
Pensieve header:  Finding the A2 $d=1$ invariant using undetermined coefficients.

Initialization

I n [ ] : = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];

Once[<< KnotTheory`; << Rot.m];

<< FormalGaussianIntegration.m;

Loading KnotTheory` version of February 2, 2020, 10:53:45.2097.

Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

The A2 Integrand

Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

I n [ ] : = T3 = T1 T2;

 = {x__, p__};

q[s_, i_, j_] :=

Sumxα,i (pα,i - pα,i+1) + xα,j (pα,j - pα,j+1) + xα,i 1 - Tα
s
 pα,i+1 + Tα

s
- 1 pα,j+1, {α, 3};

ℒ[Xi_,j_[s_]] := T3
s
-q[s, i, j] + ϵ r1[s, i, j] + O[ϵ]2;

vsi_ := Sequence[p1,i, x1,i, p2,i, x2,i, p3,i, x3,i];

The PXX Coefficients from R3

I n [ ] : = mons = MonomialList

p3 x1 x2 /.

(v : p x)α_  vα,i + vα,j

 /. c_Integer * mon_  mon;

k = 0;

r1[1, i_, j_] := Evaluate[Sum[c++k mon, {mon, mons}]];

Clear[k];

r1[1, j, k]

Ou t [ ] =

c1 p3,j x1,j x2,j + c5 p3,k x1,j x2,j + c3 p3,j x1,k x2,j + c7 p3,k x1,k x2,j +

c2 p3,j x1,j x2,k + c6 p3,k x1,j x2,k + c4 p3,j x1,k x2,k + c8 p3,k x1,k x2,k
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I n [ ] : = {lhs} = Cases [π1,i p1,i + π2,i p2,i + π1,j p1,j + π2,j p2,j + π1,k p1,k + π2,k p2,k]

ℒ /@ (Xi,j[1] Xi+1,k[1] Xj+1,k+1[1])

{vsi, vsj, vsk, vsi+1, vsj+1, vsk+1}, ϵSeries[_, ℰ_]  ℰ , ∞

Ou t [ ] =

2 c1 T1
2 T2

2 p3,2+i π1,i π2,i -

T1 T2 -2 c1 - c5 + c1 T1 - c3 T1 + c3 T1
2
+ c1 T2 - c2 T2 + c2 T1 T2 + c3 T1 T2 - c4 T1 T2 -

c3 T1
2 T2 + c4 T1

2 T2 + c2 T2
2
- c2 T1 T2

2
+ c4 T1 T2

2
- c4 T1

2 T2
2
 p3,2+j π1,i π2,i +

2 c1 + 2 c5 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
- c1 T2 + c2 T2 - c5 T2 + c6 T2 - c2 T1 T2 -

c3 T1 T2 + c4 T1 T2 + c5 T1 T2 - c6 T1 T2 - c7 T1 T2 + c8 T1 T2 + c1 T1
2 T2 - c4 T1

2 T2 + c7 T1
2 T2 -

c8 T1
2 T2 + c3 T1

3 T2 - c2 T2
2
- c6 T2

2
+ c1 T1 T2

2
- c4 T1 T2

2
+ c6 T1 T2

2
- c8 T1 T2

2
- 2 c1 T1

2 T2
2
+ c2 T1

2 T2
2
+

c3 T1
2 T2

2
+ c8 T1

2 T2
2
- c3 T1

3 T2
2
+ c4 T1

3 T2
2
+ c2 T1 T2

3
- c2 T1

2 T2
3
+ c4 T1

2 T2
3
- c4 T1

3 T2
3
 p3,2+k π1,i π2,i +

c3 T1
2 T2

2 p3,2+i π1,j π2,i - T1 T2 -c1 - c3 - c7 + c1 T2 - c2 T2 + c3 T1 T2 + c2 T2
2
 p3,2+j π1,j π2,i +

c1 + c3 + c5 + c7 - c1 T2 + c2 T2 - c5 T2 + c6 T2 - c1 T1 T2 - c3 T1 T2 -

c7 T1 T2 - c2 T2
2
- c6 T2

2
+ c1 T1 T2

2
- c2 T1 T2

2
+ c2 T1 T2

3
 p3,2+k π1,j π2,i +

c3 T1 T2
2 p3,2+i π1,k π2,i - T1 (-1 + T2) T2 (c3 + c4 T2) p3,2+j π1,k π2,i +

c3 + c7 + c4 T2 + c8 T2 - c3 T1 T2 - c4 T2
2
- c8 T2

2
- c4 T1 T2

2
+ c4 T1 T2

3
 p3,2+k π1,k π2,i +

c2 T1
2 T2

2 p3,2+i π1,i π2,j - T1 T2 -c1 - c2 - c6 + c1 T1 - c3 T1 + c3 T1
2
+ c2 T1 T2 p3,2+j π1,i π2,j +

