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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Initialization

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

The A2 Integrand

Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

In[-]:= T3 =Ty Ty
S={x_,pP__};
qls_, 1_, J_1 :=
Sum|Xa,: (Pa,i = Pa,is1) *Xa,5 (Pa,j = Pa,js1) *+ Xa,i ((1-Ta) Payiss + (Ta-1) Pa,je1)s {5 3}];5
L[Xi 5 [s_1] :=T3E[-q[s, i, j] +ery[s, i, j] +0[e]?];

Vs; :=Sequence[p; i, Xi,is P2,is> X2,i5 P3,is X3,i]3

The PXX Coefficients from R3

;[-]- mons = Monomiallist|
P3X1X2 /.
{ipx), »vai+va,i}

| 7. c_Integer mon_ :» mon;
k =0;
ri[1, i_, j_] := Evaluate[Sum[c,, mon, {mon, mons}]];
Clear[k];
ri[1, j, k]

Out[-]=

C1P3,5 X1,§ X2,j + C5 P3,k X1,§ X2,§ + €3 P3,j X1,k X2,5 + C7 P3,k X1,k X2,5 +

C2 P3,j X1,§ X2,k + C6 P3,k X1,j X2,k + C4 P3,5 X1,k X2,k + C8 P3,k X1,k X2,k
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inl-1:= {lhs} = Cases [j]E [7t1,i P1,i + 72,1 P2,i + 71,4 P1,j + 72,5 P2, + 71,k P1,k + 72,k P2,k ]

L/@ (Xi,5[1] Xiva,k [1] Xju1,k+2[1])
d{VSi, VSj, VSk, VSi,1, VSj.15 VSks1}, €Series[ , &5 ] » &, oo]
Out[e]=
{2 G TiTS P3,2+1 7T1,i 72,1 —
T (20 -CGraTi-GTir GG T - GT+GTiTo+ G TiTo- Ty To -
T+ CaTiTo+ T3~ CaTa T3+ CaTyTo - CaT5T3) P32 Ta,i Mayi +
(2c1+2cs-CiTi+CaTi-CsTi+CTi-C3Ti -G Ti-C1To+ G Ta-CsToa+Ce T~ Ty Ty -
C3TiTo+CaTaTo+CsTiTo-CeTaTo-CTiToCeTaTo+ i ToTo-CaTaTy+C7 T2 T, -
GTiTo+CTiTo- T3 -CeTo+CiTiT3-CaTiTo+CeTiT3-CgTaTo-2¢, TiTo+ ¢, T1 T3 +
GT T+ it -G T T+ T T3+ T - T T+ CaTE T3~ Ca T3 T3) P3,20k 7Ta,i 7T, +
G T2TS P3,2+i /11,9 72,i — T1 T2 (*C1 ~C3-C7+C1Tr-CTr+c3Ti T+ T%) P3,2.5 711, 72,1 +
(c1+ca4Cs+Cr-C1Tr+CTa-CsTo+CeTa-C TiTo-C3 Ty Ty -
G TiTo- T -CeTo+CiTiTo - TiT5+ CaTiT3) P3auk /a5 7o, +
3Ty T% P3,2+1 71,k 7T2,i = T1 (=1 +T3) T (C3+C4T2) P3,2.5 71,k 72,1 +
(c3+Cr+CaToarcgTy-C3TyTo-CaT5-CaTo-CaTiTo+CaTyT3) P30k e,k MT2,i +
O TITS P3,2:i 711,i 72,5~ T1 T2 (—C1 ~C-CetC1Ti-C3Ti+C3Ti+Cy Ty Tz) P3,245 7T1,i 72,5 +
(ci+Caves+Ce-CTiresTi-CsTi+CTi-C3Ti-¢, T3 -
CGTiTo-CTiTy-CeTiTy+ i TiT, -3 TiTr+¢3 T3 Tz) P3,2+k 7T1,i 72,5 +
CaT2T5ps,2.4 71,9 702,3 + T1 Ta (C1+Cq+Cg~CaT1T2) P3,2.9711,5 7T2,5 +
(Ch+Ca+Cs+Cg—-Cy Ty Ty -CqTyTy-CgT1Ty) P32,k 71,5 72,5 +
C3 Ty Ty P3,2.5 711,k 72,5 + (€3 + C7 = C3T1 Ta) P32k 711,k /12,5 +
CTiTaps,0.4 7,1 Mok~ (~1+T1) Ty (€2 +¢aT1) Ta P3,2+9 71,1 T2,k +
(ca+ce+CaTi+ceTi-CaTi-CeTi - CaTaTa-Ca T To+ Ca T3 To) 3,20k /11,1 T,k +
Co T1 T p3,2.5 711,572,k + (C2 + C6 — C2 T1 T2) P3,24k 11,5 72,k + Ca T1 T2 P3, 244 711,k 712,k +

