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Pensieve header: Mathematica notebook for the 2-variable perturbed Alexander invariant.

Initialization

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << ../APAI/Rot.m];
TS=TS;
(a*)" := a"“ﬁ; (+ this is for cosmetic reasons only «x)
6; ,j :=If[1=7,1,0];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.
Lower Rank 2 Gassner: (Modified from Rank2Gassner.nb)

in[-]:= LR2G; ,j [& ] := Expand[& /. {e; > Te;+ (1-T) e;, f;:5SFf; + (1-5) 5,
8i»TSgi+(1-TS) g;
+S(T-1)e;jfi+(S-1)Te; f;+ (S+T-25T) e;f;}1;
LR2G; ,; [& ] :=Expand[& /. {e;» T e+ (1-T") ej, fi oS F+ (1-57) 5,
gim»Tistgi+ (1-T"s?) g
=S (1-T ) e Fi T (1-5TY) e fy e (ST 251 T) e 5}
bas =
{e1, ey, e3, f1, Fy, f3, e1F1, e1F, €3 f3, e;F1, e Fy, €, F3, e3fy, ey, e3fs, 81, 82,5 83)5
(bas // LR2Gy,, // LR2Gy,;) == bas
(bas // LR2Gs,, // LR2Gs,;) == bas
(lhs = bas // LR2Gy,, // LR2Gy,3 // LR2Gy,3) == (bas // LR2G,,3 // LR2Gy,3 // LR2Gy,,)

Out[«]=

True
Out[]=

True
Out[e]=

True
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The Target Program

mf-1:= Ry[s_,1_, 3 1 :=TBD; (+ a sign(s) dependent quadratic polynomial in gi.5, G2uss 9305
and y.s,, where deg y.s,=2 and o,B,ye{i,j}, with coefficients in z[T*},5*1]|. «)
CF[&_] := Factor@Together[&];

ALK ] = Module[{Cs, @, n, A, s, i, j, k, A, G, gEval, Y, yEval, c, A1},
{Cs, 0} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n +1];

Cases[Cs, {s_, i, j } = (A[I{i, G}, {i+1, j+1}] += ('GTS TS_'ll))];
A = T(-Total[e]-Total[CS[ALL,11]) /2 pat [A];
G = Inverse[A];
gEval[& ] :=CF[& /. a " »a+1/.
{81,a ,5 »Glla, AN, 82,a,s = (Gla, A1 /.T>S), 83,0 ,s » (Gla, A1 /. T>TS)}1;
Yia_, A, ».]1 i=Sum[{s, i, j} = c;
83,a,i (S° (T°-1) 81,55, 82,50, + (S°-1) T g1,iv,5 82,5, 5 + (S +T° -2T5%) 81,5, 82,5,) »
{c, Cs}];
YEVall& 1 :=CF[E /. Yo 5,y »YIa, A, ¥11;
A= 3" Ri@@CsTk] - %" GIKD (Baik + Bk + 83,,6) 3
{A, A(A/.T>S) (A/.T->TS) Al} // yEval // gEval

Step-by-step Run-Through
m(-1:= CF[&_] := Factor@eTogether[&];

nf-1:= K= {
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]],
Knot[6, 2]
3011
Out[e]=

PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]]

in[-1:= {Cs, @} = Rot [K]

Out[«]=
{{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}, {0,0, 0, -1, 0, 0}}

In[~]:= N
A

Length[Cs];
IdentityMatrix[2n+1];

Cases[Cs, {s_,1_, 7 }» [AL{i, 7}, {1+1, J+1}] += (—OTS 7511))]3
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in[-1:= A // MatrixForm

Out[-]//MatrixForm=

1 -T 0 0 -1+T © 0
0 1 -1 (<] (<] <] <]
0 0o 1 -T 0 0 -1+T
0 0o 0 1 -1 0 0
0 0 -1+T 0 1 -T %]
0 © ] (] (] 1 -1
0 0o <] <] (<] (<] 1

o[- A = T(-Tetalle]-Total[CSIALL A1) /2 pat (]

Out[«]=
1-T+T?

T
in[-]:= G = Inverse[A];

G // MatrixForm

Out[~]//MatrixForm=

In[«]:=

In[]:=

out[e]=

T-T2+73 1 T-T2+73 1 T-T2+73 1
1-T+T? 1-T+T? 1-T+T?
1 T T T2
e 1 2 2 2 2 1
1-T+T 1-T+T 1-T+T 1-T+T
1 T T T2
e @ 2 2 2 2 1
1-T+T 1-T+T 1-T+T 1-T+T
1-T 1 1 T
e e 2 2 2 2 1
1-T+T 1-T+T2  1-T+T 1-T+T
1-T T-T? 1 T
e e 2 2 2 2 1
1-T+T 1-T+T 1-T+T 1-T+T
7] 7] 0 7] 0 1 1
0 0 0 0 0 0 1

gEval[&s ] :=CF[& /. a " »a+1/.
{81, ,5 »Glla, Bl 82,0 ,s  (Glla, Bl /. T>S), 8,s,s » (Glla, A1 /. T>TS)}];

Clear[Y]