c1 + c2 + c5 + c6 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
-

c1 T1 T2 - c2 T1 T2 - c6 T1 T2 + c1 T1
2 T2 - c3 T1

2 T2 + c3 T1
3 T2 p3,2+k π1,i π2,j +

c4 T1
2 T2

2 p3,2+i π1,j π2,j + T1 T2 (c1 + c4 + c8 - c4 T1 T2) p3,2+j π1,j π2,j +

(c1 + c4 + c5 + c8 - c1 T1 T2 - c4 T1 T2 - c8 T1 T2) p3,2+k π1,j π2,j +

c3 T1 T2 p3,2+j π1,k π2,j + (c3 + c7 - c3 T1 T2) p3,2+k π1,k π2,j +

c2 T1
2 T2 p3,2+i π1,i π2,k - (-1 + T1) T1 (c2 + c4 T1) T2 p3,2+j π1,i π2,k +

c2 + c6 + c4 T1 + c8 T1 - c4 T1
2
- c8 T1

2
- c2 T1 T2 - c4 T1

2 T2 + c4 T1
3 T2 p3,2+k π1,i π2,k +

c2 T1 T2 p3,2+j π1,j π2,k + (c2 + c6 - c2 T1 T2) p3,2+k π1,j π2,k + c4 T1 T2 p3,2+i π1,k π2,k +

c4 T1 T2 p3,2+j π1,k π2,k - 2 (-c4 - c8 + c4 T1 T2) p3,2+k π1,k π2,k
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I n [ ] : = {rhs} = Cases [π1,i p1,i + π2,i p2,i + π1,j p1,j + π2,j p2,j + π1,k p1,k + π2,k p2,k]

ℒ /@ (Xj,k[1] Xi,k+1[1] Xi+1,j+1[1])

{vsi, vsj, vsk, vsi+1, vsj+1, vsk+1}, ϵSeries[_, ℰ_]  ℰ , ∞

Ou t [ ] =

2 c1 T1
2 T2

2 p3,2+i π1,i π2,i - T1 T2 (-2 c1 - c5 + 2 c1 T1 T2) p3,2+j π1,i π2,i +

(c1 + c5 - c1 T1 T2) p3,2+k π1,i π2,i - c3 (-2 + T1) T1
2 T2

2 p3,2+i π1,j π2,i +

T1 T2 2 c3 + c7 - c3 T1 - 2 c3 T1 T2 + c3 T1
2 T2 p3,2+j π1,j π2,i +

(-1 + T1) (-c3 - c7 + c3 T1 T2) p3,2+k π1,j π2,i + c3 T1
2 T2

2 p3,2+i π1,k π2,i -

c3 T1 T2 (-1 + T1 T2) p3,2+j π1,k π2,i + (c3 + c7 - c3 T1 T2) p3,2+k π1,k π2,i -

c2 T1
2
(-2 + T2) T2

2 p3,2+i π1,i π2,j + T1 T2 2 c2 + c6 - c2 T2 - 2 c2 T1 T2 + c2 T1 T2
2
 p3,2+j π1,i π2,j +

(-1 + T2) (-c2 - c6 + c2 T1 T2) p3,2+k π1,i π2,j + c4 T1
2 T2

2
(2 - T1 - T2 + T1 T2) p3,2+i π1,j π2,j +

T1 T2 c1 + 2 c4 + c8 - c4 T1 - c4 T2 - c4 T1 T2 + c4 T1
2 T2 + c4 T1 T2

2
- c4 T1

2 T2
2
 p3,2+j π1,j π2,j +

c1 + c4 + c5 + c8 - c4 T1 - c8 T1 - c4 T2 - c8 T2 - c1 T1 T2 + c8 T1 T2 + c4 T1
2 T2 + c4 T1 T2

2
- c4 T1

2 T2
2


p3,2+k π1,j π2,j - c4 T1
2
(-1 + T2) T2

2 p3,2+i π1,k π2,j +

T1 T2 c3 + c4 - c4 T2 - c4 T1 T2 + c4 T1 T2
2
 p3,2+j π1,k π2,j +

c3 + c4 + c7 + c8 - c4 T2 - c8 T2 - c3 T1 T2 - c4 T1 T2 + c4 T1 T2
2
 p3,2+k π1,k π2,j +

c2 T1
2 T2

2 p3,2+i π1,i π2,k - c2 T1 T2 (-1 + T1 T2) p3,2+j π1,i π2,k + (c2 + c6 - c2 T1 T2) p3,2+k π1,i π2,k -

c4 (-1 + T1) T1
2 T2

2 p3,2+i π1,j π2,k + T1 T2 c2 + c4 - c4 T1 - c4 T1 T2 + c4 T1
2 T2 p3,2+j π1,j π2,k +

c2 + c4 + c6 + c8 - c4 T1 - c8 T1 - c2 T1 T2 - c4 T1 T2 + c4 T1
2 T2 p3,2+k π1,j π2,k +

c4 T1
2 T2

2 p3,2+i π1,k π2,k - c4 T1 T2 (-2 + T1 T2) p3,2+j π1,k π2,k - 2 (-c4 - c8 + c4 T1 T2) p3,2+k π1,k π2,k
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I n [ ] : = eqn = CF[lhs - rhs]

Ou t [ ] =

T1 T2 -c1 T1 + c3 T1 - c3 T1
2
- c1 T2 + c2 T2 + 2 c1 T1 T2 - c2 T1 T2 - c3 T1 T2 +

c4 T1 T2 + c3 T1
2 T2 - c4 T1

2 T2 - c2 T2
2
+ c2 T1 T2

2
- c4 T1 T2

2
+ c4 T1

2 T2
2
 p3,2+j π1,i π2,i +

c1 + c5 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
- c1 T2 + c2 T2 - c5 T2 + c6 T2 + c1 T1 T2 -

c2 T1 T2 - c3 T1 T2 + c4 T1 T2 + c5 T1 T2 - c6 T1 T2 - c7 T1 T2 + c8 T1 T2 + c1 T1
2 T2 - c4 T1