Cq T1 T P3,2.5 7T1,k T2,k = 2 (~C4q — Cg + C4 T1 T2) P3,2.k 71,k 7T2,k}

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: DeterminingThePXXandXPPCoefficients.nb 2024-05-25 05:46:47

in[-]:= {rhs} = Cases [j]E [71,i P1,i + 72,1 P2,i + 71,5 P1,j + 72,5 P2,j + 71,k P1,k + 72,k P2,k]

L/@ (X5,k[1] Xi, k1 [1] Xjya,5+2[1])
d{VSi, VSj, VSk, VSi,1, VSj.15 VSks1}, €Series[ , &5 ] » &, oo]
Out[e]=
{2 G TiTS P3,2:i 711,i 7T2,i — 11 T2 (=2C1 - C5+2C1 Ty T)) P3,2.4 7T1,i 7T2,i +
(C1+Cs-C1T1T2) P3,oek 71,1 72,1 — €3 (=2 +T1) T2 T5P3 0.t 71,9 72,1+
TiTa(2C3+C-C3T1-2C3 Ty To+C3 T3 Ta) P32y 711, j 72,5 +
(=1+Tq) (-C3-Cy+C3T1Ty) P3,2.k 7T1,§ 72,1 + C3 T2 T3 P3,2.1 7T,k Ta,i -
C3 Ty Ty (=1 +T1T3) P3,245 711,k 7T2,i + (€3 +C7 = C3T1 T2) P32,k 711,k 72,1 —
;T3 (-2+Ty) T5p3 0.1 71,1 7,5+ T1 T <2 C2+Ce-CT-2CT1 T+ Ty T%) P3,245 7T1,i 72,5 +
(-1+Ty) (-Ca-Ce+CaT1Ty) P3,2.k 7T1,i 72,5 + Ca TIT5 (2-T1-T,+ Ty Ty) P3,2+i 711, 72,5 +
TiTo(C1+2Ca+Ca-CaTi-CaTo-CaTyiTo+CaTi T+ CaTiTs-CaTiT5) P3,aug i, i /ma,y+
(cl+c4+c5+c8—c4TlngT17C4T27C8T2*C1T1T2+C8T1T2+C4T%T2+C4T1T§*CATiTg)
P3,2.k 711, 72,5 — Ca T2 (-1+T,) T3 P3,2+1 711,k 72,5 +

T:1 T, (C3 +C-CaTy-CaT1Tr+Ca Ty T%) P3,245 711,k 72,5 +
(cs+cavcrrcg-CaTr-CaTa-C3TiTy-CaTyTo+ CaToT5) P32k 11k 72,5 +
Ca TET5P3,2.4 7,1 7o,k — €2 To T (=1 + Ty Ty) P3,2.j MTa,i 7,k + (Co + Co = €2 T1 Tp) P32k MTa, i 72,k
Ca (-1+Ty) T3ToP3,005 70,5 7o,k + T To (o4 Ca-CaTo-CaTyTo+ Ca T3 To) P3,cg /a5 Mo +
(cz +Ca+Ce+Cg-CaT1-CgTy-CoT1To-CaT1Tyr+0¢y Ti Tz) P3,2+k 71,5 72,k +

