhs
Out[«]=
1 .
Z \T E{659P195{T P2ei 7 + Povg (T = T 7ty +715) + Tty 1 + 714 €145 = T 7mi E145 + 715 E149
16 5t
1 2
Eszu P2.5 7t (=713 + Tty - 2715) _Eszﬂ'ﬁi (=i + Ty = 2715) +
2 2 2 1
— P2.i (27T1+1—T7fi 1.5+ Ty €145 - 2T 13 715 §1+j> +£ P2.5 <2T7Ti—27Tj + 27,4 -
2 2 2 2 2 2
Trg i + T 10 — 2Tty 715 104 + 2T 15 149 — 2T 1§ 145 + 4 T 513 774 §1+j> +
1
; (—1 + 270,43 E14i + 2T 713 €145 = 2715 149 + 271045 €149 - Trs &1 €149 +
T €1t €103 - 2T 7y St Sy + T2 €25 -T2 2 &2 5w 2 Ty €2,4) |
Out[]=

True
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