2 T2 +

c7 T1
2 T2 - c8 T1

2 T2 + c3 T1
3 T2 - c2 T2

2
- c6 T2

2
+ c1 T1 T2

2
- c4 T1 T2

2
+ c6 T1 T2

2
- c8 T1 T2

2
- 2 c1 T1

2 T2
2
+

c2 T1
2 T2

2
+ c3 T1

2 T2
2
+ c8 T1

2 T2
2
- c3 T1

3 T2
2
+ c4 T1

3 T2
2
+ c2 T1 T2

3
- c2 T1

2 T2
3
+ c4 T1

2 T2
3
- c4 T1

3 T2
3


p3,2+k π1,i π2,i + c3 (-1 + T1) T1
2 T2

2 p3,2+i π1,j π2,i -

T1 T2 -c1 + c3 - c3 T1 + c1 T2 - c2 T2 - c3 T1 T2 + c3 T1
2 T2 + c2 T2

2
 p3,2+j π1,j π2,i +

c1 + c5 + c3 T1 + c7 T1 - c1 T2 + c2 T2 - c5 T2 + c6 T2 - c1 T1 T2 -

c7 T1 T2 - c3 T1
2 T2 - c2 T2

2
- c6 T2

2
+ c1 T1 T2

2
- c2 T1 T2

2
+ c2 T1 T2

3
 p3,2+k π1,j π2,i -

c3 (-1 + T1) T1 T2
2 p3,2+i π1,k π2,i + T1 T2

2
(-c3 + c4 + c3 T1 - c4 T2) p3,2+j π1,k π2,i +

(-1 + T2) T2 (-c4 - c8 + c4 T1 T2) p3,2+k π1,k π2,i +

c2 T1
2
(-1 + T2) T2

2 p3,2+i π1,i π2,j -

T1 T2 -c1 + c2 + c1 T1 - c3 T1 + c3 T1
2
- c2 T2 - c2 T1 T2 + c2 T1 T2

2
 p3,2+j π1,i π2,j +

c1 + c5 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
+ c2 T2 + c6 T2 -

c1 T1 T2 - c6 T1 T2 + c1 T1
2 T2 - c3 T1

2 T2 + c3 T1
3 T2 - c2 T1 T2

2
 p3,2+k π1,i π2,j -

c4 (-1 + T1) T1
2
(-1 + T2) T2

2 p3,2+i π1,j π2,j + c4 (-1 + T1) T1 (-1 + T2) T2 (-1 + T1 T2) p3,2+j π1,j π2,j +

c4 T1 + c8 T1 + c4 T2 + c8 T2 - c4 T1 T2 - 2 c8 T1 T2 - c4 T1
2 T2 - c4 T1 T2

2
+ c4 T1

2 T2
2
 p3,2+k π1,j π2,j +

c4 T1
2
(-1 + T2) T2

2 p3,2+i π1,k π2,j -

c4 T1 (-1 + T2) T2 (-1 + T1 T2) p3,2+j π1,k π2,j -

(-1 + T2) (-c4 - c8 + c4 T1 T2) p3,2+k π1,k π2,j -

c2 T1
2
(-1 + T2) T2 p3,2+i π1,i π2,k + T1

2 T2 (-c2 + c4 - c4 T1 + c2 T2) p3,2+j π1,i π2,k +

(-1 + T1) T1 (-c4 - c8 + c4 T1 T2) p3,2+k π1,i π2,k +

c4 (-1 + T1) T1
2 T2

2 p3,2+i π1,j π2,k - c4 (-1 + T1) T1 T2 (-1 + T1 T2) p3,2+j π1,j π2,k -

(-1 + T1) (-c4 - c8 + c4 T1 T2) p3,2+k π1,j π2,k -

c4 T1 T2 (-1 + T1 T2) p3,2+i π1,k π2,k + c4 T1 T2 (-1 + T1 T2) p3,2+j π1,k π2,k

I n [ ] : = cvs = Union@Cases[eqn, p__ π__, ∞]

Ou t [ ] =

{p3,2+i, p3,2+j, p3,2+k, π1,i, π1,j, π1,k, π2,i, π2,j, π2,k}
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I n [ ] : = eqns = CoefficientRules[eqn, cvs] /. (_  c_)  (c  0)