22
Ca T1 T3 P304 711,k 72,k = Ca T1 To (=2 +T1Tp) P3,2.5 711,k T2,k — 2 (~C4 — Cg + C4 T1 T2) P3,2.k 71,k 7T2,k}
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in[-]:= eqn = CF[1hs - rhs]
Out[-]=
LML (aTi+aT-GT -Gl G+ 2aTiT-GTiT, - Ty T+
GTiTa+ T To - Ti T - T3+ CaTi T - CaTi T3+ Ca T3 T3) 3,205 7101 7T, +
(c1+es-ciTi+esTi-CsTi+CTi-CTa-CTi-CiTa+ CTa-CsTa+CeTo+C Ty Ty -
CTiTy-CTaTo+CaTiToa+CsTaTo-CoeTiTo-CrTaTo+CgTaTo+ i TiTo-ca Ta T,y +
G TiTo-CeTaTy+C3T3Ta-CoTo-CeTo+CiT1To-CaTyTo+CeT1Ta-cCgTyTo-2¢, T2 T5+
(SR R EE TSN i ER N Eh e i ERNTH s E N P QRN ol EINSY S o QS i H
P3,2.k 71,1 72,1 + €3 (=1 + T1) T3 T3 p3 2.4 71,9 72,i -
TiTo(-ci+Ca-CTorciTa-CaTa-C3TiTa+C3 T To+ € T5) P3,2ug Ta,j 72,1 +
(c1+cs+C3TircTi-CiTo+CoTa-CsTo+CeTa-C Ty Ty -
GTiT-CTiTo- T - T+ TiTo-CaTi T3+ Ta T3) P3auk 71,5 T2, -
€3 (-1+Ty) T4 T3 P3,2+i 71,k 7T2,i + T1 To (-C3+Cat+C3Ty-CaTy) P3,2+9 711,k 72,1 +
(=1+Ty) Ty (-Ca-Cg+CqT1T2) P3,2.k 71,k 72,1 +
T2 (-1+Ty) T5P3,0.1 71,1 72,5 =
TiTa(-ci+Ca+ i Ti-CTi+CTi-CoTa- Ty To+ o Ty T3) P32 mai 72,5 +
(c1+es-ciTi+esTi-CsTi+CTi-CTa-C T3+ Ta+CeTo -
CTiTo-CeTaiTo+ i TiTo -3 Ti T+ 3 T3 Ty - € Ty T3) P3auk /1,1 712, -
Ca (-1+4Ty) T3 (-1+T,) T3p3,0.1 711,372, + €4 (=1 +T1) Ty (=1+T3) Tp (=1+T1T3) P3,2.5 771, 72,5 +
(CaTi+CaTi+CaTa+CaTa-CaTiTa-2CgTiTo-CaTiTo-CaTiT5+Ca T3 T5) P3,2uk /a5 72,5 +
T2 (-1+T,) T3 P3,2.1 711,k 72,5 —
Ca Ty (m1+Ty) To (=1 +T1T2) P3,2.5 711,k 7T2,5 —
(=1+Ty) (-Ca-Cg+CqT1T2) P3,2.k 711,k 7T2,5 —
QTI(-1+Ty) Ty P3,2+i 71,1 7T2,k+T% To (mCo+Ca-CqT1+CaT2) P3,2.5 11,1 T2,k +
(-1+Tq) Ty (-Ca-Cg+CqT1T2) P3,2:k 7T1,i T2,k +
Ca (-1+T1) TIT5ps,0.4 7,5 72,k = Ca (=1 +Tq) Ta Ty (=1 + Ty T2) P3,2.q 7T1,j T2,k —
(=1+Ty1) (-Ca-Cg+CqT1T2) P3,2.k /11,5 712,k ~

