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in[-]1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank\\Rolands_A2"];
Once[<< KnotTheory™ ];
<< ../Rot.m
<< ../FormalGaussianIntegration.m

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

Hidden code:

(xGeneral input from A2lrev.nb, hard coded!, we set a4 to z to avoid
a bug that mixes up the dummy variable o in an unexplained way : ( =)

B (-C22 Ty +Cp Ty To =Ty ag) P3,j Xa,i X2,

in[-]1:= rel[l, 1_, J_1 :
Oy

By (-1+T3) p3,jXa,jXg,i

+Bp3,jXy,iXz,5 /. g > Z(xfrom répx)
Qg

r‘e[-l; i_, J_] .=
B (-Cy +CppTo—0ag) P3,jX1,i X2,i BCaa (-1+T3) P3,jX1,Xa,i BP3,jXg,iXa,;5

- + - /.04 > Z
TiTyo Tya, T,
. . 3 2
rifl, i_, j_] := -; + €15 P1,i X1,i + C36 P1,5 X1,i + €4 P1,i P1,5 X3,; +
a s (C15 + C36) P1,5 X1,
(2¢cq-Ty1) (-1+Tq) Py, Xy, - = P1,i P1,5 X1,i X1,5 +

T1

1
2
1
; (1-2¢c4+Ty) Pi,j X1,i X1, + Cs6 P2,i X2,i + Ce9 P2,5 X2,i + C28 P1,5 P2,i X1,i X2,i —
((-c10 €22 - C22 C28 + C10 Co2 Ty + €3, T1 = €22 Cg1 Ty - Cop Cg6 T1 = C22 Cs6 T3 - €22 Coo T + 2 C10 Cop To +
2CCTy-2C10C0T1To-C5CnTiTo-26€5, TaTo-Cr 3T Ta+2Co Car T1 Ty +
7 (e (T T U = B B T2 1 =5 (g o L U 5 B3 s G LA T 22 (o (o 1, U 4 (g o 02 100 =
C10 C22 T2 - €23 C2g T2 + Cyg €23 Ty T2 + 2 €45 €25 Ty T2 + €3, Ty T2 + 2 €23 €35 Ty T2 — €23 €53 Ty T2 —
C22Cas Ta T3+ 6Co T2 T2 —2Cy5Cop TA T2 -3 Cap Cs T2 T2 - €25 Cos T2 T2 - 2 Cpp €y T2 T3 -
i e U e e T 1S S 1S T e e 15 L e me L s e LD e e
Cg104-Cge g +CopT104-Cs6 Ty g ~CeogT10g-CrpToras-CysTrag—-CopTrag-CgTrag-
Cyg Toag+Cgy Toag+CggToag—3T1Toag+CipTiToas+Ci5 Ty Toag-Coa Ty Trog +
P e U e @ i (o W L e (e W) L (2 (e 5 (= oy U i (e 1S (g 05 (o
3Ty To0s-CioTa T~ Cy5 Ty T5 0ty - Cs6 Ty T3 Qg - Cgq Ty T3 g + ai) P1,i P2, X1,i Xz,i) /

1
((-1+Tg) (-Ca+CppTa2-Trag)) -

~Cp+CpT-Tro,

(- C10 €22 =2 Cap Cog + C10 C22 Ty +2.C5, Ty = € Cay T1 = € Cgg T1 — € Cs6 T3 - € Coo T3 +
2C10C Ta+4CyCTy=2C10C0n T To-CisCuTaTo-4¢5, TiTy-CpCae T1 Ty +
3C2Ca1 T1 Ta+3C2Cee Ty Toa-3Co ToT,+C15Co T2Ty+4C2Cs6T2To+3Cy2CooTa Ty +
C22Ca1 T2 Ty - C1p €22 T2 -2Ca Cog T2 + €10 Cop Ta T2 +3C15 € T1 T3 422, T3 To +
E) T (B T Ty = 23 @ G T, Uy = 23 Gy o U, 0 ) B T T = B B B T U —

5 C22 Cs¢ Ti T§ -2 Cz2 Cgo Ti T§ -3 Cy2 Cg1 Ti T§ -2 Ci5 Co2 T1 T; -2 Cp2 C3¢ T]_ Tg -
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6C T2T24+2C15C T2 Ta+2Cyy Csg T Ta +2Cap Cgg T2 T3 + Cop 0g — Cgy Qg — Cgg Qg +
€ Ti0s-Cs6Tyag-CeogTr0g-CrogToras—CasTrag-CopTr04-2Cg Ty~ C36 T 04+
2cCg1 Toag+2cCggToag-3T1Tr0og+CigT1 Toag+Ci5 T1 Toog—CopT1 Trog+3Cs56 Ty Trag +
2CeoTi Ty +Cay Ti Ty +CroToag +2Cis Taas +2Cog Taag +2C36 To g + 6Ty T3 ag -
CloTiToas-2Cis Ty Toas -2 Cs6 Ty Toou - 2Cay Ty T3 0 + 05 - T 03) P1,j P2, i Xa,i X2, -
((c1e Caz + €5, ~ €22 Cg1 — C22 Cgg — C10 C22 T1 = €3, T1 = C22 Cs6 Ty = Cop Co Ty + C2p Ca1 Ty +
C22Cgs T1+Cyp Cs6 T2 + €2y Coo T2 = €10 Cop Ty = €15 Cop Ty = €3, T = €22 €36 To + €3 Cay To +
C22C36T2-3C0nT1To+C10C0nT1iTo+2C15CnTiTo+ 3 TaTo+Cp e Ty To+
20 Cs6 T T+ CoCoa T To=CoaCoe TaTo+3 € TiTo-CisC T3 To-2CCs6 T T, -
C22Ce0 TaTo - CoCay TaTo+Cys5 € To+ € Cag Ta+3C Ty T3 -2C15Cop Ty To - Cp2 €36 Ty T3 -
C22Cs6 TaTa—C22Ca1 T1 T3 —3 € TA T2 + €45 €Co2 T3 T2 + €25 €56 T2 T2 + €25 €y T2 T2 4+ Cgg g +
Cge0a —Cop Ty 0tg + Cs56 T1 Og + Ceg Ty g + Cip To g + C15 To Qg + Cop Tr g + C36 T2 04 -
Cg1Toag-Cge Toag +3T 1 Taog-CioTiToag-Cis Ty Trag-2C56 Ty Tr 04 - Cog T1 T2 04 -
CorTiToou-CisToos-C36 T30 -3 Ty T o+ Cys Ty To g + Cs6 Ty T3 g + Cgy Ty T3 g - )
P1,5 P2,i X1, Xz,i) / ((-1+T1) (mCp+CpTr-Trag)) +
( (-1+Ty) (sz Cag + €22 Cg1 + C2p Cgg — C3p T1 + Cpp Cs Ty + €22 Cog T1 + €15 €22 To = €22 Cog To +
€2 C36Ta+3CnTiTo-CisCpTiTr+ 3, TaTy- s Ta T -2Co Cay Ty Ty -
C22Cae T1Ta - Cop Csg T3 T = Cop Co T3 T = €15 Cop T1 To = €22 €36 T1 T3 =3 € T2 T3 +