Ou t [ ] =

-c2 T1
2 T2

2
+ c2 T1

2 T2
3
 0, c2 T1

2 T2 - c2 T1
2 T2

2
 0, -c3 T1

2 T2
2
+ c3 T1

3 T2
2
 0,

-c4 T1
2 T2

2
+ c4 T1

3 T2
2
+ c4 T1

2 T2
3
- c4 T1

3 T2
3
 0, -c4 T1

2 T2
2
+ c4 T1

3 T2
2
 0,

c3 T1 T2
2
- c3 T1

2 T2
2
 0, -c4 T1

2 T2
2
+ c4 T1

2 T2
3
 0, c4 T1 T2 - c4 T1

2 T2
2
 0,

-c1 T1
2 T2 + c3 T1

2 T2 - c3 T1
3 T2 - c1 T1 T2

2
+ c2 T1 T2

2
+ 2 c1 T1

2 T2
2
- c2 T1

2 T2
2
-

c3 T1
2 T2

2
+ c4 T1

2 T2
2
+ c3 T1

3 T2
2
- c4 T1

3 T2
2
- c2 T1 T2

3
+ c2 T1

2 T2
3
- c4 T1

2 T2
3
+ c4 T1

3 T2
3
 0,

c1 T1 T2 - c2 T1 T2 - c1 T1
2 T2 + c3 T1

2 T2 - c3 T1
3 T2 + c2 T1 T2

2
+ c2 T1

2 T2
2
- c2 T1

2 T2
3
 0,

-c2 T1
2 T2 + c4 T1

2 T2 - c4 T1
3 T2 + c2 T1

2 T2
2
 0,

c1 T1 T2 - c3 T1 T2 + c3 T1
2 T2 - c1 T1 T2

2
+ c2 T1 T2

2
+ c3 T1

2 T2
2
- c3 T1

3 T2
2
- c2 T1 T2

3
 0,

-c4 T1 T2 + c4 T1
2 T2 + c4 T1 T2

2
- c4 T1

3 T2
2
- c4 T1

2 T2
3
+ c4 T1

3 T2
3
 0,

-c4 T1 T2 + c4 T1
2 T2 + c4 T1

2 T2
2
- c4 T1

3 T2
2
 0, -c3 T1 T2

2
+ c4 T1 T2

2
+ c3 T1

2 T2
2
- c4 T1 T2

3
 0,

-c4 T1 T2 + c4 T1 T2
2
+ c4 T1

2 T2
2
- c4 T1

2 T2
3
 0, -c4 T1 T2 + c4 T1

2 T2
2
 0,

c1 + c5 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
- c1 T2 + c2 T2 - c5 T2 + c6 T2 + c1 T1 T2 -

c2 T1 T2 - c3 T1 T2 + c4 T1 T2 + c5 T1 T2 - c6 T1 T2 - c7 T1 T2 + c8 T1 T2 + c1 T1
2 T2 - c4 T1

2 T2 +

c7 T1
2 T2 - c8 T1

2 T2 + c3 T1
3 T2 - c2 T2

2
- c6 T2

2
+ c1 T1 T2

2
- c4 T1 T2

2
+ c6 T1 T2

2
- c8 T1 T2

2
- 2 c1 T1

2 T2
2
+

c2 T1
2 T2

2
+ c3 T1

2 T2
2
+ c8 T1

2 T2
2
- c3 T1

3 T2
2
+ c4 T1

3 T2
2
+ c2 T1 T2

3
- c2 T1

2 T2
3
+ c4 T1

2 T2
3
- c4 T1

3 T2
3
 0,

c1 + c5 - c1 T1 + c3 T1 - c5 T1 + c7 T1 - c3 T1
2
- c7 T1

2
+ c2 T2 + c6 T2 - c1 T1 T2 -

c6 T1 T2 + c1 T1
2 T2 - c3 T1

2 T2 + c3 T1
3 T2 - c2 T1 T2

2
 0,

c4 T1 + c8 T1 - c4 T1
2
- c8 T1

2
- c4 T1

2 T2 + c4 T1
3 T2  0, c1 + c5 + c3 T1 + c7 T1 - c1 T2 + c2 T2 -

c5 T2 + c6 T2 - c1 T1 T2 - c7 T1 T2 - c3 T1
2 T2 - c2 T2

2
- c6 T2

2
+ c1 T1 T2

2
- c2 T1 T2

2
+ c2 T1 T2

3
 0,

c4 T1 + c8 T1 + c4 T2 + c8 T2 - c4 T1 T2 - 2 c8 T1 T2 - c4 T1
2 T2 - c4 T1 T2

2
+ c4 T1

2 T2
2
 0,

-c4 - c8 + c4 T1 + c8 T1 + c4 T1 T2 - c4 T1
2 T2  0, c4 T2 + c8 T2 - c4 T2

2
- c8 T2

2
- c4 T1 T2

2
+ c4 T1 T2

3
 0,

-c4 - c8 + c4 T2 + c8 T2 + c4 T1 T2 - c4 T1 T2
2
 0

I n [ ] : = vars = Union@Cases[eqn, c_, ∞]

Ou t [ ] =

{c1, c2, c3, c4, c5, c6, c7, c8}

I n [ ] : = {sol} = Solve[eqns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Ou t [ ] =

c1  0, c2  0, c3  0, c4  0, c7  -
c5

T1
-
c6 T2

T1
, c8  0

I n [ ] : = sol /. (v_  val_)  (v = CF[val])

Ou t [ ] =

0, 0, 0, 0, -
c5 + c6 T2

T1
, 0

I n [ ] : = vars = Union@Cases[eqn, c_, ∞]

Ou t [ ] =

{c5, c6}

Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: DeterminingThePXXandXPPCoefficients.nb 2024-05-25 05:46:47

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



I n [ ] : = ℒ[Xi,j[1]]

Ou t [ ] =

T1 T2 ϵSeries-p1,i x1,i + T1 p1,1+i x1,i + p1,1+j x1,i - T1 p1,1+j x1,i - p1,j x1,j +

p1,1+j x1,j - p2,i x2,i + T2 p2,1+i x2,i + p2,1+j x2,i - T2 p2,1+j x2,i - p2,j x2,j + p2,1+j x2,j -

p3,i x3,i + T1 T2 p3,1+i x3,i + p3,1+j x3,i - T1 T2 p3,1+j x3,i - p3,j x3,j + p3,1+j x3,j,

c5 p3,j x1,i x2,i -
(c5 + c6 T2) p3,j x1,j x2,i

T1
+ c6 p3,j x1,i x2,j

I n [ ] : = r1[1, i, j]

Ou t [ ] =

c5 p3,j x1,i x2,i -
(c5 + c6 T2) p3,j x1,j x2,i

T1
+ c6 p3,j x1,i x2,j

The XPP Coefficients from R3

I n [ ] : = mons = MonomialList

x3 p1 p2 /.