Yla , B, »v.1:=Y[a, B, ] = Sum[{s, i, j} =¢;

2024-06-04 02:29:54

83,0,1 (S° (T°-1) 81,5, 82,1, » + (S°-1) TP 81,3+, 5 82,5, » + (S°+T°-27S°) g1,5:, 5 82,5, +) 5

{c, Cs}]

81,47,182,1,1 +
81,4,282,17,1 +
81,4,382,17,1 +
81,4,182,17,1 +
81,4,282,17,1 +
81,4,382,17,1 +
81,47,1 82,1*,1 +
81,47,2 82,17,1 +
81,47,3 82,17,1 +

S) T81,17,182,4,1+
S) T81,17,282,4,1+
S) T81,17,382,4,1+
S) T81,1,182,4,1+
S) T81,1+,282,4,1+
S) T81,17,382,47,1+
S) Tg1,17,182,4,1+
S) Tg1,1,282,4,1+
S) Tg81,1+,382,4,1+

(
(
(
(
(
(
(
(
(

Column[MatrixForm /@ Table[Y[a, B, ¥, {a, 3}, {B, 3}, {¥, 3}11]

S+T-25T) 81,4,182,4 1
S+T-25T) 81,4,282,4 1
S+T-25T) 81,4,382,4 1
S+T-25T) 81,4,182,4°,1
S+T-25T) 81,4,282,4°,1
S+T-25T) 81,4,3 82,41
S+T-2ST) 81,4',182,4',1
S+T-25T) 81,4',282,4',1
S+T-25T) 81,4,382,4°,1
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in[-]:= Column[MatrixForm /@ Table[Y[a, B, ¥] // gEval, {a, 3}, {B, 3}, {¥, 3}11]

Out[]=

7] (%} 7]
9 9 _(-1+5)7T
1-5+52
0 - S (-1+T)?  -S+82-T+25T-25°T+T?-25T%+25° T?
1-T+T2 (1-545%) (1-T+T?)
(%) 0
0 0 0
ST (-S-T+2ST)
00 (1-5+5%) (1-T+T?) (1-ST+S*T?)
0 0 0
0 0 0
2 0 ST (-S-T+2ST)

T (1-5+57) (1-T+T?) (1-ST+S2T?)

inf-]:=  YEVal[& 1 :=CF[&E /. Ya 5,y »Y[a, B, ¥]]

The g-Rules

mi-1-  gRules, ; . i={
81,i,8 61,5+ T Bui,p+ (1-T°) 81,50,05 B1,5,5 65,5 + 81,5,
gl,a_,i » T (gl,a,i* - 6a,i‘) ] gl,a_,j > gl,a,j* - (1 - Ts) gl,a,i - aa,j‘.v
82,i,5  6i,s+S° B2,ir,5+ (1-5°) 82,5,65 82,5, 64,5+ 82,5°,65
82,0 ,i S (82,a,i* — 64,i*) s 82,0 ,5 * 82,a,5" = (1 = 55) 82,a,i =04,
83,1,5 61,5 +T5° 83,ir,5+ (1-TS°) 83,50, 55 83,5,5 > 6,5 + B3,5",5
83,0 ,i ™ TS (83,4,i" = 64,i*) s 83,0 ,7 > 83,0,7" - (1 = TSS) 83,a,i = 6a,j

In[«]:= (gS = Table[{gl,a,/i) gZ,a,B, g3,a,/3}) {aJ 2n+ 1}: {/3: 2n +1}])[[1 35 2) 1 35 2: 1 35 2]]
Out[]=
{{{81,1,15 82,1,1}> {81,1,25 82,1,2} 1} {{81,2,15 82,2,1}» {81,2,25 82,2,2}}}

in[-]:= Cs

out[e]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}

mi-1- (gS /. BRUleSsequencesecspag) [1 55 25 155 2, 155 2]
Out[«]=
{{ {(1+Tg1,10,1+(1-T) 81,4 ,15 1 +582,17,1+ (1-5) 82,47,1}>

{T81,17,2+ (1-T) 81,4,2, S82,17,2+ (1 -S) 82,47,2} }»
_I-F[z == 1+: 1, 0] +81,2,1° _I'F[z == 1+: 1, 0] +82,2,1"

{{ - s s }: {81,2,25 82,2,2}}}
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i1~ gEval[gs - (gs /. FlatteneTable [gRuleSsequenceeacs (€5 CS}])]

Out[-]=

{{{e, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}],
{{o0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {O0,0,0}, {O0,0,0}, {O0,0,0}},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {O0,0,0}, {O,0,0}, {O0,0,0}},
{{9, 9, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}}}