212 22 212
C15 Cpp T3 Ty + Cpp €56 T3 Ty + €25 Cgg T3 T3 = Cpp a4 + C28 Ty a4) P1,5 P2,5 X1, Xz,i) /
2 1
((-1+Tg) (mC2+Cp Ty =T 04)) +Ca9P2,i Pz,sz,i+; (2 Ca9 - Ty)

(-1+T3) p3, ;%5 -
(Cs6 + Ce9) P2, X2, 5
T2
1

+ Ci9 P1,i P2, X1,i X2,5 +

—Cp+CpT-Tras
(C10 Ca2 + €22 Cag — €10 €22 T1 = €3, Ty + Cop €y Ty + Cpp Cgg Ty + €2 Cs6 T3 + €22 Co T -
C10€22 T2~ € Cog T+ C10 € T1 To+ Cas Cop Ti To+ €5, Ty Ty #+ €22 €36 Ta Ty = €22 €1 Ty Tp -
C22Ca6 Ta T2 +3 € T2 Ty~ C15€2 T2 T2 -2 € Csg T3 Ty~ €22 Cog T2 To — €22 €y T2 Tp -
C15 C22 Ty T2 — C22 C35 Ty T2 — 3 Co3 T2 T2 + €15 €22 T2 T2 + €23 Cs6 T2 T2 + €35 Cgy T2 T2 +
Cg1 04+ Cge 0g —Cp Ty Oy +Cs Ty g+ Ceg T1 g +Crog Tr g+ Cis Ty g + Cog Trag +

2
C36 T +3T1Toas-Cro Ty Toas - Cas Ty Toag - Csg Ty Ty g - Cg1 Ty To g - @)

2
P1,5 P2,7 X1,i X2, = P2,i P2,7 X2,i X2,5 + ; (1-2cq9 +T3) P3, 5 Xa,i Xa,5 +

1

(Cs1+ Cag— Cap Ty + Cs6 Ty + Coo Ty + C15 To + C36 T +
B (€22 - Co To + Tr ag)

2
3T Ty-CisTa Ty +C Ty Ty -C56 Ty Ty —2Cgg Ty Ty —Cgg Ty To = C56 T3 T3 -
2 2 2 212 2.2 212 2.2
C59T1T2—C15T1T2—C36T1T2—3T1T2+C15T1T2+C55T1T2+C31T1T2—a4)

04 P1,i P2,5 X3, 1

Qga P1,5 P2,i X3,i + - Qg
B B (Ca2 - Cy Ta + Ty ag)

(C22+Ca1+Ca6-CopT1 +Cog T1+ Cog Ta# C15 Ty = Cop T+ C3 Ta+3 Ty To-Cys Ty To +
2 2 2
€22 T3 Ty -Cs6 T3 T2 -2Cgy Ty Ty —Cgg Ty To — Cs56 Ty T = Cgo T3 Tp = C35 T1 T3 =
2 212 212 22 212
C3p Tl T2—3T1 T2+C15 Tl T2+C55 Tl T2+C81 Tl Tz—a4+T2 (14) pl,j pZ,j X3,~,'_ +

Cg1 P3,i X3,i + Cg6 P3,5 X3,i + C32 P1,5 P3,i X1,i X3,i + C13 P1,i P3,5 X1,i X3,i +
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1

—Cpn+CpT-Tay

(€13 €22 + €22 €32~ €13 €22 Ty + €3, Ty - Cp €1 Ty = €23 Cgg Ty - €2 Cs6 T3 = €22 Co T3 -
€132 T2-C €3 To+ €13 TiTo-Cas € Ti To - €5, Ta Ty = €22 €3 Ty Ty~ €22 €36 Ty To +
C22C1 TaTo+CoaCa Ty Ta -3 € TaTo+ €5 € TaTo- €3, TaTy +2Co Cs6 T2 T +
T B T U & 2 G G T Uy @y i U, U oy G 11 T & o (o 1, T =+ (g (B T T £
C22 € TaTo+Cp €36 Ty T3+ 3 Coa T T3+ o T3 T3+ Cop C36 T3 T3 — €22 Cs6 T3 T -
2C2Ca T2T3 - CoaCae TaTa+3 € TIT2 - Ca5 Cop TI T2 -2 €y C56 Ta T2 - €23 Co T3 T3 -
o U s e U T e S S B 1 T e e e s
C22Ca1 T3 T3 - Ca1 Qg - Cge Ola + Cop T g~ Cs6 Ty Qg ~ Coo Ty A + C13 Tr g - C15 To 04 +
C3Tras-C36 T -3T1 Taog-Ci3TiToas+Cis Ty Trag+CsgTa Taag+2C Ty Trog +
Cas Ty T2 0y — €25 T2 T ag + C56 T2 T Olg + Cgs T2 To Qg + Cy5 Ty Ta alg — €3 Ty T2 alg + Cag Ty T2 oty +
3T Toas-CisTaToas - Cog TaTooa - Cay Ti Toag + 05 - Ty Ty azzl.) P1,; P3,;j X1,i X3,i +

1

(-C13+ Coa+ C3p— Ca - Cgg + C13 Ty — Cop Ty — C56 Ty - Ceo Ty +
(—1+T1) (—1+T1 Tz)