CaT1 Ty (=1 +T1T2) P3,241 T,k 72,k + Ca T To (=1 +T1 T2) P3,2.5 711,k 712,k

in[-]:= cvs = Union@Cases[eqn, p |7 , =]
Out[e]=

{P3,2+i) p3,2+j: p3,2+k) Tl,is 7T1,9s TTa,ks 7T2,is 772,55 7T2,k}
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in[-]1:= eqns = CoefficientRules[eqn, cvs] /. (_->C_) = (C = 0)
Out[~]=
(- TiT+ @ TiT) =0, o TiT, - TiT; =0, —c3 T3 T3+c3T; T3 = @,
G T T+ Ty - ToT3 =0, -, TaTo+¢, T3 T3 = 0,
GTiTa-C3TaT2 20, —C4 2T+, T2T3 =0, ¢4 Ty To-C, T2 T2 == 0,
ST T+ TiTo -3 Ty To - TaTo+ Ty T3 +2¢, TaT5 - TA TS -
GTT Tt + T T - T3 T - T T3+ TaT3 - TaTo + ¢4 T3 T3 = O,
GTiTo- T T -G T+ TiT, -G T To+ T To+ o T2 To -, T3 TS == 0,
ST T,+ G TaT - T3 T+, T2 TS = O,
GTiTo-GTiT+ G T - T T+ T Ta+ G TaTa - T3 Ta -, Ty Th == 0,
T T+ G T+ T T e T2 T2 T+ ¢ T3 TS = 0,
—Ca T o+ CaTaTy+CaTiTo-CaT3 T30, ~C3TyTo+CTaTo+C3TiTo-Ca T T; == O,
Ty o+ CaTaTo+CaTiTo - TaT3 =0, —C4 T1 To+ ¢, T3 T3 == 0,
C1+Cs-CyTy+C3Ty-CsTy+CTi-C3Ta-cyTo-cyTo+CoTy-CsTa+CeTo+C Ty Ty
CoTiTo-C3TaTo+CaTiTo+CsTaTo-CoeTiTa-CyTaTo+Ce Ty To+ i TaTy—Ca T2 T+
T T,—cgTaTo+ 3T Ta-CoTo-CeTo+C1 Ty Ta-CaTiTo+CeTaTo-cgTiTo-2¢; T2 T3+
GG T+ G T -G T+ G T+ G T -G T+ TeTi -, T2 T3 == 0,
c1+c5—clTl+c3T1—c5T1+c7T1—c3T§—c7T§+c2T2+c6T2—c1T1T2—
CeTiTo+C TiTo-C3TiTo+C3T3Ty-Co T T3 == 0,
CaTi+CeTi-CaTi-cCgTi-caTiTo+CaTaTy =0, C1+C5+C3T1+C;T1-CiTy+CaTy-
CsTo+CeTa-CiTiTo-CTaTo-C3ToTo-CoTo-CeTo+Ci Ty To-Co T T2+¢, T4 T5 == 0,
CaTi+CgTi+CaTa+CgTo-CaTiTa-2CgTiTr-CaTiTo-CaT1To+Ca T2 T5 = O,
~Ca-Cg+CaTy+CeT1+CaTiTo-CaTiT, =20, CuTa+CgTo-CaTo-CgTa-CaT1To+Ca Ty Ts == 0,

—C4—C8+C4T2+C8T2+C4T1T2—C4T1T§ = 0}

in[-]:= vars = UnioneCases[eqn, c_, «]

out[e]=
{€1, C2, C3, C4, C5, Cg, C7, Cg}

mn[-1-= {sol} = Solve[eqgns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
Cs Cg Ty
{{Clﬁe,C2%0,C3%0,C44)@,C7%*f*7,C8%0}}
T1 Ty
mnf-]:= sol /. (v_ > val_) = (v=CF[val])

Out[«]=
Cs + Cg Tz
——, e}

{e,0,0,0, -
Ty

in[-]:= vars = Union@Cases[eqn, c , »]

Out[«]=
{Cs, Ce}
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In[«]:=

Out[«]=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

L[X;,5[1]1]

T1 T, E [eSer‘ies [— P1,i X1,i + T1 P1,141 X1,i + P1,1+5 X1,1 = T1 P1,1+5 X1,1 — P1,§ X1,5 +

P1,1+j X1, = P2,i X2,i + T2 P2,1+1 X2,i + P2,1+j X2,1 — T2 P2,1+j X2,1 — P2,j X2,5 + P2,1+j X2,
P3,i X3,i + T1 T2 P3,1.1 X3,i + P3,1+3 X3,i — T1 T2 P3,1.5 X3,i — P3,§ X3,5 + P3,1+9 X3,

(Cs +Ce T2) P3,5 X1,5 X2,
Cs5 P3,j X1,1 X2,i — T +C6 P33 Xl,iXZ,jH
1

ri[1, i, j]