The y-Rules

mi-1-  yRules, ; ; :={
Vi, TS Vi, 5,5+ (1-TS%) Vo, 0,5 +
(S° (T°-1) Br50,0 82,005 + (S°-1) T 81,1, 5 82,50, + (S°+T° - 27T5%) €1,5, 5 82,5%,») 5
Yia v Y56,
Yo ,ivy T Ya,iv, s + (1 = SS) 83,a,i 82,5,
Yo iy @ Yaritr = (1-T°) Yayi,r - 83,a,1 (S° (T°-1) 82,00,, + (ST +T° -27T5°) g2,5,,) »
Yo 6,95 Yo,z + (1-T°) 83,0, 81,5°,45
Ya 8,5 Ya,8,5 = (1-5°) Ya,5,1 - 83,a,i (T° (S°-1) 81,15+ (S°+T° - 27T5°) g1,4,5)

in[-]:= (ys = Table[Ya,p,ys {05 2N+1}, {B, 2n+1}, {¥, 2n+1}])[1;;2,1;;2,1;; 2]
out[e]=
{{{y1,1,15 Y1,1,2}5 {¥Y1,2,15 Y1,2,23 5 {{Y2,1,15 ¥Y2,1,2}5 {¥Y2,2,15 ¥2,2,2} }}

in[-]:= Cs

Out[]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}
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Inf-]:= (ys /. yRUIeSSequence@@Cs[[l]]) [l;52,13;2,1;; 2]
Out[«]=

{165 (14T gua 1800+ (-1+9) Tr,1,1 80,01+

(S+T-2ST) 81,4,182,4,1+STY1:,1,1+ (1 -ST) Yar 1,1, S (-1 +T) 81,4,182,17,2 +
(-1+S) Tg1,1+,182,4,2+ (S+T~-2ST) 81,4,182,4,2+STY1,1,20+ (1 -ST) Yar 1,2},

{S(-1+T) 81,4°,282,1,1+ (-1+5) T81,1-,282,4,1+ (S+T-25T) 81,4°,282,4,1 +
STY1,2,0+ (1-5ST) ¥ar,2,2, S (-1+T) 81,4,282,17,2+ (-1+5) Tg1,1,282,47,2+
(S+T-2ST) 81,4,282,4,2+5TY1,2,0+ (1 -5T) Yar,2,2}},

Y2,17,1 Y2,1°,2
{{ (1-5) 82,4-,183,2,1+ ! (1-5) 82,4-,283,2,1+ 7}

2

{ (1-T) 81,4",283,2,1 + )/2,% ’ YZ,Z,Z}}}

i1~ YEval[ys - (ys /. yRuleSsequencesecspay) | [15 15 1T
Out[e]=
S81,4,182,1,1 -ST81,4,182,1,1+ T 81,17,182,4,1 - ST 81,1,182,4,1 - S81,4,182,4",1 —
T81,4,182,4,1+25T81,4,182,4,1-S81,4,182,1°,183,1,1 + ST 81,4,182,1°,1 83,1,1 —
T81,1,182,4,183,1,1 +ST81,17,1 82,47,1 83,1,1 + S 81,4,1 82,4,1 83,1,1 + T 81,47,1 82,47,1 83,1,1 ~
25T81,4,182,4,183,1,1 ~S81,6",182,3,183,1,3+5ST 81,6°,182,3,183,1,3~ T 81,3,1 82,6°,1 83,1,3 +
STg1,3,182,6°,183,1,3+581,6",182,6°,183,1,3+ 1 81,6°,182,6,183,1,3-25T81,6°,182,6,183,1,3+
S81,2,182,2,183,1,5+ 1 81,2°,182,2,183,1,5 - 25T 81,2,1 82,2,183,1,5 ~ T 81,5',1 82,2",1 83,1,5 +
STgi,5,182,2°,183,1,5 - 5S81,2°,182,5,183,1,5 + ST 81,2,1 82,5,183,1,5 + 2T 81,4,1 82,17,1 83,17,1 —
S?T° 81,4',182,1,183,1,1+5S T? 81,1°,1 82,4",1 83,1°,1 — S?1? 81,1°,1 82,4",1 83,1°,1 —
S°T 81,4,182,4",183,1,1 -5 T 81,4',182,4",183,1,1 + 2 S?T? 81,4,1 82,47,183,1°,1 +
S*Tg1,6,182,3,183,1,3 S T 81,6',182,3,183,1,3+ST° 81,3,182,6,1 83,1,3 -
S*T%81,3,182,6',183,1,3 -5 T81,6,182,6,183,1,3- ST B1,6°,182,6',183,1°,3 +
25°T%g1,6,182,6,183,1,3 - S°T81,2,182,2,183,1,5 - ST° 81,2,182,2,1 83,1°,5 +
25°T%g1,5,182,2,183,1,5 + ST  81,5,182,2,183,1,5 -5 T° 81,5°,1 82,2°,1 83,1°,5 +
S®Tg1,2,182,5,183,1,5 S T°81,2,182,5,183,1,5 + S81,4',182,1°,183,4,1 - ST 81,4',182,1°,1 83,4",1
S*T81,4,182,1,183,4,1+S T 81,4,182,1°,183,4,1 + T81,1,182,4,1 83,4,1 - ST 81,1-,1 82,4 ,1 83,4°,1 —
ST’ 81,1°,182,4,183,4,1+S T 81,1,182,4°,183,4',1 - S B1,4,182,4,1 83,4°,1 - T 81,2°,1 82,4°,1 83,4 ,1 +
25T81,4,182,4°,183,4,1+ 2T 81,4,182,4°,183,4,1+5 T 81,4',1 82,4",1 83,4",1
25°T%g1,4,182,4,183,4,1+S81,6,182,3,183,4°,3-ST81,6,182,3,183,4,3 -5 T81,6,182,3,183,4,3+
S*T%g1,6',182,3,183,4,3+ T81,3,182,6,183,4,3- ST 81,3,182,6,183,2,3-ST°81,3,182,6°,183,4°,3 +
S*T%81,3,182,6',1 83,4°,3 - S 81,6',1 82,6°,1 83,4,3 ~ T 81,6°,182,6°,183,4,3+2S T 81,6°,1 82,6°,183,4°,3 +
S®Tg1,6,182,6,183,4,3+ST°81,6°,182,6°,183,4,3- 25T 81,6,182,6,183,4,3
Sg1,2,182,2,183,4,5 T81,2,182,2,183,4,5+25ST81,2,182,2,183,4,5+5 T 81,2,182,2,183,a°,5 +
ST’ 81,2°,1 82,2,1 83,4°,5 — 2 s?T? 81,27,182,2°,1 83,4,5 + T 81,5',1 82,2",1 83,4",5 —
STgi,5,182,2:,183,4,5-5 T 81,5',1 82,2°,1 83,4",5 + S 81,5',1 82,2°,1 83,4",5 +