(v : p x)α_  vα,i + vα,j

 /. c_Integer * mon_  mon;

k = 0;

r1[1, i_, j_] := Evaluate[Sum[d++k mon, {mon, mons}]];

Clear[k];

r1[1, j, k]

Ou t [ ] =

d1 p1,j p2,j x3,j + d5 p1,k p2,j x3,j + d3 p1,j p2,k x3,j + d7 p1,k p2,k x3,j +

d2 p1,j p2,j x3,k + d6 p1,k p2,j x3,k + d4 p1,j p2,k x3,k + d8 p1,k p2,k x3,k
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I n [ ] : = {lhs} = Cases [πi p3,i + πj p3,j + πk p3,k] ℒ /@ (Xi,j[1] Xi+1,k[1] Xj+1,k+1[1])

{vsi, vsj, vsk, vsi+1, vsj+1, vsk+1}, ϵSeries[_, ℰ_]  ℰ , ∞

Ou t [ ] =

d2 πk T1 T2 p1,2+i p2,2+i + 2 d1 πi T1
2 T2

2 p1,2+i p2,2+i + d2 πj T1
2 T2

2 p1,2+i p2,2+i -

πi T1 (-d1 - d5 + d1 T1) T2
2 p1,2+j p2,2+i - πj T1 (-d2 - d6 + d2 T1) T2

2 p1,2+j p2,2+i -

πk (-d2 - d6 + d2 T1) T2 p1,2+k p2,2+i - (d2 + d6) πj (-1 + T1) T2
2 p1,2+k p2,2+i -

πi -d1 - d5 + d1 T1
2
 T2

2 p1,2+k p2,2+i - πi T1
2 T2 (-d1 - d3 + d1 T2) p1,2+i p2,2+j -

πj T1
2 T2 (-d2 - d4 + d2 T2) p1,2+i p2,2+j + d2 πk T1 T2 p1,2+j p2,2+j +

πj T1 T2 (d1 + d2 + d4 + d6 + d8 - d2 T1 - d4 T1 - d2 T2 - d6 T2 + d2 T1 T2) p1,2+j p2,2+j -

πi T1 T2 -2 d1 - d3 - d5 - d7 + d1 T1 + d3 T1 + d1 T2 + d5 T2 - d2 T1 T2 + d2 T1
2 T2

2
 p1,2+j p2,2+j -

πk (-d2 - d6 + d2 T1) T2 p1,2+k p2,2+j -

πj T2 (-d1 - d2 - d4 - d5 - d6 - d8 + d1 T1 + d2 T1 + d4 T1 + d6 T1 + d8 T1 + d2 T2 + d6 T2 - d2 T1 T2 - d6 T1 T2)

p1,2+k p2,2+j + πi T2 2 d1 + d3 + 2 d5 + d7 - 2 d1 T1 - d3 T1 - d5 T1 - d7 T1 - d1 T2 - d5 T2 +

d2 T1 T2 + d6 T1 T2 + d1 T1
2 T2 - d2 T1

2 T2 - d2 T1
2 T2

2
- d6 T1

2 T2
2
+ d2 T1

3 T2
2
 p1,2+k p2,2+j -

(d2 + d4) πj T1
2
(-1 + T2) p1,2+i p2,2+k - πk T1 (-d2 - d4 + d2 T2) p1,2+i p2,2+k -

πi T1
2
-d1 - d3 + d1 T2

2
 p1,2+i p2,2+k - πk T1 (-d2 - d4 + d2 T2) p1,2+j p2,2+k -

πj T1 (-d1 - d2 - d3 - d4 - d6 - d8 + d2 T1 + d4 T1 + d1 T2 + d2 T2 + d4 T2 + d6 T2 + d8 T2 - d2 T1 T2 - d4 T1 T2)

p1,2+j p2,2+k + πi T1 2 d1 + 2 d3 + d5 + d7 - d1 T1 - d3 T1 - 2 d1 T2 - d3 T2 - d5 T2 - d7 T2 +

d2 T1 T2 + d4 T1 T2 + d1 T1 T2
2
- d2 T1 T2

2
- d2 T1

2 T2
2
- d4 T1

2 T2
2
+ d2 T1

2 T2
3
 p1,2+j p2,2+k +

2 πk (d2 + d4 + d6 + d8 - d2 T1 - d4 T1 - d2 T2 - d6 T2 + d2 T1 T2) p1,2+k p2,2+k +

πj (d1 + d2 + d3 + d4 + d5 + d6 + d7 + d8 - d1 T1 - d2 T1 - d3 T1 - d4 T1 - d6 T1 - d8 T1 - d1 T2 - d2 T2 -

d4 T2 - d5 T2 - d6 T2 - d8 T2 + d1 T1 T2 + d2 T1 T2 + d4 T1 T2 + d6 T1 T2 + d8 T1 T2) p1,2+k p2,2+k +