(Cs +Ce T2) P3,j X1,5 X2,
Cs5 P3,j X1,i X2,i — T + Ce P3,j X1,i X2,j
1

The XPP Coefficients from R3

mons = MonomiallList |
X3 p1p2 /.
{(vip X)), »va,i+vaj}

] 7. c_Integer « mon_ s mon;
k =0;
ri[1, i_, j_] := Evaluate[Sum[d,,xmon, {mon, mons}]];
Clear[k];
ri[1, 3, k]

d1 P1,5 P2, X3,5 + ds P1,k P2, X3,5 + d3 P1,§ P2,k X3,5 + d7 P1,k P2,k X3,5 +

dy p1,j P2, X3,k + de P1,k P2,5 X3,k + da P1,5 P2,k X3,k + dg P1,k P2,k X3,k
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in(-1:= {1lhs} = Cases[j]E [7t5 P3,i + 70§ P3,§ + 7T P3,k] £/7@ (Xi,5[1] Xiua,k[1] Xju1,k+2[1])

d{VS;i, VSj, VSk, VSi,1, VSj.1, VSk.1}, €Series[_, 51+ &, co]

Out[«]=
212 22
{dz 70 T1 To P1,2+1 P2,24i + 201 713 T3 T3 P12+ P2, 241 + A2 715 T1 T3 P1, 244 P2,244 -

713 Ty (-dy —ds +dy Tq) T% P1,2+5 P2,2+1 =715 T1 (=dy —dg +dy Ty) T% P1,2+5 P2,2+i —

7 (—dy —dg +dy T1) TaP1,2.k P2,2+4 — (da +dg) 715 (-1 +Tq) T5P1,2:k P2,2:i -

ny (—dy-ds+di T3) T3 p1ou P2,2.1 - 7 T3 To (—dp - d3 +dy T2) P1,2ei P2,2.5 -

5 TiT, (-dy—da +dy Ty) P1,24i P22+ + A2 7 T1 To P1,2.5 P2,245 +

75 T1 Ty (dy+dy+dg +dg+dg —da Ty —da T1 —da To —dg T2 +dy T1 Ta) P1,245 P2,245 -

n3TiTy (-2dy-dy-ds—dy+dy Ty +d3 Ty +dy To+ds Ty~ da Ty To +dp T3 T3) 1,205 P2,205 -

T (=dy —de +da T1) Ta P12k P2,245 —

3Ty (-di-dy-da-ds —dg -dg +dy Ty +dy T1 +da Ty +dg Ty +dg Ty +dp To +dg To - dy Ty To - dg T Ta)

P1,2.k P2,2+5 + 7 T2 (2d1+d3+2d5+d7—2d1T1—d3T1—d5T1—d7T1—lez—d5T2+
daTiTo+de TaTo+di T3 T - da T3 T~ dp T3 T3 —dg T3 T35+ da T3 T5) P12k P2,245 -

(dy +dg) 75 T2 (=1 +T2) P1,241 P2,2:k ~ Tk T1 (~da —dg + da Ty) P1,2.1 P22k -

73 T3 (=dy = d3 +d1 T3) P1,2.0s P2,20k - 7k T1 (—da = dg + da T2) P1,2.5 P2,20k -

75Ty (md1-dy—d3-dg-dg-dg +dy Ty +da Ty +d1 To+do To+da To+dg To+dg To -dy T1 To - da T1 Ty)

P1,2:§ P22k + 711 T (2d1+2d3+ds+d7-dy Ty -d3 Ty -2d3 To-d3To-ds To - dy Ty +
daTaTo+da TaTo+di TaT5-da Ty T5 - dp T3 T3 - dg T3 T3+ da T3 T3) 12§ P2, 20k +

27 (dy+dg+dg+dg—dy Ty —da Ty —dy Ty —dg To +.dy T1 Ta) P1,24k P2,2:k +

Ty (dy+dy+d3+dg+ds+dg+dy+dg-di Ty -dy Ty -d3 Ty -dg Ty -dg T1 -dg Ty -d1 T, -dy T -
daTo-dsTo-dsTo-dg To+dy Ty To+da Ty To+da Tu To +ds Ty To +dg Ta T2) P1,2.k P2,20k +