€ Ti-C1sTy-C36Tp=3TyTo+CisTaTo-Cp Ty To-Cap Ty T+ Csg Ty Ty +
2C3 TiTo+Cae Ty T+ Csg ToTo+ Cea ToTo+Cys Ty Ta #Cag Ty T2+ 3 T2 T2 -
CisToTo-Cs T3 Ta-Car TaTo+ Ty a4) P1,5 P3,i X1,5 X3,i + C22 P1,i P3,;j X1,5 X3,1 —
(€3, + a2 €3~ €5, Ty - €22 Ca1 Ty - Cop Cgg Ty + €35 T3 = C2p Csg T3 = €22 Coo T3 - €5, To -
€22 €32T2a-Ci5CuTiToa+ €3 Ti Ty =€ Cap Ti Ty = €2 C3g Ta Ty + €25 Coa Ty Ty +
Eop B T U = B Gy e 1 2 g o T U = 22 Gy T U 2 ooy (o U5, 00 = B (B 1 0 &
2 €3y Cg1 T2 T, + C25 Cgg T2 To + Ca3 Csg T3 Ta + €23 Cog T3 Ta + €5 €22 Ty T2 + €55 €35 Ty T2 +
€22 C3 Ta T3 +3Coa TiTo+Co, TA T3 + €32 Cag T T2 - €5 €5 T2 T2 - 2Cgp Cgy T2 T3 -
L ol AT IRl TSR Bl TR e B o Bl T TR
€15 C22 T2 T3 — C23 C35 1= T3 — 8 Co3 T3 To + Cys €22 Mo T + €2 Csg T3 T + €25 Cgn T3 To +
CpTiag+CpTrag+C3Tros-2C Ty Tros-C3n Ty T§ a4) P1,5 P3,j X1, 5 X3,i) /
((-1+T1) (-Co2+CpTr-Tras)) + Ces P2, P3,i X2,i X3,i + Csa P2,i P3,5 X2, X3,i +
( (Ciz ~ €22 Csq - C2p Cos — 3y T1 + Cpp Csa Ty + €22 Cos Ty = 2C5, Ty +2Cp Csq To + €5 Cos T2 +
C22C1 T2+ CopCae To+ €3y T1 Ty =2Cr Csa Ty To+ Cop Co6 Ty To+ Cop Co T1 Tp = €22 Ca1 Ty T =
C23 Cgs Ty To + €25 T2 Ty — €23 €56 T2 T — €23 €5 T2 Ty — €53 Coo T2 T2 + €15 €25 Ta + €3, T2 +
C22 C36 T2 ~ €25 C54 T3 — €22 Cg1 T3 — C22 Cgg T2 +3Coa T T2 -2 Cy5 €22 Ty Ta + €23, Ty T2 -
C22C36 T T3 +Cop Csa Ty T3 =2 €2 €56 Ta T3~ €22 Co5 Ta T3 — €22 Coo Ta T3 ~ €22 €1 Ty T3 -
31Co0 T2 5+ €35 €22 Ts T2 = 2 Gop o T2 #1 G Cop 2 T2 #1050 Cos Do ol 21C5, Cgn T- T2+
C23 Cgs T2 T2 + C22 C56 T2 T2 + €22 Coo T3 T2 — €35 €22 T3 — €22 €36 T2 — 3 €22 Ty T3 + €35 €22 Ty T3 -
€2, TiT3+CoaCs6Ta T3 +2CCa1 Ty Ty +Co2Cae Ta Ta + Cas Coa Ta T3 + €3, TI T3 + €y Ca T2 T3 +
o e T T e G e U TS = e e 1 1S e e S e B 1 s e 1
2 €35 Cs6 T2 Ta — €25 Cgs T3 Ts — €22 gy T3 T3 + €35 €22 Ty Ty + €23 C3g Ty T3 + 3 €55 T2 T -
2C15C ToT3 - CoaCas TaTy—CopCos Ta Ty - Coa a1 Ta T3 =3 € T3 Ty + C15 € T3 Tg +
C2Cs6 T3 T3 +CoCa1 T3 Ty +Con Traa - Csa Tr s~ Cos To g — Cgy To g — Cgs To g +
CsaTiTros-Cse TaToou +Cos Ta To 0t~ Cog T T @t = €15 T3 0ty = €25 T3 @ty - C36 T3 Qg +
Csa T30+ Ca1Toas +CogToaa -3 Ty Toas +Cos Ta Todta ~Cp T1 T3 g - Csa Ty T2 g +
256 Ty To0 + Cos Ty To 0t + Coo Ty To 0t + 2 Cgy Ty T3 0g + Cgg Ty T3 g + Cs6 T3 T3 g =
Cos T2Toas+CeaToToas+CasTaa+Cag Ta g + 3Ty To g+ €2 Ty T3 g + Cag Ty T3 0t -
CssTaToas-2Ce  TaToas—Cag TaTaaa +3 T2 T35 - Cys ToTa g - 2 Cs T2 T2 04 -