πi 2 d1 + 2 d3 + 2 d5 + 2 d7 - 2 d1 T1 - 2 d3 T1 - d5 T1 - d7 T1 - 2 d1 T2 - d3 T2 - 2 d5 T2 - d7 T2 + 2 d1 T1 T2 +

d2 T1 T2 + d3 T1 T2 + d4 T1 T2 + d5 T1 T2 + d6 T1 T2 + d7 T1 T2 + d8 T1 T2 - d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
-

d6 T1 T2
2
- d4 T1

2 T2
2
- d6 T1

2 T2
2
- d8 T1

2 T2
2
+ d2 T1

3 T2
2
+ d4 T1

3 T2
2
+ d2 T1

2 T2
3
+ d6 T1

2 T2
3
- d2 T1

3 T2
3
 p1,2+k p2,2+k
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I n [ ] : = {rhs} = Cases [πi p3,i + πj p3,j + πk p3,k] ℒ /@ (Xj,k[1] Xi,k+1[1] Xi+1,j+1[1])

{vsi, vsj, vsk, vsi+1, vsj+1, vsk+1}, ϵSeries[_, ℰ_]  ℰ , ∞

Ou t [ ] =

2 d1 πi T1
2 T2

2 p1,2+i p2,2+i + d2 πk T1
2 T2

2 p1,2+i p2,2+i - d2 πj T1
2 T2

2
(-2 + T1 T2) p1,2+i p2,2+i -

d2 πk (-1 + T1) T1 T2
2 p1,2+j p2,2+i - πi T1 (-2 d1 - d5 + 2 d1 T1) T2

2 p1,2+j p2,2+i +

πj T1 T2
2
2 d2 + d6 - 2 d2 T1 - d2 T1 T2 + d2 T1

2 T2 p1,2+j p2,2+i - πi (-d1 - d5 + d1 T1) T2
2 p1,2+k p2,2+i -

πk (-d2 - d6 + d2 T1) T2
2 p1,2+k p2,2+i + πj (-d2 - d6 + d2 T1) T2

2
(-1 + T1 T2) p1,2+k p2,2+i -

d2 πk T1
2
(-1 + T2) T2 p1,2+i p2,2+j - πi T1

2 T2 (-2 d1 - d3 + 2 d1 T2) p1,2+i p2,2+j +

πj T1
2 T2 2 d2 + d4 - 2 d2 T2 - d2 T1 T2 + d2 T1 T2

2
 p1,2+i p2,2+j +

d2 πk T1 T2 (2 - T1 - T2 + T1 T2) p1,2+j p2,2+j +

πi T1 T2 (2 d1 + d3 + d5 + d7 - 2 d1 T1 - d3 T1 - 2 d1 T2 - d5 T2 + 2 d1 T1 T2) p1,2+j p2,2+j +

πj T1 T2 d1 + 2 d2 + d4 + d6 + d8 - 2 d2 T1 - d4 T1 - 2 d2 T2 - d6 T2 + d2 T1 T2 + d2 T1
2 T2 + d2 T1 T2

2
- d2 T1

2 T2
2


p1,2+j p2,2+j + πk (-d2 - d6 + d2 T1) (-2 + T2) T2 p1,2+k p2,2+j +

πi (-d1 - d5 + d1 T1) (-1 + T2) T2 p1,2+k p2,2+j -

πj T2 -d1 - d2 - d5 - d6 + d1 T1 + d2 T1 + d2 T2 + d6 T2 + d6 T1 T2 - d2 T1
2 T2 - d2 T1 T2

2
- d6 T1 T2

2
+ d2 T1

2 T2
2


p1,2+k p2,2+j - πi T1
2
(-d1 - d3 + d1 T2) p1,2+i p2,2+k -

πk T1
2
(-d2 - d4 + d2 T2) p1,2+i p2,2+k + πj T1

2
(-d2 - d4 + d2 T2) (-1 + T1 T2) p1,2+i p2,2+k +

πi (-1 + T1) T1 (-d1 - d3 + d1 T2) p1,2+j p2,2+k + πk (-2 + T1) T1 (-d2 - d4 + d2 T2) p1,2+j p2,2+k -

πj T1 -d1 - d2 - d3 - d4 + d2 T1 + d4 T1 + d1 T2 + d2 T2 + d4 T1 T2 - d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
+ d2 T1

2 T2
2


p1,2+j p2,2+k + πi (d1 + d3 + d5 + d7 - d1 T1 - d3 T1 - d1 T2 - d5 T2 + d1 T1 T2) p1,2+k p2,2+k +

2 πk (d2 + d4 + d6 + d8 - d2 T1 - d4 T1 - d2 T2 - d6 T2 + d2 T1 T2) p1,2+k p2,2+k +

πj d1 + d2 + d3 + d4 + d5 + d6 + d7 + d8 - d1 T1 - d2 T1 - d3 T1 - d4 T1 - d1 T2 - d2 T2 - d5 T2 - d6 T2 +

d1 T1 T2 - d4 T1 T2 - d6 T1 T2 - d8 T1 T2 + d2 T1
2 T2 + d4 T1

2 T2 + d2 T1 T2
2
+ d6 T1 T2

2
- d2 T1

2 T2
2
 p1,2+k p2,2+k
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I n [ ] : = eqn = CF[lhs - rhs]

Ou t [ ] =

-d2 πk T1 T2 (-1 + T1 T2) p1,2+i p2,2+i + d2 πj T1
2 T2

2
(-1 + T1 T2) p1,2+i p2,2+i +

d1 πi (-1 + T1) T1 T2
2 p1,2+j p2,2+i + d2 πk (-1 + T1) T1 T2

2 p1,2+j p2,2+i -

d2 πj (-1 + T1) T1 T2
2
(-1 + T1 T2) p1,2+j p2,2+i + πk (-d2 - d6 + d2 T1) (-1 + T2) T2 p1,2+k p2,2+i -