7Ty <2d1+2d3+2d5+2d7—2d1T1—2d3T1—d5T1—d7T1—2d1T2—d3T2—2d5T2—d7T2+2d1T1T2+
Ay TyTo+dsTaTy+da TaTo+ds Ty Ty +de TaTo+dy Ty Ty +dg Ti To—dy T3 T, —da T3 T, - dy Ty T3 -
deT1T5 - daTi T3 -de T3 T5 - dg Ti To+dy Ty 15 +da Ty T+ dp T3 T3+ dg T3 T3~ da T3 T3) Pa,2k P2,2:k
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inf-]:= {rhs} = Cases[j]E [7ti P3,i + 775 P3,5 + 7k P3,k] £ /@ (X4, [1] Xi, ka2 [1] Xiu1,4.2[21])

d{VSi, VSj, VSk, VSi,1, VSj,1, VSk,1}, eSeries[_, & 1= &, oo]
Out[]=
{2 d 71 T3 T3 P1,2:4 P2,2+i + A2 7 T3 T5 P1,24i P2,24i - da 715 T2T5 (-2+T1Ty) P1,2ei Pa,21 -

dye (-1+T1) T4 T P1,2+5 P2,2+1 = i T1 (-2dy —ds +2d; Tq) T3 P1,2:9 P2,2+i +

7ty Ta T3 <2 dy+dg-2dy Ty -dy Ty T, +d, T3 Tz) P1,249 P2,2+1 - 714 (-dy —ds +dg Tq) T P1,2:k P2,2+i —

T (~dy —dg +da T1) T3 p1,2.k P2,2+1 + 71§ (-dy —dg +dy Tq) T3 (-1+T1Ty) P1,2ek P22+ -

dy T2 (-1+T2) T P1,2+1i P2,2+9 = 71 TiT, (-2d; -d3 +2d; Ty) P1,2+i P2,2+5 +

73T, <2 dy+dy-2d, T, -do Ty Tr+dy Ty Tg) P1,2+1i P2,2+j +

Ao e Ta Ty (2-Ty - To+T1T2) P1,24g P2,249 +

73 Te Ty (2dy+d3+ds +dy -2d3 Ty -d3 T1 -2d; Tp - ds Ty +2dy Ty Ta) P12 P2,245 +

73 TiTy (dy+2dy+dg+de+dg-2da Ty -da T1-2d To-de Tp+dp Ty To+dp TE T+ dp Ty T5 - dp T3 T3)
P1,24§ P22+ + 7 (—dy —dg +dy T1) (=2 +T3) ToP1 2.k P2,249 +

7ty (=d1—ds+dy T1) (=1+T2) TaP1,24k P2,245 -

75Ty (~dp-dy—ds—dg+dy Ty +da Ty +da To+de T+ dg Ty To - da T3 To - da Ty T5 - dg Ty T3 + dp T3 T3)
P1,2:k P2,2.5 - 71 T2 (~d1 —d3 +d1 T2) P1,2.:1 P2,2:k -

T T2 (~dy —dg +dy T2) P1,2.i Pa,2ck + 713 T2 (=da—da+dy T2) (-1 +T1T2) P12 P2,2ek +

7ty (=14 Tq) Tq (=dy —d3+d1 T2) P1,24§ P2, 20k + 7k (=2 +T1) Tq (=dy —dg +dy T2) P1,245 P2, 24k -

73Ty (~dp-dp—d3—dg+da Ty +dg Ty +dr To+da To+da Ta To-da T3 T - dg T3 T, - dp Ty T3+ dp T T3)
P1,2+ P2,2:k + 73 (d1 +d3+ds+dy—dy Ty —d3 Ty —dy Tp —ds To +.dg T1 To) Pa,2sk P2, 24k +

27 (dy+dg+dg+dg—dy Ty —dg Ty -dy To —ds T +da T1 Ta) P1,2:k P2,24k +

7T <d1+d2+d3+d4+d5+d6+d7+d8—d1T1—d2T1—d3T1—d4T1—lez—dsz—dst—d6T2+

diTiTo-daTiTo-dg T To-dg TaTo+ da TiTo+da T3 T+ da Ty T3+ de To T3 - dy T3 T5) 1,20k P2,20k |
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in[-]:= eqn = CF[1hs - rhs]
Out[-]=