2 +3 2 +3 4 4 2 -4 2 -4 2 -4
C59T1T2a4—C81T1T2a4—C15T1T2a4—C35T1T2a4—3T1T2a4+C15T1T2a4+C55T1T2a4+
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a1 TeTras+Tr05-T, T3 0‘42;) P2,5 P3,5 X2,i X3,i) / ((-1+T1) (-Cn+CpTa-Tray)) +
((-C22 Csa + C22 Ces — C22 Ca1 - Cap Cge + Caz Csa T1 = Cap Csg Ty = €2 C5 Ty = €2 Coo Ty +
€27 Cg1 Ty + Cyp Cgs Ty + €y Cs6 T2 + €y Coo T2 = €15 €2 Ty = €25 C36 Ty + 2 €5 Csg To -
C22Ce5 T2 +2 €2 Co1 To+2CoCae T =3C TiTo+2C15Cn T To-C3 TaTo+Crp €36 Ty To -
2 CsaTiTo+3CCseTiTo+2CCooTiTo-CraCee TaTo+3CnTaTo-CisCop Ta T+
€2, T2 Ty -2 €y €56 T2 To + €2 Co5 T3 T2 - €22 Coo Ta T2 - 2 €2y €y T2 Ty — €23 Cge T2 Ty -
€22 Cs6 T3 T2 = Cyp Coo T3 T2+ 2 €15 C2p T3 + 2 Cp C36 T3 = €2 Csa T3 = €25 €1 T3 = €22 Cgs T5 +
6CT1T5-3C15C TiTa+2¢3, TaT2-C2C36 Ty T2+ CopCsa Ty T2 -3 Cpp Cs6 Ty T2 +
C22Ces T1 T3 - Cp Coo Ty T3 -3 Coa Car Ty T3 - Con Cae T1 T =3 T T3 =265, T2 T5 -
C22C36 ToT5 - C22 Ces To T3 — €22 Cea Ta T +3Co2Can TI T2 +2Co5 Cge T2 T2 -3 € T3 T3 +
C15 C2o Ti T§ + 3 Cy; Csg Ti Ti + 2 Cyy Cgo Ti T§ + Cyy Cgy Ti Tg - C15 Co) Tg - Cyy C36 Tg -
3G T 12 = G5 Ty 5 = G231 C 35 Ty B #1Caz Cso Mg Tai ) 21025 Cay Ty 1o t1€25 €56 a5 = 131G Ts T+
3C1sCnToTa+C, TaT2+2CC36ToTo+2CCos TaTa+ CpaCea Ta T2 — €y Ca T2 T2 +
6 Cyy Ti Tg -2Cy5Cy Ti Tg -3y Cs6 Ti Tg - €23 Cgg Ti Tg -2Cy Cg Ti Tg +C15Cy Tq T'z1 +
AR T ICERE B TR Al LRI B S e I ST R
3.Cz T T3 + €35 €22 T Ty + €3 Csg T3 Ty + Co3 Cay T T3 + Cay Oa + Cag Qq — €22 T3 Oy + Csg Ty Oy +
Cog T1ag+Cys Trog —Cop Ty 04 +C36 Toas~CsaTr0y+Co5 Taa-2Cgy Trotg—2CgeTo04+
3TiToo4-CisTiTrag +3C T Toag+Csq Ty Tryag-3Cs6 Ty Trtg —Cos Ty T2 0 -
2Coo Ty T2 0y -2 Cgy Ty Ty Oty — Cg5 Ty To Qg + €2 T2 Ty 0y — Csg T2 T3 &ty — Coo T2 T3 g —
2c15T§a4+c22T§a4-2c35T§a4+c54T§a4+c31T§a4+c36T§a4-6T1T§a4+c15T1T§a4-
3CT1Toas—C3sTyToas—CsqTyToag+3CseTy Taay - Cos Ty T2 0ty + Coo Ty T2 g +
BCg TiT20,+2CeT1Toaa-3T2Toas+Cys ToToaas-Cpp ToToas +3Co T2 T2 0ty +
Cos T2T20+2CeoToToag+Can ToToas +Cys Taag +Cag Ta oty + 3Ty Taog + C3s Ty T2 0 +
CaTiTias+2C3s Ty Toas—CseTeToas-2Coy Ty Ta oy - Coe Ta To s + 6 T2 T3 0y -
2CsTiToas-3Css TaToas-Coo TaTo s -2Cgy TaTa g - Cs Ty Th alg — C36 T Ty g -
3TiToas+CisTaT3a+Cse T3 To g+ Car Ta Ta g - af + To0G + Ty Ty 04 - T3 ag)
P2,5 P3,iX2,5%3,1) / ((=1+T1) (=1+Ty) (-1+T1Ty) (-Co+CpuTa-Trag)) -
((co1+Cas-CoaTy+CogTa+Coo Ty +CasTo+CagTa+3T1To-CisTa T+ CoTaTy-Cs Ty To -
2C3 TiTo—CaeTa Ty —Cse ToTo —Cea ToTo - Cys Ty Ta—C36 Ty Ta -3 T2 T2 + €35 To T2 +
Cse T2 T3 +Cgy T3 T3 - a4) Q4 P2,i P3,5 X2, 5 X3,i) / ((-1+Tg) (caa-CnTa+Tray)) -
( (-sz Ces + Cap Ces Ty + Cop Cas Ty = Cp Co5 T3 Ty = €2 Co5 Ty T + €25 Cos T3 T = Cgy g -
CgpOlg + Cop Ty 0t —Cs6 Ty 04 - Ceg Ty g — Cas To g + Cop T g - C36 T g — Co5 T2 04 +
Cgr Tooag+CggToag-3T1Toag+Cis Ty Toag-3CpTiToag+2C5 Ty Troy+
Cos TaTo s+ Ceo Ta To g +2Cgy Ty Toalg + Cgg Ta To Qg + €5 T3 To g + Coo T3 To 0ty +
CisTaaa-CoToo+C3eToag +3 Ty Toas+2Co Ty Taas+C3g Ty Toas - Csg Ty T3 ag +
Cos Ty T2 Ga — 2 Cgy Ty T2 0lg — Cag Ty Ta0lg + 3 12 T2 0ty — Co5 T2 T2 oty — 2 Cs6 T2 T2 g -
Cos TTo 04— Ceo TaToas - Coa ToTaaga - Cys Ty Taasa —C36 Ta Toas - 3T2 T3 oy +
CisTiToaa+Cse Ti Ty0a + Co Ty T3 g+ 0 - Tr0g + T304 - Tu T3 a) P2, 5 P3, 5 X2, 5 X3,1) /
((-1+T1) (-1+T3) (-C2+CTr-Tra)) +C78P3,i P3,; Xg,i =
((-1+T3Ty) (-2CoC+2CnCrsTi+2CnCrsTa+CuTiTa+ 3 T1Ta=2CCrp Ty T, -
€22 Ca1TaTa-CoCagTaToa-Cop T3 T - €3 T3 To = Cop Cs T3 To = Cop Coo T3 To + Cpp Cag T3 To +
C22Cg6 TaTo+CoCse T T2+ CoCooTa Toa-Con TaTa = Cas Cop Ty T3 = €2, Ta T3~ Cp2 €36 Ty T3 +
C22Car TaTr+CoCT1Ta—2C TaTo42C1s € TaT2 4 €3, T2 T2 4 € C36 T2 T3 +
Py e e IR L e o A L5 — (o A L B 2 (= L LB (o (= LB L5 = 2 () e L L —