2 2.2
S81,2,182,5,183,4,5-ST81,2,182,5,183,4,5 S T81,2,182,5,183,4,5+5 T 81,2,182,5,183,4,5
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i - gEvaleyEval[ys - (ys /. Flatten@Table[gRulessequencececs (€5 CS}]) ]

Oout[-]=
{{{o, 0, 0,0, 0, 0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},

{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 0, 0, 0, 0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9,9,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 0,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},
{0,090,90,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 9,0, 0, 0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}}}

Invariance of y,s, under remote R2s

in[-]:= Clear[i, j1;
Cs = {{1, i, §}, (-1, i", 3*}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (S° (T°-1) 81,58 82,i%,w + (S - 1) T° 81,1,8 82,59 + (S°+T° - 2TS%) 81,5, 82,5,%) »
{c, Cs}]]
Simplify[Z //. gRules, ; jUgRules ; ;. 5. /. _If - 0]

Out[e]=
{{1) i) J}J {_1) i+) J+}}
out[e]=
(S(-1+T) 81,4,882,i",y + (-1+S) T81,i",582,,4y+ (S+T-25T) 81,5,582,9",v) 83,a,1 +
1 1
(-1+7) 8Ly sBa,y  (-1+5) BLiveBu3y (1 1 2
+ + [* - *) 81,5',582,37,v| 83,a,1’
S T S T ST
Out[«]=
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Invariance of y,s, under remote R3s

in[-]:= Clear[i, j, k];
Cs = {{1, i, j}, {1, i", k}, {1, §", k"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,0, (S (T°-1) 81,5,882,i%,v* (S7-1) T° 81,1, 82,57,y + (S +T° - 2T5°) g1,5-,5 82,5",v) »
{c, Cs}]]
lhs = Simplify[Z //. gRules, ; ;UgRules, ;. , UgRules, j. . /. _If - 0]

Out[-]=
({1, 1, 3}, {1, 1", k}, {1, 37, k7}}
Out[]=
(S(-1+T) 81,5,582,i",+ (-1+5) T81,i",582,5,v+ (S+T-25T) 81,5,582,5,v) 83,a,i +
(S (-1+T) 81,k-,582,i,v+ (-1+5) Tg1,i~,382,k,yv+ (S+T-25T) 81,k-,5 82,k",y) 83,a,i" +
(S(-1+T) 81,k,582,5,v+ (-1+5S) Tg1,5,582,k,y+ (S+T-2ST) 81,k",5 82,k ,v) 83,0,3"
Out[-]=
1
g ((S(=2+T) (Tga,5+,8~ (=1+T) 81,k,8) (S82,i,y— (=1+5S) 8a,k,y) +

(=1+S) T (Tgu,i,p— (-1+T) 81,k,8) (582,57, — (-1+5) G,k,y) +

(S+T-25T) (Tga,5+,8- (-1+T) 81,k,8) (582,5,v— (-1+5) 8,k*,%) ) 83,a,i +
ST ((-1+5) T81,i+,582,k,y +81,k,5 (S (=1+T) 85,4+ (S+T=-25T) a,k,4) ) 83,0, +
ST ((-1+5) T81,5,882,k,y *81,k*,5 (S (-1+T) 8,5,4+ (S+T=-25T) 8yk,y) ) 83,a,5)

in[-]:= Clear[i, j, k];
Cs = {{1, j, k}, {1, i, k"}, {1, i", j"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (55 (TS - 1) 81,i*,8 82,i*,y + (5S - 1) T 81,i",p 82,5,y + (55 +T°-2 TSS) 81,i*,8 gz,j’,y) ’
{c, Cs}]]
rhs = Simplify[Z //. gRules, ; , UgRules, ; - UgRules, ;. 5 /. _If » 0]