d1 πi (-1 + T1) T1 T2
2 p1,2+k p2,2+i + πj T1 T2

2
(-d6 + d2 T2 + d6 T2 - d2 T1 T2) p1,2+k p2,2+i +

d1 πi T1
2
(-1 + T2) T2 p1,2+i p2,2+j + d2 πk T1

2
(-1 + T2) T2 p1,2+i p2,2+j -

d2 πj T1
2
(-1 + T2) T2 (-1 + T1 T2) p1,2+i p2,2+j - d2 πk (-1 + T1) T1 (-1 + T2) T2 p1,2+j p2,2+j +

d2 πj (-1 + T1) T1 (-1 + T2) T2 (-1 + T1 T2) p1,2+j p2,2+j -

πi T1 T2 -d1 T1 - d1 T2 + 2 d1 T1 T2 - d2 T1 T2 + d2 T1
2 T2

2
 p1,2+j p2,2+j -

πk (-d2 - d6 + d2 T1) (-1 + T2) T2 p1,2+k p2,2+j -

πj T2 -d4 - d8 + d4 T1 + d6 T1 + d8 T1 - d2 T1 T2 - 2 d6 T1 T2 + d2 T1
2 T2 + d2 T1 T2

2
+ d6 T1 T2

2
- d2 T1

2 T2
2


p1,2+k p2,2+j + πi T2 d1 + d3 + d5 + d7 - d1 T1 - d3 T1 - d5 T1 - d7 T1 - d1 T1 T2 +

d2 T1 T2 + d6 T1 T2 + d1 T1
2 T2 - d2 T1

2 T2 - d2 T1
2 T2

2
- d6 T1

2 T2
2
+ d2 T1

3 T2
2
 p1,2+k p2,2+j -

d1 πi T1
2
(-1 + T2) T2 p1,2+i p2,2+k + πk (-1 + T1) T1 (-d2 - d4 + d2 T2) p1,2+i p2,2+k +

πj T1
2 T2 (-d4 + d2 T1 + d4 T1 - d2 T1 T2) p1,2+i p2,2+k - πk (-1 + T1) T1 (-d2 - d4 + d2 T2) p1,2+j p2,2+k -

πj T1 -d6 - d8 + d4 T2 + d6 T2 + d8 T2 - d2 T1 T2 - 2 d4 T1 T2 + d2 T1
2 T2 + d4 T1

2 T2 + d2 T1 T2
2
- d2 T1

2 T2
2


p1,2+j p2,2+k + πi T1 d1 + d3 + d5 + d7 - d1 T2 - d3 T2 - d5 T2 - d7 T2 - d1 T1 T2 +

d2 T1 T2 + d4 T1 T2 + d1 T1 T2
2
- d2 T1 T2

2
- d2 T1

2 T2
2
- d4 T1

2 T2
2
+ d2 T1

2 T2
3
 p1,2+j p2,2+k +

πj -d6 T1 - d8 T1 - d4 T2 - d8 T2 + d2 T1 T2 + 2 d4 T1 T2 + 2 d6 T1 T2 + 2 d8 T1 T2 -

d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
- d6 T1 T2

2
+ d2 T1

2 T2
2
 p1,2+k p2,2+k +

πi d1 + d3 + d5 + d7 - d1 T1 - d3 T1 - d5 T1 - d7 T1 - d1 T2 - d3 T2 - d5 T2 - d7 T2 + d1 T1 T2 + d2 T1 T2 +

d3 T1 T2 + d4 T1 T2 + d5 T1 T2 + d6 T1 T2 + d7 T1 T2 + d8 T1 T2 - d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
- d6 T1 T2

2
-

d4 T1
2 T2

2
- d6 T1

2 T2
2
- d8 T1

2 T2
2
+ d2 T1

3 T2
2
+ d4 T1

3 T2
2
+ d2 T1

2 T2
3
+ d6 T1

2 T2
3
- d2 T1

3 T2
3
 p1,2+k p2,2+k

I n [ ] : = cvs = Union@Cases[eqn, p__ π__, ∞]

Ou t [ ] =

{πi, πj, πk, p1,2+i, p1,2+j, p1,2+k, p2,2+i, p2,2+j, p2,2+k}
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I n [ ] : = eqns = CoefficientRules[eqn, cvs] /. (_  c_)  (c  0)

Ou t [ ] =

-d1 T1
2 T2 + d1 T1

2 T2
2
 0, d1 T1

2 T2 - d1 T1
2 T2

2
 0,

-d1 T1 T2
2
+ d1 T1

2 T2
2
 0, d1 T1

2 T2 + d1 T1 T2
2
- 2 d1 T1

2 T2
2
+ d2 T1

2 T2
2
- d2 T1

3 T2
3
 0,

d1 T1 + d3 T1 + d5 T1 + d7 T1 - d1 T1 T2 - d3 T1 T2 - d5 T1 T2 - d7 T1 T2 -

d1 T1
2 T2 + d2 T1

2 T2 + d4 T1
2 T2 + d1 T1

2 T2
2
- d2 T1

2 T2
2
- d2 T1

3 T2
2
- d4 T1

3 T2
2
+ d2 T1

3 T2
3
 0,

d1 T1 T2
2
- d1 T1

2 T2
2
 0, d1 T2 + d3 T2 + d5 T2 + d7 T2 - d1 T1 T2 - d3 T1 T2 - d5 T1 T2 - d7 T1 T2 -

d1 T1 T2
2
+ d2 T1 T2

2
+ d6 T1 T2

2
+ d1 T1

2 T2
2
- d2 T1

2 T2
2
- d2 T1

2 T2
3
- d6 T1

2 T2
3
+ d2 T1

3 T2
3
 0,

d1 + d3 + d5 + d7 - d1 T1 - d3 T1 - d5 T1 - d7 T1 - d1 T2 - d3 T2 - d5 T2 - d7 T2 + d1 T1 T2 + d2 T1 T2 +