32 3 2 3 3 2 3 2 3
sz C69T1T2—C22 C81T1T2+C15 szTlTZ+C22C35T1T2+3C22T1T2—2C15 C22T1T2—
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C35 C35 T2 T — C23 Cs5 T2 T3 — €22 Ca1 T2 T3 — 3 €22 Mo T + €35 €20 T3 T + €25 Cs6 T3 To +
CoaCan TaT3-2CaTo s +2C7 Ty To g+ Coa Ty To g + Cos Ty To g — Ca Ta To ol +
CseToToos+CooTaToou + Ty To0a +Cis Ta T 0 + €2 Ty Tty + €36 Ta To 0ty - €1 Ty T3 g -
Cae TaToas+2T2T2as - Cis T2 T2 s - 2Cse T2 Tty - Coo To T2 g - Cgy T2 T2 0ty -
CisTiToas—CasTaToas - 3T2Toas+Cys TaToas +Css TaTo s +Coy TaTaas - Ty Ty aﬁ)
Pg,j Xg,i) / (2 (-1+T1) (-Cp+CTa-Tray)) -
(-Cs6 Ty —Ceo T1 = C15 Ty —C36 T2 =3 Tq Ty + Cq5 Ty Ty + C56 Ty Ty + Cg1 T1 T3) P35 X3, 5

LERLP
((-c13 €22+ €22 €32 + €13 Cop Ty - €22 Caa Ty = Cpp Cgg Ty + €35 T3 = C2p Csg T3 - €22 Coo Tg +
€C13Cp To - Cpp €3 T2 - C13Cop T1 Ty~ Cy5Cop Ty To — Cap €33 Ty T — €32 C36 Ty Ty +
C22C1 TaTo+Co2C6 T1 Ta -3 € TaTo+Cy5€Ca TaTa-2€2, T2T, +2Cpa Cs6 T2 Ty +
o (e U0 e 2 e e U5 L e (e 15 U i (o (s 5 Ui (o (o LS Ly (e oy L 5
C23 C32 Ty T2 + C22 C35 Ty T2 + 3 €93 T2 T2 + €2, T2 T2 + €33 €36 T2 T2 - €35 €56 T2 T2 -
2C2Ca T2T2—CoaCae TaTo+3 € Ta T2 - Cy5 €2 To T2 - 225 €56 T3 T2 - €23 Coo T3 T3 -
C22Ca1 T3 T - Ca5Coa To T3 - C2C36 TaT3 -3 Co Ta T3 + €15 €2 T3 T3 + Cp Cs6 T3 To +
C22Ca1 T3 T3 - Ca1 Qg — Cge Ol +2 Cop Ty g ~ Csg Ty Gy~ Coo T1 g - C13 T g = €15 T ag +
CyoToag-C36Toas-3T1Toag+C13 Ty Toog+CisT1 Toag-2C Ty Trag +
(S Ut L e 2 20 (g et Lo 2 €9 oy Uy L et 5 (el WL L G o (el W L9 o (o W L Gy =
C2aTiToaa+C36 T1Tooa + 3T Toos - Cas T3 T3 atg - Cs T3 T3 04 - €1 T3 T3 0g + 0 )
P1,i P3,; X1,1 X3,j) / ((-1+Ty) (-1+T1Ty) (-Cp+C2T2-Troy)) -

2
(-C13 +C13T1 -Cu Ty +Cp Ty + T 0‘4) P1,5 P3,5 X1,i X3,

—1 + Tl TZ
(=C22 - Csq +Ce5 + Cxp Ty +C54 Ty = Cos5 T1 To = Ta ) P2,i P3,j X2,i X3, 5
(—1 +T2) (—1 + T]_ Tz)

2
((-1+T3) (Cc22Csa-Ca2CsaT1-CopCsaTo—CopCay Ty = CopCag To+Co Ty Ty +

C22C5aTaiToa-CoCse T To-CopCoo Ta To+ Cop Car Ti To + Cop Cgg T1 Ty = €3, T2 Ty +
C2pCse T3 To+Cop Coo T3 T~ Ca5 Cop T3 = €22 C36 T3 =3 € Ta T3 +2C15Cpp Ty Ts -
€2, Ty T3+ Cy2Ca6 Ty T2+ €22 Cs6 Ty T2 #2Co2 € Ty T2+ Co Cge Ty T2 +3 € T2 T3 -
Cis Coa T2 T3+ €2, T2 T3 + €2 Cea Ta T2 -2 €y €y T2 T2 — €25 € T2 T2 - €25 C56 T3 T3 -
o (e LB L5 b (e (e U L5 5 (o (s, 1 Ui (e A L — g (e L5 T (o o L
C23 Cs6 T2 T3 — €22 Cgy T2 T2 — 3 Co5 T3 To + €15 €22 T3 T3 + €23 Cs6 T3 T2 + €35 Cg1 T3 To +
€ Tras+CsaTrog+Ce Trog+CgeToaag—2C Ty Ty -Csa Ty Trog+Cs6 Ty To0g+
Cos Ta T 0y + Cis T2ty + Cag Taag + 3Ty Taay - Cys Ty T2ty + €23 Ty T2 g -
Css TaTaas—2Ca Ty Toay — Cog Ty Toag — Csg T2 T2 ag - Coo T2 T2 oty - €5 Ty T3 0ty -
C36TiTi0s-3TiTia+Cis T3 T8+ Cs6 T2 T3 g + Coy T3 T3 04 - To )

P2,5 P3,j X2, X3,j) / ((-1+T1) (-1+T1Ty) (mC2+CT-Trag)) -

( (sz + €3y = €22 Cg1 — Cpp Cgg = €22 Ty = €35 T1 = €25 Cs6 Ty = Cp Co T + Cp Cgg Ty + €3 Cgg Ty +
C22 Cs6 T3 + €3 Coo T3 = €22 Ty = €15 €22 To = €3, To = €y C36 To + Cpp Cg1 Ty + €35 Cgg Ty =
2CTiTy+2C5C Ty To+ €2, Ty Ty +€Cy2€Ca6 Ty To+2Cay €56 Ty To + €23 Coo T T —
C22Ca6 TaTa+3 €0 ToTo-C15€0nTaTo-2€2 CsgTi To - €22 Cog Ta Ta = C22 Cea T2 Ty +
C15C22 T3 +Cop C36 T3 +3 €2 Ty T3 ~2€C15 Cop Ty T3~ €22 €36 Ty T3 — €22 €56 Ty T3 -

