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In[]:=

In[«]:=

Pensieve header: Formal Gaussian integration over an arbitrary “Feynman Ring”.

What must a Feynman Ring F have? (Over some set of labels S with elements x, y, ...)

* Avector space over Q.

* Has a symmetric linear Z — 8, , Z and a symmetric bilinear (Z,, Z,) — (8 Z1) (8, Z,) that satisfy the
axioms of (roughly) a connected circuit algebra.

*Has gy, : F > Qin some sense dual to some 6, , e F.

*Has Evys,o: F > F.

Further axioms must be worked out.

Goals.

* Define f

* Prove a Fubini theorem.

* Prove a theorem about the injectivity of the Laplace transform.

Initialization

CCF[& ] ExpandDenominator @ExpandNumerator@Together[&];

CCF[& ] Factor[&];

CF[o_. & E] :=CF[w] CF/@&;

CF[& List] :=CF /@&

CF[& ] := Module[{vs = Cases[&, (x|p|n) , @] U{X; P, €}, ps, ¢},
Total[CoefficientRules[Expand[&], vs] /. (ps_->c_) = CCF[c] (Timeseevs™)] |;

The Basic Feynman Ring

S = {x, X,Y, z};

Ax ,y [f_] := (Ox,yf) /. Thread[S » 0] ;
Ox ,y =XY;

f_=0:=f===0;

EVys 1istse[f_] = CF[f /. Thread[vs -» 0] ]
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The eSeries Feynman Ring

In[-]:= 8 = {X, Ys 2, 6, X 5, P 5 X, P };
qx ,y [ser_eSeries] := (0x,yser[1]) /. Thread[S -» 0];
ex_,y_ =Xy
eSeries /: D[ser_eSeries, vs___] :=D[#, vs] & /@ser;
eSeries /: Plus[ss___eSeries] /; Length[{ss}] > 1 := Module[{1l = Min[Length /@ {ss}]1},
eSeries @@ Total[Take[Listee #, 1] & /@ {ss}]]
eSeries /: t_ +ser_eSeries := MapAt[ (# +t) &, ser, 1];
eSeries /: s1_cSeries x s2_eSeries := eSeries @@ Table[
Sum[si[ii +1] s2kk - ii + 1], {ii, @, kk}], {kk, @, Min[Lengthe@s1, Length@s2] -1}];
eSeries /: c_ * ser_eSeries := (c #) & /@ser;
ser_cSeries = @ := Andee ((# ===0) & /@ser);
eSeries /: Integrate[ser eSeries, pars_ ] := eSeries @@ (Integrate[#, pars] & /@ser);
eSeries /: EVys ;isto[Ser_eSeries] := ser /. Thread[vs - 0] ;
CF[ser_eSeries] := CF /@ser;

Integration

Using Picard Iteration!

1= E/:E[A_]E[B ] :=E[A+B]

m[-1:= E[sd_SeriesData] /; (Listeesd)[{1, 2, 4, 6}] === {e, 0, O, 1} :=
E [eSeries @@ PadRight [sd[3], sd[5], 0]]

Following a program in Projects/FullDoPeGDO/Engine.nb, we write Z, = ¥ Z[m] A™.
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in[-]:=  Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_]d(vs_List) := Module[{n, Q, A, G, a, b, my m1, $m}, Clear[Z];

n = Lengthevs;

Q Table[quﬂa]],vs[[b]] [L]: {aJ n}) {b: n]’];

If[ (A = CFeDet[-0Q]) == @, Message[Integrate::sing]; Return[]];
G = CF[-Inverse[Q] / 2];

Z[] =Z[@] = CF[L -Sum[Q[a, b]] evs|[a]],vs|[b]]: {a, n}, {bJ n}yl/2];
Z[m_, a_] :=2Z[m, a] = CFe@D[Z[m], vs[al]l;

Z[m ,a ,b 1 /;a<b:=Z[m, a, b] =CFeD[Z[m, a], vs[bT];
Z[m_,a ,b 1 /;a>b:=2Z[m, b, al;

For[$m =m=0, m=s< 2%m, ++m,

Z[m+1] = CF@Sum[Sum[If[G[[a, b] ===, 0,
G[a, b]

(Z[m, a, b] + Sum[Z[ml, a] Z[m-m1, b], {ml, O, m}])],
m+1

{a, n}], (b, m];
If[! (Z[m+1] = @), $m=m+1; Z[] +=Z[m+1]];
PowerExpande@Factor [« ((27)"? /aY?) | E[CF[EVysse[Z[111]

s

Protect [Integrate];

Inf]:= Assuming[l >0, J'WExp[— Axi/z] dlxl]

-
Out[]=

Van
vV

In[+]:= J]E[—)in/z] d {Xq}

Out[«]=

271 E[0]

X
In[+]:= jE[j..lXi/Z] d{x1}

Out[e]=
(-4 21 E[0)

VX
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Inl-]:= j]E[—i)in/Z] d{x}

Out[e]=

(-1)3* 21 E[0]

A

In[e]:= j]E[—J: {X1, X2} . (Z :) - {X1, Xz}] d{x1, X2}

out[e]=
2nE[9]

Ab%2-ac

il 1= le[—Jin/2+ £x1] d{x}

Out[e]=

27 ]E[iz}
2

VA

1 b
e B[ o xay (§ 2] v e+ (0 823 0y 0] @0, )

Out[«]=

ZNE[cgi—Zbglgwag%}

2 (-b%+ac)

V-b*+ac

1 b
in[-]:= I1 = jE[-; {X1, X2} . (: c ) «{X1, X2} + {&1, E2}.{X1, Xz}] d{x1}
Out[«]=

2a 2a a

Va

[2 1 ]E[f (-b*+ac) X . & L X (-bé&i+a&y) ]

In[«]:= JII d {x,}

ZFE{CE?Zb&Ewaé}

2 (-b*+ac)

V-b?+ac

In[]:= JE[§x+ny+z (X-Yy) +x2]d1{x, z}

Out[«]=
S2inE[Yy (Y+n+£&)]

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks

2024-06-06 10:32:26



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: FormalGaussianIntegration-240521.nb

Integration of eSeries

Il ]:= jE[-x2/2+ex3/6+0[e]7] d {x}
Out[«]=

271 E[eSer‘ies[O, 9, —,0, —,0, —

Inl-]:= IE[-¢2/2+6¢4/24+0[6]7] d{¢}

Out[e]=
1 1 11 17 619 709
ZHIE[eSer'ies[G,7,—,f,f,7,fH
8 12 96 72 960 324

Info]:= j]E[px+ep2x+0[e]5] d{p, x}
Out[]=
-21E[eSeries[0, 0, 0, 0, 0] ]

Inf]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}],

mon +— And [
Exponent [mon, €] < 2,
Exponent [mon, x] == Exponent [mon, p]
1

18&},

J-]E[px+ax2p+ebx3 p’] d{p, x}]

Out[]=
j]E[—6b6+342b262]
27
In[+]:= Matr‘ixForm@Table[

J]E[Xl P2+ X2 P3 + X3 P1 + i Xi + 715 P5] d{X1, X2, X3, P15 P25 P3}>

{1, 3}, {3, 31]

Out[-]//MatrixForm=

-81 T E[0Q] —81TE[-7 &] -81 T E[Q]
-8i P E[0] -8i P E[0] —8i M E[-3 &)
-81i M E[-m &) -81i°E[0] -81°E[0]
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