d3 T1 T2 + d4 T1 T2 + d5 T1 T2 + d6 T1 T2 + d7 T1 T2 + d8 T1 T2 - d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
-

d6 T1 T2
2
- d4 T1

2 T2
2
- d6 T1

2 T2
2
- d8 T1

2 T2
2
+ d2 T1

3 T2
2
+ d4 T1

3 T2
2
+ d2 T1

2 T2
3
+ d6 T1

2 T2
3
- d2 T1

3 T2
3
 0,

-d2 T1
2 T2

2
+ d2 T1

3 T2
3
 0, -d2 T1

2 T2 + d2 T1
2 T2

2
+ d2 T1

3 T2
2
- d2 T1

3 T2
3
 0,

-d4 T1
2 T2 + d2 T1

3 T2 + d4 T1
3 T2 - d2 T1

3 T2
2
 0, -d2 T1 T2

2
+ d2 T1

2 T2
2
+ d2 T1

2 T2
3
- d2 T1

3 T2
3
 0,

-d2 T1 T2 + d2 T1
2 T2 + d2 T1 T2

2
- d2 T1

3 T2
2
- d2 T1

2 T2
3
+ d2 T1

3 T2
3
 0,

d6 T1 + d8 T1 - d4 T1 T2 - d6 T1 T2 - d8 T1 T2 + d2 T1
2 T2 + 2 d4 T1

2 T2 - d2 T1
3 T2 - d4 T1

3 T2 - d2 T1
2 T2

2
+ d2 T1

3 T2
2


0, -d6 T1 T2
2
+ d2 T1 T2

3
+ d6 T1 T2

3
- d2 T1

2 T2
3
 0,

d4 T2 + d8 T2 - d4 T1 T2 - d6 T1 T2 - d8 T1 T2 + d2 T1 T2
2
+ 2 d6 T1 T2

2
- d2 T1

2 T2
2
- d2 T1 T2

3
- d6 T1 T2

3
+ d2 T1

2 T2
3


0, -d6 T1 - d8 T1 - d4 T2 - d8 T2 + d2 T1 T2 + 2 d4 T1 T2 + 2 d6 T1 T2 + 2 d8 T1 T2 -

d2 T1
2 T2 - d4 T1

2 T2 - d2 T1 T2
2
- d6 T1 T2

2
+ d2 T1

2 T2
2
 0, d2 T1 T2 - d2 T1

2 T2
2
 0,

-d2 T1
2 T2 + d2 T1

2 T2
2
 0, d2 T1 + d4 T1 - d2 T1

2
- d4 T1

2
- d2 T1 T2 + d2 T1

2 T2  0,

-d2 T1 T2
2
+ d2 T1

2 T2
2
 0, -d2 T1 T2 + d2 T1

2 T2 + d2 T1 T2
2
- d2 T1

2 T2
2
 0,

-d2 T1 - d4 T1 + d2 T1
2
+ d4 T1

2
+ d2 T1 T2 - d2 T1

2 T2  0, d2 T2 + d6 T2 - d2 T1 T2 - d2 T2
2
- d6 T2

2
+ d2 T1 T2

2
 0,

-d2 T2 - d6 T2 + d2 T1 T2 + d2 T2
2
+ d6 T2

2
- d2 T1 T2

2
 0

I n [ ] : = vars = Union@Cases[eqn, d_, ∞]

Ou t [ ] =

{d1, d2, d3, d4, d5, d6, d7, d8}

I n [ ] : = {sol} = Solve[eqns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Ou t [ ] =

{{d1  0, d2  0, d4  0, d6  0, d7  -d3 - d5, d8  0}}

I n [ ] : = sol /. (v_  val_)  (v = CF[val])

Ou t [ ] =

{0, 0, 0, 0, -d3 - d5, 0}

I n [ ] : = vars = Union@Cases[eqn, d_, ∞]

Ou t [ ] =

{d3, d5}
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I n [ ] : = ℒ[Xi,j[1]]

Ou t [ ] =

T1 T2 [ϵSeries[-p1,i x1,i + T1 p1,1+i x1,i + p1,1+j x1,i - T1 p1,1+j x1,i - p1,j x1,j +

p1,1+j x1,j - p2,i x2,i + T2 p2,1+i x2,i + p2,1+j x2,i - T2 p2,1+j x2,i - p2,j x2,j + p2,1+j x2,j -

p3,i x3,i + T1 T2 p3,1+i x3,i + p3,1+j x3,i - T1 T2 p3,1+j x3,i - p3,j x3,j + p3,1+j x3,j,

d5 p1,j p2,i x3,i + d3 p1,i p2,j x3,i + (-d3 - d5) p1,j p2,j x3,i]]

I n [ ] : = r1[1, i, j]

Ou t [ ] =

d5 p1,j p2,i x3,i + d3 p1,i p2,j x3,i + (-d3 - d5) p1,j p2,j x3,i
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