Out[]=
({1, 3, k}, {1, 1, k'}, {1, 1", 3"}
Out[-]=
((S+T-2ST) 8i,k,582,k,y+ (-1+S) T81,1-,58,k,4v+S (-1+T) 81,k+,582,i",y) 83,0,i +
(S(-1+T) 81,k,582,5,v+ (-1 +S) Tg1,5,582,k,y+ (S+T-25ST) 811,53 82,k',v) 83,a,5 +
(S(-1+T) 81,5,582,1,y+ (-1+5) T81,i,582,57,4+ (S+T-25T) 81,5,582,5",v) 83,a,i"
out[-]=
1
e (ST ((-1+5S) T81,i+,382,5,v +81,9,8 (S (-1+T) 8,4,y + (S+T-25T) 83,5,y) ) 83,0,i +

(S (=1+T) 8a,k=,p (S82,i,y — (-1+5) 82,5,4) +
(-1+S) T (Tg1,iv,3— (-1+T) 81,9,8) B2,k*,y+ (S+T—-2ST) 81,k ,882,k",v) 83,0,i"" +
((-1+5) Tg1,j-,582,k",y + 81,k=,p (S (=1+T) 8a,5+,4+ (S+T-25T) 8,k,y))
((=1+ST) 83,a,i +5ST83,4,5) )
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in[-]:= Simplify[1lhs == rhs]

Out[]=
True

Setting up R;

in[-]:= gs = Flatten@Table[{gp,i,i> 8p,i,5s 8p,j,is 8p,j,it» {Ps> 3}1;
bas =
{1} Ugs UFlatteneTable[gs[pl gsiqll, {p, Length[gs]}, {q, p, Length[gs]}] U Flattene
Table[gs[p] gsql gsirl, {p, Length[gs]}, {q, p, Length[gs]}, {r, q, Length[gs]}] U
{Yi,i,is> Yi,i,js Yi,j,1is Yi,i,js Yi,i,is Yi,i,32 Yi,3,i0 Yi,3,i}3
len = Length[bas]
vars = Table[c, =0; ¢, =.;5 Cp, {p, 21en}];
Ri[1, i_, j_] := Evaluate[Sum[c, bas[p], {p, len}]1];
Ri[-1, i_, j_] := Evaluate[Sum[Cjien.p bas[pll, {p, Length[bas]}11];

Out[e]=

463

Solving R2b

in[-]1:= Clear[i, j1;
eqn = Expand [Ry[1, i, j] +Re[-1, i*, 31 //.
gRules, ; jUgRules_; ;. 5. UyRules, ; jUyRules_y ;. 5. /. _If - 0]

Out[e]=
S Ca57 81,1% 1" Cas7 B1,i* i 3SCas7 81,101 Co220Y ik g
Cy + Cgpa + C2 81,1 ,i* — Cas7 81,i,i + 25 Ca57 81,i°,1 + prs + = = T + T =
Co22 ¥3++,5++ 10+ €922 ¥ytr,57 50
= & ° S Co25 Y3+, 4,1 + Coz6 ¥§+*,j+,i** = S Coze Yj**,+,i** + Ca63 ¥j*, 5,9 + Coza ¥§**,§*,5* = = gr v Co26 ¥3°,5°,5"
Full expression not available (original memory size: 14 MB) @

in[-]:- gys = Cases[eqn, g, , 5 ®] U Cases[eqgn, y o]

Out[]=
{gl,i“,i”: B1,iv,57 81,57,i s 81,5, B2,itr,ivts 82,i7,

82,5 ,i7 s 82,57,37» 83,iv,is 83,it,57s 83,577,177 83,377,577 Yiv,it,its

yi‘*,i”,j‘*: Yi‘*,j”,i‘*: yiﬁljﬁ,j-u yjﬂliﬁ,i-u yjﬂliﬁ,j-u yjuljﬁ,iﬂ’ yjﬁljﬁ,jﬂ}

in[-]:= eqns = CoefficientRules[eqn, gys] /. (_->C_) = (Cc = 0)

Out[«]=
Cazo Ca72 2¢Car2 Ca73 3 Cars 3 cCar3 Ca7e 2¢Car2 2 Caz2 3 Car3 6 Caz3 3 Cur3
Cq+Cag7 —Cazo+ —— +Caza+—, —— —Ca;3+— ———,  +—— =0,C+— +— " ——— +—— - —— +—— =
{ 4 467 470 < 472 72 = 473 = = = s €7 = = = - = S b
8@ 5@ 9c BIc! 12c 18 c
C13 - 3Ca67 +3T Cag7 +6Cazp — —= - 3T Cazo - 9Cazp — 5 + —= +3TCapp +12Ca73 - —5° + = = =2 - 3T Car3 + T Caz +
T T T
T 2 Caz9 T T 2 Cass T 3 Cagy 3 Cugo T -0
Ca78 — 1 C478 — 2 Ca79 + = v Ca79 + Cage — | Cag6 — 2 Cagg + = Cagg + 3 Cag9 + = - Cag9 = 9, 5

Con Con  Com Con
Cas2 +5Cop1 — — = + Co22 = SCop + == = = +5Cos5 + Co6 — S Coz6 == @, Cag3 + Coza ~ = + Coz6 == @, C1 + Caga == 9}

Full expression not available (original memory size: 3.2 MB) @
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=