C25 Cgy Ty T2 — 3 €23 T2 T2 + Cy5 €23 T2 T3 + €3 Csg T2 T2 + €33 Cay T2 T2 + Cay 4 + Cgg Olg —
CopTiag+CsgTyag+CeoTrag+Taog+Cys Trag+CopTrag+C36Taaq~Cgy Trog -

Cge Toag +2T1 Toog-Cys Ty To g —2Cs6 Ty Ty otg —Cog Ta Tr g — Cg1 T1 Tr 04 -
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C1s Thas-Cas Toas -3 Ty T30+ Ca5 Ty T ag + Csg Ty T3 0g + Cgy Ty T3 g - 0)
P3,i P3,5 X3,i X3,j) / ((-1+T1) (mCa+CpTr-Tray)) +

( (sz +€35 =2 Cyy Cyg = Cp Cg1 — €22 Cgg — €22 Ty = €55 Ty = Cp Csg Ty = €22 Coo Ty + 2 Cpp €73 Ty +
€22 Cg1 T1+ Cyp Cge T+ Cop Cs6 T2 + Cop Coo T3 = €2 T = €15 €22 T - €3y Ta = €5 C36 To +
20 Crg T+ ConCarTo+CoCagTa-CpTiTo+2C15CnTiToy+2C5, TaTo+CoCag Ty T+
2 CssTaTo+CoCoaTaTa-2C CrgTiTa-CopCar T1 Ta =2 € Cge T To #2 € T2 Ty -
C15 Co2 Ti T, - c§2 Ti T, - 3 ¢y, Cs6 Ti Ty -2 Cyy Coo Ti T, + €3 Cgg Ti Ty + €3 Cs Ti Ty +
C22Ceo TaTo+ Ci5 Cop Ta+Cop Cag To+2Co T1Ta-3C5Co Ta T3 -2, Ty T2 -2CyC36 T T2 -
C35 Csg Ty Ta + C22 Cgs Ty T2 — 5 Gz Ta Ta + 3 Cys5 €23 Ta T2 +1 €2, T2 T2 +1 €25 C36 T2 T2 +
3ConCs6 Ty Ta+CpCoa T3 o+ Cop Car T3 T3~ Cop Cag T3 T #3 € T3 T3~ 15 €2 T3 T3 -
2C2Cs6TIT2-C2Cea T3 Ta—C22Caa T3 T+ €15 € Ty T3 # €2 Ca6 Ta T3 +3 €, T2 T3 -
s e TP e e TS TS e me U U e G U TS B e T8 S s e L
C35 Cs5 T3 To + C22 Cgy T2 T3 + €31 Ol + Cag Oy — €23 Ty Ol + Csg Ty Olg + Cgg Ty s + T2 0l +
CisToag+CpTroag+C3T204-2Cg Ty ~Coy Toog-CgeToas +2Ty Tryag-Cy5 Ty T 04 -
2C56 Ty To0-Coa Ty Toas+2C3 Ty Toay + Cgg Ty T Oy — €22 T3 T oty + Csg T2 Tz g +
Coo T2To 0 —CisToos —Cag Toag — 2Ty T2ty +2Cos Ta T2 + €2 Ty T2 g + C36 Ty T3 0g +
Cse TaToas-Cog TaToag +2 T2 T2y - Cys ToTo s -2Csg ToTa g - Coo Ta T2 ag - Cg Ta T3 0y -
CisTiTios-C3eTiTas-3Ti Toaa+ Cis Ta Ty + Cog T3 To g + Caa T3 T3 g - 0 - Ty T2 0)

pﬁ,j X3, i X3,j) / (2 (-1+T1) (mC2+C2T2-Tag)) /. ag>2
(-c15 - C36 + C15 T3) P1,5 Xa,

= C15 P1,i X1,i + +
T2
1

ri[-1, 1'-_) J_] o=

N w

(-1-ca+T1) p1,iP1,; X5, (-1+T1) (-1-2¢4+2Ty) pi ;% ;

T1 2712
2
(C15 + C36) P1,; X1, 5 (-1-2c4+3Ty) p3,;Xa,i Xq,;5
+P1,i P1,;j X1,i Xg,5 - =
T1 2 T1
T3 i X3,
Cse + Ce9 — Cs6 15) P2, X2,i 1
Cse P2,i X2,i - 3 +
T3 T1 (—Ca2+Ca Ty - T ay)

(10 €22 + €55+ C22 Cag — Cop Ca1 = C2p Cgg = C10 Cop T1 = €55 T1 = €25 €56 T1 = Cop Coo Ty + Cp Cag Ty +
C23 Cgg Ty + Cpp Cs6 T3 + €22 Coo T3 = €10 €22 T2 = €15 €22 To = €3, To = Cop Cog To = €35 C3 T +
C22Ca1 T2+ CCgeTa-3C0nTiTo+C1oC0nTiTo+2C15CnTiTo+3 TaTo+Cp e Ty T+
2CCseTiTr+ConCeoTiTr=CoCaeT1Ta#3CTaTr-CisC Ti Ty -2Cp Cs6 T2 Ty -
€25 CoalTa o= G2z Cail s Mo FIC1sCan o+ Ca0) Cae T2 131G oo T 1ol = 2 Cos oo Ty TS
C22C36 TaTo - Cp Cs6 T1 T3~ C22 Car T1 T =3 T3 To + €15 Cop T3 T3 + Cop Csg T3 T3 +
Cyy Cg1 Ti Tg + Cgy 04+ CggOg—Cop Ty ag+CsT1ag+Cgg T10s+Cip9Tras+CigToroy+
CnTrag+CugTrag+C3eTaag-Cgr Toag-Cgg Toag +3T1 Trag-CipT1 Toag -
CisTiTras-2Cs6Ta Ty g - Coo Ta Tr g - Cg1 Ty Ty g - C15 T3 g - C36 T3 0a -
3Ty Toag+CisTa T s+ Cse Ty T3 04 + Ca1 Ty T3 @t = @) D1, P2,i Xa,i Xz, +