~d2 7T Ty (=14 TaT2) P1,2ei Po,2ei + Ao 713 TE T3 (-1 +T1T)) Pa,2ei Po,2ei +

di7s (~1+T1) TeT5P1,2.9 P22 +da 7 (-1 +T1) T1T5P1,2.5 P2,201 -

dyty (=1+Tq) Tq T% (=1+T1T3) P1,245 P2,241 + 7k (=da—dg +da T1) (=1 +T2) Tap1,2.k P2,24i -

di 7ty (-1 +T1) Ty T3 P1,2.k P2,244 +715 Ty T3 (~de +dy Ty +dg To —dy Ty T2) P12k P2,241 +

di 7 T3 (=1 +T2) TaPa,2:i P2,2:j + A2 7 T3 (=1 +T2) TaPa,2.i P2,24g -

dy 7y T2 (-1+Ty) Ty (-1+T1T2) pa,oes P2,249 —d2 7k (=1 +T1) Ty (=1 +T3) T2 P1,2.9 P2,245 +

dp7ty (=14 T1) Ta (=1+T3) To (=1+T1T2) P1,24§ P2,245 -

i T Tp (*dl Ty-diTy+2dy T3 To-da Ty To +dy TS Tg) P1,2+j P2,2+5 -

T (=dy —dg +dy T1) (=1+T2) TaP1 2.k P2,245 -

75Ty (~da-dg+da Ty +dg Ty +dg Ty -da Ty To-2de Ti To+dy T3 T+ da Ty T2 +dg T T3 - dp T3 T3

P1,2.k P2,2+9 + 711 T2 <d1+d3+d5+d7—d1T1—d3 Ty-dsT1-d; Ty -dy Ty Ty +

ATy To+dg TaTo+di T2To-dy TaT, -da T2T5 - dg T3 T35+ dy T3 Tg) P1,2:k P2,2:9 —

di 7t T3 (=1 +Tp) TaPa,2ei P22k + 7k (-1 +T1) Ty (=dy —dg +dz Tp) P1,2ei P2,20k +

735 Ti Ty (~da+dy Ty +da Ty —dy Ty T2) P21 P22k — 7k (=1 +T1) Ty (~dy —dg +dy Ty) P1,2.9 Pa,2ek —

75Ty (~de-dg+da To+dg To+dg To—da Ta T - 2da Ty T+ da T3 T+ dg T3 To +dp Ty T3 - dy T1 T5)

P1,245 P2,2+k + 711 T1 <d1+d3+d5+d7—d1T2—d3 To-dsTp-d7To-dy Ty To +

B TiTo+da Ty T4 di TiT3-da Ty T3 -dy T3 T3 - da TE T3+ dp T3 T;) P1,2+5 P2,2+k +

7T (—d6T1—dng—d4T2—d3T2+d2T1T2+2d4T1T2+2d6T1T2+2d8T1T2—
dy Ti Ty -dy4 Ti T,-dy Ty T% -dg Ty T% +d; Ti T%) P1,2+k P2,2+k +

7 (dy+ds+ds+dy-di Ty -dsTy-ds Ty -dy Ty -di To-d3 To-ds To-dy T+ dy Ty T+ dp Ty To +
3Ty To+dgTaTo+ds Ty Tordg TaTo+d7 Ty To+dg Ta Ty —da T2 T, —dg T2T, - da Ty Ta —dg Ty T5 -
daTiTs-deTi Ty -dg TiTo+dy T3 T +da T T3+ dp T3 T3+ ds T T3 - d2 T3 T3) P2k P2, 24k

in[-]:= cvs = Union@Cases[eqn, p |7, =]

Out[«]=

{7ty 755 Tk P1,2+is P1,2+95 P1,24ks P2,2415 P2,2455 P2,2+k}
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in[-]1:= eqns = CoefficientRules[eqn, cvs] /. (_->C_) = (C = 0)
Out[-]=