1 (-S-T+3ST+T>-2ST?) oz
{{C2%*C465*(*1+*]C468* s
T S T2
1 (1-2T7+T%) can
C3%—C466—(—1+*)C469— )
T T2
1 (1-2T+T?) cana 1 3 3
C4%—C467—(—1+*)C470— —(— +— —— +— | Caz3s
T T2 T3 TZ
Ca68 (*S*T+ZST) Co20
Cs > —-—— - , <<456>>,
S T?
(-1+ST) Copg  (-1+S+ST-S?T) copa
Ca62 = — - -SCgo5 - (1-5) Coze,
T ST
<—1+ST) C922
Cg63 >~ —Coz6, Cs64 —C1}}
ST
in[-]:= Short[sol /. (v_ -»val_) = (v=CF[val])]
Out[-]//Short=
{ S T? Ches + <<11>> T2 Chep + <<6>> + T2 C471 <«<1>>
- > = >
ST? T2 T3
<<1>> —Copp + <<1>> +STcC_3..
<«<457>>, - , - , —Cl}
S «<1>»> «<1> ST

mn[-1-= Last@Ry[1, i, j]
Out[~]=
(=Co22 +S T Co22 +STCo26) ¥5,5,5

ST

in( - Short[Ry[1, i, j1, 10]
Out[-]//Short=

<«<1>
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Solving R3

in[-1:= Clear[i, j, k];
lhs = Expand [Ry[1, i, j] +Ry[1, i*, k] +Ry[1, J*, k*] //. gRules, ; ;U

gRules, ;. UgRules, j- - UyRules, ; jUyRules, ;. ,UyRules; j. - /. _If - 0] H
Expand[Ry[1, j, k] +Ry[1, i, k"] +Ry[1, i*, %] //. gRules, ; , U

gRules, ; \- UgRules, ;- ;- UyRules, ;  UyRules, ; - UyRules, ;. - /. _If > 0] 5
lhs - rhs

rhs

eqgn

Out[«]=

C. PR . e e 2c s
-2 Cgp + %ﬂ .2 Caes 81,i",3"" + = g]’T’ e g]{; MM 520 gJTu g
DB Ca6o 81,i,i B1,i",j + LYy Come Ve, ggt 2006 Yie 305
ST I 51753 < . =
€926 Yic* 5,k Co26 Yict k1 . Coo6 Vit i1t Cone Vi w1 Coa6 Yt g+
U s? s FL 5

Co26 Yk*,j ,k

Full expression not available (original memory size: 18.7 MB) @

in[-]:= Short[vars = Union@Cases[eqn, C , =]]
Out[-]//Short=

{Ca65, Cass> Cas7s Caess Cas9s Cazes Caz1s Ca72, <<446>>, Co19, Cozes Co215 Co9225 C9235» Co245 Co255 Co26 )

In[-]:= gys = Cases[eqn, g , , o] JCases[eqn, y , =]
out[e]=
{81,i,i» 81,i",9>» 81,i*", k> 81,57,1i"» 81,37, » 81,5,k 81,k,i" s 81k,
81,k ks 82,i iy 82,i,57 s 82,iv,k s 82,5 ,i s 82,507,357 82,5,k s B2,k L1
82,k 7,57 B2,k ks 83,iv,is 83,1, 83,it,k s 83,577,177y 83,57, 83,37,k 83,k it
gB,k”,j‘*: gB,k”,k‘*: yi'*,i”,j‘*: yiwliﬁ,k-u yiwljﬁ,i-u yiwljﬁ,j.u yiﬁljﬁ,kw, yi“’kﬁ,iw,
yi’+,k“,j7+) yi’+,k“,k7+) yj’+,i“,i7+) yj”,i“,j“: yj”,i“,k“: Yj**,j“,i**: Yj**,k“,i**: Yj**,k“,k**:

Yk'*,i”,i'*: Yk'*,i”,j‘*: Yk'*,i”,k‘*: ykwljﬁ,ivu ykwljﬁ,jvu ykﬁljﬁ,kﬁj ykﬁlkﬁ,iﬁ, ykﬁlkﬁ,j#}

in[-]:= Short[eqns = CoefficientRules[eqn, gys] /. (_—->cC_) = (c =0)]

Out[~]//Short=

Ca7o Co26 Co22  Co22
{* Ca70 + =0, —Cg70 + T Cy70 == 0, <<2799>> y —Cogpgg+ — =0, - 2 Coo2 + + == 0}
T S T
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=

{{C%s -0, Ca67 > 0, Cheg > 0, Cgp9 > 0, Ca79 > 0, Ca71 > 0, Ca72 > 0, Cy73 > 0,

Tcazs T Cage (=1+T) Ccg75  (1-T) Caoe

C477 > — - ———, C478 > 0, Cq79 > 0, Cygp ~> — -
1+T 1+T 1+T T(1+T)
(=1+T) caze

C481 = — f » Caga > ©, Cag3 > 0, Cygq > —T Ches — T Ca74, <<402>>, Co11 > 0,

<—1+S) Tng@

Co12 = @, Co13 » — » Co14 > @, Co15 > 0, Co16 = 0, Co17 - —Cgo4, Co18 > 0,

2(-1+ST)