((-c22 o8+ €52 T1 - C22Ca1 Ty~ C22 Cog T~ C22 Csg T3~ C22 Coo T3 +2Cop Cog T2 - €15 C22 Ty T -
2¢2, Ty T2—Cy C36 Ty To +2 €23 Cay Ty To #2 €52 Cag Ty T2 -3 € T2T2 4 €15 €2 T2 Ts +
3C2Cs6 ToTo+2C2CeoTaTo+Co2Cay TaTo—Cop Cog Ta+2Cy5Cop Ty T2+ €3, Ty T2 +
2C2C3T1T3-C2Ca1 T3 Ta— €2 Cae Ty T3 +6Cop Ta T2 - 2€15 €2 T2 T2 -3 Cpp €56 T2 T3 -
T (B T T = 2 Gy G T4 T = G @y U, Ui = Gy G T T = 5 oy U, 05 2 G B 10 0 £

2.3 2.3
€22 Cs6 T3 T3 + Cpp €1 Ty T5 + Cop g — Cgg 0lg — Cgg Qg + Cp T1 0g — C56 Ty 0g — Cgo Ty 04 -
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Cis Toog-CopaToag-CogTrog—C36 To0g+Coy Toas+Cge T2 -3T1 Trog+

Cas T 12 Gl o T T Gl 2 o e T T 5 e C e oh Ty Tz NGl Gt Ta TN cta I G o T et e

Cag T§ oy + C3g T% a,+3T, T§ ag-Ci5 Ty Tg Oy - Csg Tq T§ oy - Cgy Tq Tg oy + ai)
P1,i P2, X1,i Xz,i) / ((-1+Ty) Ty (mCp+C2Tr-Troy)) -

( (-Cla C2- €3y =2Cyy Cog+C1pCop Ty +2€3, Ty -2 €2 Cgy Ty ~ 2 Cyp Cgg Ty - 2 €23 €5 T2 -

2 CeoTi+2C10C0 To+2C5, To+4CoCgTy-ConCar Ty = CopCae Ty =2C10C Ty To -
2C15C)TiTr-4¢3, T Ty -2C2CaTaTo-CrCos Ta Ta - C22 Coo Ta To + 4 Cop Ca1 T1 Ty +
4 G35 Cag Ty T2 =16/ C35 T2 T + 2 Cys Ca3 T2 T3 + 6 Co3 Cse T2 T3 + 4 €35 o T- T + 2 o3 €3y Ta T —
C10 €22 T3~ C15 €23 T3 = €3, T3 = 2 Cp Cg T3 — €3 C36 T3 + €23 Cg1 T3 + €22 Cgg T2 -
3CT1Ta+C19C0T1Ta+5C1sC Ta T2 +2C5, T T2+4CC36 Ty Ta+2Cy2 €56 Ty T2 +
C22Ceo T1 T3 - CoCa1 T1 T3 =2 Coa Cge Ta T3+ 12 Cpp T2 T2 -4 Cy5Cop T2 T2 - 6 Cop Cs T2 T3 -
2135 Coo T2 T2 — 4 €25 Cay T2 T2 + Cys €23 Ta + €25 C35 Ta + 3 €25 Ty Ta — 3.Cp5 €22 Ty Ta —
2C2C36T1Ta—C22Cs6 T3 Ta—C22 €1 Ty T3 —6Coa Ta T2 +2C15 €2 To T3 +2Cop C56 T2 To +
2C2Ca T2T3 4+ Co0g —2Cg 0ty -2 C s +2Ca Ty @y —2C56 Ty g -2 Coo Ty 0ty — €10 Ty g -
2CisToag—2cCyToog-2CgTrag-2cC3gToos+2Cgy Toag+2CggToas-6T, Trag +
CipT1 Toag+2Ci5T1Toag-2C Ty Toos +4Cs56Ti Toag+2Ce9 Ty Toag+2Cg Ty Trog +
CioToas +2C1s T2 ag + €2 Ta g +2Coa T2+ 2 C3g T2 0ty — €1 T2 0ty — Cgs T3 g +
6TiT204-CroT1 T2 -2C1s Ty Toas-3Cse Ty Taas-Ceo Ty Taay-2Cgy Ty T2 0ty -
CisToa-C3To05-3TiToaa+CisTiToou+Cog TaToaa+ Car Ti Ty 04 + 20 - To )

P1,j P2,5 X1,i Xz,i) / (Te Ty (mC2+CpTa-Tray)) +

( (Cla Ca2 + €35 = €22 Cg1 — €22 Cgs — C10 €22 T1 = €3 T1 = €5 Cs6 Ty = €y Cgo Ty + €2 Cgq Ty +
C22Cge T1+Cyp Csg T2 + €2y Coo T2 = €10 Cop Ty = €15 Cop Ty = €3, T = €22 €36 To + €35 Cgy To +
C22C36T2-3C0nT1To+C1aC0nTiTo+2C15CnTiTo+ o TaTo+Cp e Ty T+
2 Cs6TaTo+CoCoaTaTo-CoaCoe TaTo+3 € TiTo-Cis o T3 Ta-2C Cs6 T2 T -
C22Coo T3 Ta - Cop Car T3 To + C15Cop T3 + €22 C36 T3 +3 Cop Ta T3 =2 €15 Cp Ty T3 = €3 €36 Ty Ts -
C22Cs6 Ta T3 - C22Cg1 T3 T3 — 3 Ca TA T2 + €35 €Co2 T3 T2 + €3 €56 T2 T2 + €25 €y T2 T2 4+ Cgg g +
Cge0ls —Cop Ty 0tg + Cs6 T1 04 + Ceg Ty g + Cip To g + C15 To Qg + Cop Tr g + C36 T2 04 -
Cg1Toag-Cge Toag +3T1 Taog-CioT1iToag-Cis Ty Trag-2C56 Ty Tr 04 - Cog T1 T2 04 -
CorTaTaou-CisTos-C36 T30 -3 Ty T o+ Cos Ty To g + Cs6 Ty T3 g + Cgg Ty T3 g - )