{-diTiTa+dy 137520, d1 T3 T, -dy T3 T35 = 0,

A Ty T3+ di T3T5 20, dy TiT,+dy Ty T3 -2d; TaT5+dy TAT5 - d, T3 T3 == O,

diTi+d3Ty+dsTy+dy Ty —di Ty To-d3 TaTo-ds Ty T - dy Ty Ty -
Ay TiTo+dy TiTy+dg Ti T+ dy TiT5-da TIT5-dy T3 T5-da T3 T5+d, T3 T5 == O,

diT1T3-diTiT5 =0, di Ty +d3To+dsTy+dy;To—di Ty Ty -d3 Ty T ~ds Ty T, - dy Ty Ty -
A TiT5+dyTaTo+de TeTo+d TiT5-da TIT5-dy TiT5 -de TE T3 +dy, T3 T3 == O,

di+d3+ds+d;~di Ty ~d3Ty~ds Ty ~dy Ty ~di To-d3To-ds T, ~dy o+ dy Ty T+ dp Ty Ty +
d3TyiTo+daTaTo+ds TaTo+de TaTo+dy TuTo+dg Te T~ dp TE T~ dg TE T - dp Ty T3 -
deT1T3-daTiT5 - dg T3 T3 -dg TiTo+dy T3 T3+ da T3 T+ dy Ti T3+ de TAT5 - dy T3 T5 == O,

~dy TiIT3+dy T3T3 =0, o TiTo+dy Ti T3+ T3 T5-dp, T3 T3 == O,

T T+ dy T3 T+ da T3 T - dy T3 T30, o Ty To+d, Ti T3+ ToT5 - dp T3 T3 == O,

Ty T+ dy Ti T+ da Ty T3 -dy T3 T3 -da TiT5 +d, T3 T; == O,

deTi+dg Ty~ daTaTo-dgTaTo-dg T To+ o TaTo+ 2da T To - Ao T3 T - dg T3 T, - dp T3 T3 4+ dp T3 TS ==
0, deTaT5+dy T1T3+de TaT5 - d, T1 T; == O,

daTo+dgTo-daTyTo-dgTaTo-dgTaTo+da TiT3+2ds TaTo - da Ta T3 - Ao T1 T3 - dg T1 T +dp T T3 ==
0, dsT1-dgT1-daT,-dgTp+dyT1T,+2da Ty Ty +2de Ty To +2dg Ty Tp -
A TiT, - daTiT,~dy 11T -de Ta T3 +dy Ti T30, dy Ty T, - d, T1 T3 == O,

~da TiT+dy 7373220, dy Ty +dg Ty -dp T - dg T1 -y Ty T, +dp, TI T, == O,

T T3+ d TiT5 =0, -d Ty To+da Ti T, +dy T T35 - dp T TS == 0,

Ay Ty -da Ty +da T +da T3+ da Ty T -y T3 T, =0, dy To+dg To - da Ty T, - dy T3 - de T3+ dp Ty T3 == O,

~dyTo-de T+ da Ty To+dy T3 +dg T5 - dy Ty T5 = @}

in[-]:= vars = Union@Cases[eqn, d , =]

Out[«]=

{dl: d2) d3; d4) dS) d6) d7) d8}

mn[-1-= {sol} = Solve[eqgns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=

{{dlﬁe, dzﬁe, d4%0, d6%0) d7%—d3—d5, dg%e}}

mnf-]:= sol /. (v_ -»val_) = (v=CF[val])

Out[«]=
{0) 0, 0, 9, _d3 _dS) @}

in[-]:= vars = Union@Cases[eqn, d , =]

Out[e]=

{d3: dS}

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: DeterminingThePXXandXPPCoefficients.nb 2024-05-25 05:46:47

in[-1:= L[X3,5[11]
Out[«]=
Ty Ty E[eSeries[-p1,i X1,i + T1 P11+ X1,1 + P1,1+§ X1,1 — T1 P1,149 X1,1 - P1,§ X1,§ +
P1,1+9 X1,5 = P2,1 X2,1 + T2 P2,141 X2,1 + P2,1+9 X2,1 = T2 P2,1+j X2,i = P2,§ X2,j + P2,1+5 X2,5 —
P3,i X3,i + T1 T2 P3,1.1 X3,i + P3,1+5 X3,i — T1 T2 P3,1.5 X3,i — P3,§ X3,5 + P3,1+9 X3,

ds p1,j P2,i X3,1 +d3 P1,i P2,j X3,i + (-d3—ds) P1,5P2,5 X3,1] ]

In[«]:= I"l[l, i, j]
Out[e]=

ds P1,j P2,i X3,i + d3 P1,i P2,§ X3,i + (-d3 - ds) p1,jP2,9 X3,1
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