Co19 = B, Co2p > @, Cor1 > @, Copp > 0, Cgpz > 0, Cops » 0, Cop5 > B, Cop6 — 9}}

in[-]:= Short[sol /. (v_ -»val_) = (v=CF[val])]
Out[~]//Short=
T (Ca75 + Ca90)

{e, 0,0,0,0,0,0,0, -
1+T

, 0, 0, «<412>, 0, —Cgo4) 0,0,0,0,0,0,0, 0, 0}
inf-]:= Short[Ry[1, i, j1, 5]

Out[-]//Short=

2 3 3 3 4
(‘ST Ca5 +ST° Chps + ST? Ca7a —~ ST (Caes + Cq74) +ST (C465+C474)> 81,5,i
C1 — Cs65 81,i,i —

S T?
2 <<1>> (Cq75+C3..) 2T* (Cazs+Case)
T3 Croe — . . -
475 o7 1T 81,i,i 81,3,
T2
) <«<1>
T Caze 81,1,i 81,5,i + <<190>> + ST Cgop 82,5,5 83,5,1 83,5, — e
S°T

S(-1+T) TCro681,5,185,5,5 (~1+S) ST Cse082,5,183,5,5
+

+S T Cges 83,5, 8§,j,j
2(-1+ST) 2(-1+5T)
i1 Re[1, i, 31 /7 Simplify
Oout[-]=

T((-1+3T) Ca75+2 (-1+T) Ca0e) 81,1,i 81,5,1

C1 - Cyg65 81,1,i — ( (-1 + Tz) Cags + T° C474) 81,4,1i -
1+T
2 T (Ca75 + Csao9) gl,i,j g]_,j)j_ (_1+T> T (<_1+2T) Ca7s + (_2+T> c490) g%,j,i
T Ca76 81,1,i 81,4,i + -
1+T 1+T

T (Ca75 + Ca00) 81,1,1 81,5,3

1+T

(=1+T) TcCy476 81,i,1 g%,j,i +T (Ca65 + C474) 81,5,5 +

T(2(-1+T) cars+ (-3+T) Ca0e) 81,5,i 81,5,5

- (-1+T) Tcyrs gi,j,i 81,5,5 +
1+T

S (-1+T) Cs49 81,5,i 82,1,

2
T Ca76 81,4,i 81,5, — Ca99 82,1,i - - T Cses 81,1,1 81,5,1 82,i,i —

-1+5S
1 ) TCses S Csag S (~1+T) Cs6481,5,1 82,1,3
— (=1+T) TCsee 81,4,i 82,i,i * + 81,5, 82,i,i -
2 S1+T  -1+5S 2(-1+5)
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2 2 (-1+5) TCsos 81,1, 82,5,1  (~1+5) T Csos 87,5,1 82,5,
<<—1+S ) C499+S C548> gZ,j,i_ h )
14T 2(-1+T)

((-1+5S) Tcses +S (-1+T) Csag) 81,5,182,5,i~ (-1+5) T Csee 81,1,i 81,5,i 82,5,1i +
(-1+5) Tcses g%,j,j 82,3,i

S Cs49 81,5,9 82,9,1 = (-1 +5) T Cses 81,4,1 81,5,5 82,5,1 * -
2 (-1+T)

S((-1+3S) Cse3+2 (-1+5S) Ce12) 82,1,i 82,4,1
1+S

~S Cse4 81,1,i 82,i,1 82,5,i —

, S (Cse3 + Ce12) 82,1,5 82,5,1
S(-1+T) Cseq 81,5,1 82,i,i 82,j,i =S Cses 83,1, 82,5,i * 1.5 -
+

(-1+5) S ((-1+2S) Cse3+ (-2+5) Ce12) 85,1

1 2
- — (-1+5) ScCs6481,i,i8%,4,i ~
1+S 2

1
2 (~1+S) S Coea81,5,582,4,1~ (~1+S) S Coes 82,1, 83,4,1+S (Cago + Coag) 82,3,5 +
((—1+S) TCSQS -S (—1+T> C549) gl,i,i gz,j,j

(-1+S) (-1+T)

S (Cse3 + Ce12) 82,1,1 82,5, S (2 (-1+S) Cse3+ (-3 +S) Ce12) 82,4, 82,5,
T Cses 81,75,1 81,5,5 82,3,5 * * B
1+ 1+5

S (-1+T) Coea 81,5,1 82,3,1 82,3,5 + S Cs6a £1,3,1 82,3,1 82,3, — (~1+S) S Cses 83 5,1 82,5,5 +

+ T Coos 81,5,1 82,4, — ; (~1+T) T Cses 87,5,1 82,3, *

S (~1+T) Csea 81,5,1 83,3, S (~1+T) TCr5181,5,1 83,4,

2
+S Cseg 82,5,1 82,4,9 — Ce20 83,1,i — -

2 (-1+5S) -1+ST
1 ) Ce35 SCrs
T Ce36 81,1,i 81,5, 83,4, — = (-1+T) TCe3681,5,183,i,i + T |- + 81,5,5 83,i,i ~
2 -1+T -1+ST
(-1+5) STcCye5 82,4,183,i,i (-1+S5) T Cea781,1,i82,4,183,1,1
T Cea7 81,4,1 82,1,1 83,1,1 — - -
-1+ST -1+T
1 2
(-1+5) T Cea7 81,5,1 82,§,1 83,i,i — S Ce62 82,1, 82,7,i 83,1,i ~ 5 (-1+5) ScCee283,5,1 83,1,i +
Ces7 T Cyes S(-1+T) TCro681,5,i85,4,i (-1+S)STCso082,5,183,1,1
S |- + 82,5, 83,i,1 + + -
-1+S -1+ST 2-2ST 2-2ST
T(-1+ST) Ce35 81,1,1 83,§,i

-1 SZ -I-2 SZ TZ L. -
( ( + > Ce29 + C7sa) 83,5,1 1.7

T(-1+ST) Ce36 g%,i,i 83,3,1
2 (-1+T)
T(-1+ST) Ce36 81,1,1 81,5,1 83,5, + ST Cr51 81,5,5 83,5, - T (-1 +5ST) Ce36 81,5,1 81,5,5 83,5,1 +

T (-1+ST) Ce3681,9,j83,9.1 S (-1+ST) Cos7 82,1,1 83,4,1

T ((-1+ST) Ce35+S (-1 +T) Cys1) 81,5,i 83,4,i -

2 (~1+T) -1+5
T(-1+ST) Cea7 81,1,i 82,1,1 83,5,
-T (-1+ST) Ce47 81,5, 82,1,i 83,4,1 —
-1+T
S(-1+ST) Ces2 8%,1,1 83,3,1
=S ((-1+ST) Ces7+ (-1+S) TcCyes) 82,5,i 83,5,i -
2 (-1+5S)
(=1+S) T (-1+ST) Cea7 81,i,i 82,§,1 83,j,i (~1+S5S) T (-1+ST) Cea781,4,j 82,5,1 83,5,1
. “1+T

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: APAI2-240603.nb 2024-06-04 02:29:54

S(-1+ST) Cee2 82,i,i 82,5,i 83,5, + ST C76582,5,583,5,i —~ T (-1 +ST) Cea7 81,5,1 82,5,7 83,5,i +
T(-1+ST) Cea7 81,5,7 82,5,5 83,5,1

-1+T
S(-1+ST) Cep2 g%,j,j 83,j,i ST ((-1+3ST) Cyo5+2 (-1+ST) Cgoa) 83,i,i 83,5,i

=S (-1+5ST) Cee2 82,4,1 82,5,5 83,5, +

2 (-1+5S) 1+ST

STC796 81,1,i 83,1,1 83,5,i =S (=1 +T) T Cro6 81,5,1 83,1,1 83,5,1i ~ S T Csee 82,1,i 83,i,1 83,5,i —

) ST (Cy95 + Cgoa) 83,i,7 83,5,
(-1+5) ST Cgoo 82,5,i 83,i,1 83,5, — ST Csoa 83,1, 83,5,i * LisT -
+

ST (-1+ST) ((~1+2ST) Cros+ (-2+ST) Caoa) 824,15 1 .
- = ST (-1+5T) C706 81,1,i 83,5,1 -

1+ST 2
1 2 1 2
E ST (-1+ST) C706 81,7, 83,5,1 *E ST (-1+ST) Cgep 82,1,i 83,5,1 -
1
E ST (-1+ST) Cgep 82,5, g%,j,i -ST (-1+ST) Cgea 83,i,i g%,j,i +ST (Ce29 +C750) 83,5, +

T((-1+ST) Ce35-S (-1+T) Cy51) 81,i,i 83,5,5
(-1+T) (-1+ST)
S((-1+ST) Ces7- (-1+5) TcCyes) 82,1,1 83,5,5
(-1+S) (-1+ST) "
(-1+5) TCea7 81,4, 82,4,i 83,4,3

S Ce57 82,5,1 83,5,5 — (=1 +S) T Ces7 81,4,i 82,5, 83,5, + 1T -
-1+

1
+T Ce35 81,5,1 83,3, — 5 (-1+T) Tcese gij,i 83,4,5 +

T Ce36 81,5,1 81,5,7 83,5,5 +

2 (=1+S) Scee g%,j,i 83,9, + T Cea7 81,4,1 82,5,5 83,5,5 + S Ce62 82,5,1 82,5,5 83,7, +

ST (Cy95 + Cgoa) 83,i,183,5,5 ST (2(-1+5T) Cyo5 + (-3 +5T) Cgoa) 83,5,i 83,5,7
1+ST : 1+ST

S(-1+T) TcCyo 81,4,1 83,5,1 83,5,5 +S T C796 81,5, 83,5,1 83,4, —

(=1+5) STcCgee 82,4,1 83,5,i 83,5, +S T Csoo 82,5, 83,5,1 83,5,5 ST (-1 +ST) Cges g%,j,i 83,5, +

S(-1+T) TcCyo81,5,i g%,j,j (=1+5) STcgee 82,5,i gg)j,j

. +ST Cges 83,5,1 gg,j,j
-2+2ST -2+2ST
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