P1,5 P2,i X1, Xz,i) / ((-1+T1) (-Cp+CpTr-Trag)) -

( (-1+Ty) (C1a Cap + €3y + C2p Cog — C19 Cop Ty = 2. €3, Ty + Cpp Cgy Ty + Cpp Cgg Ty + Cpp Cs6 T3 +
C22Ce9 T3 - C10C2 T2 = €3y Ty = €22 Cog Ty + €22 Cg1 To + €22 Cge To + C10 €22 Ta T + €15 €2 Ty To +
2¢0, TaTy+CoCaeTaTo+CopCos TaTo+ €22 Coa Ta T2 =2Cop Car T1 Ty -2 € Cge Ty Ty +
3Cy T2To—Cy5Coa T2 To -3 €2 €56 T3 T2 - 2Cap Coo T2 Ty — €2y Cgg T2 Ty + Cy5 €2 T2 +
C22C36 T3 +3€T1T5-3C15C T1T5-2Cy €36 T T3 - Cpp Cs6 Ty T3 - Cpp Cay Ty T3 -
6Cn T2T242¢C15C T2T2+2Cyp Csg Ta T2 + 2 Cop Cgg T2 T2 = Cop g + Cgy Qg + Cgg Ay —
CnTias+CseTyag+CeoTrag+CrpTras+CisTrog+ CopTroy+ CogTray+C36Tr 0y -
Ce1Toog-CgeToag+3T1Tryag-CroTa Toas-Cis T1 Tryag-2Cs6 Ty Tr g — Cog T1 T2 04 -
Cer TaTooa-CisToas - C36 T3 -3 Ty T ag + Cys Ty T5 g + Cs6 Ty T3 g + Cg1 Ty T3 @ - @)

P1,5 P2,5 X1,; Xz,i) / ((-1+Tg) To (-Coa+CpTa-Trag)) +

(-1-Cao+T3) Pa,i P2, X3,; (~1+T3) (-1-2Ca9+2Ty) 3 ;%5 ;

T, 2712
(Cse + Ce9) P2,5 X2, 5

LP
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Ci0 P1,i P2, X1,i X2,5 —
1

Ty (€2 +Cn T2 - Ty ay)

(€22 Cag ~ €5, Ty + C2p Caa Ty + Cop Cgg Ty + C22 Cs6 T3 + Cop Coo T3 = C22 Cog To +
C15CTiTo+ o TiTr+ConCaeTa Ty - CopCar Ta Ty~ €22 Cgg Ta To #3 € T T, -
C15C22 TaT2-2€2 Csg T3 Ty~ €22 Cog T2 To = €22 Cg1 T2 To - €15 €2 Ty T3 -

C35 C35 Ty T2 — 3 €33 T2 T2 + Cys Coz Ta T2 + €33 Csg T2 T2 + €33 Cay Ta T2 + Cgy Og +
Cgp 0y — Cyp Ty g + Cs6 Ty Oy + Cog Ty Qg + Ca5 Tr g + Cog T Og + C36 Tr g +
3T1Tryas-CisT1 Tras - Cse T1 Ty a4 —Cg1 Ty Tr 04 - ai) P1,5 P2,5 X1,i X2,;5 +

(-1-2ca9+3T;) p3,; Xa,1 X2, 5 1

P2,i P2, X2,i X2,5 — =
2T, BTy (Ca2-Ca2 T2+ Tra)

(Co1+Cae—CopT1+Cse Ty +CooTe+Cos Ty +C3Ta+3 Ty To-Cys Ty To+Co Ty Ty -
2 2 2 2
Cse T1To-2Cg1 T1 Ty -Cge Ta To - Cse Ty To - Coo T3 To = Ca5 T1 Ty —C36 T1 T -
Q4 P1,i P2,5 X3,i
2 2 2 2 2 2 2 2 o o o
3TiTo+Cis T3 T +Cs6 Ty T +Ce1 T1 T) —a4) Qg P1,jP2,i X3, - ————————
BT,
2 2 2
(a4 (sz T1+C81 T2+C85 T2—2C22 T1 T2+C56 Tl T2+C69 T]_ T2+C15 T2+C36 T2+3T1 TZ_
2 2 2 2 2 2 2 2 2
C15T1T2+C22T1T2—C56T1T2—2C81T1T2—C86T1T2—C56T1T2—C69T1T2—
3 3 2 +3 2 3 2 +3 2 3
C15T1T2—C35T1T2—3T1T2+C15T1T2+C55T1T2+C81T1T2—T2a4+T1T2a4)
P1,5 P2, X3,i) / (BTy Ty (Co2-CaaTo+Taa)) - CgyP3,i X3,i +
((-C22€56 T1-C22Co0 T~ C15C22 Ta = Cop C36 T2 =3 C2a Ta T+ Cy5C22 T1 To +2Cop Csg Ty Ty +
2 2 2 2 2 2
C22 C59T1T2+C22 C81T1T2+C22T1T2+C15 C22T2+C22 C35T2+3C22T1T2—C15 C22T1T2—
2 2 2 2 =2 2 2 3 -2 3 2
€22 Cs6 T1 T5 = Cpp Cgg Ty T5 - 2€C5, Ty T5 + Cpp Cgg Ty T3 + Cop €56 Ty Ty + €2 Coo Ty T3 +
TZ T3 2 T2 -I-3 TZ T3 -I-Z T3 3 T3 -I-3 T3 T3
C15Cp I T3 +Cyy 17 15 +C3C36 I 15 -CopCge g 15 +5C I3 15-Cq5C 1715 -
2256 T3 T5-Co2Coo T3 T5-CoaCon T3 T3 -Cis Ca Ta T3 - Coa €36 T T3 -3¢ T3 T
22 %56 11 2 22 %69 '1 '2 22 %81 1 12 15 ©22 11 12 22 %36 '1 '2 22 17 15+
34 3 +4 3 4 2 2
C15 C22T1T2+C22 C56T1T2+C22 C81T1T2—c56T1T2a4—c59T1T2a4—C15T2a4—c35T2a4—
3T1T§a4+C15T1T§a4+C55T1T§a4+2C81T1T§a4+C86T1T§a4+C56T2T2a4+C59TiT§a4+
3 3 2 3 2 3 2 3 2 3 2 2
c15T1T2a4+c35T1T2a4+3T1T2cx4—C15T1T2a4—c56T1T2a4—2c81T1T2a4—T1T2a4)

1

2 -2
P3,; X3,i TiT (mCp+CpTo-Thay)) - ——
)/( ) T1 (-1+T,1T)

(-ca3+ Cop - Coy — Cgg + €13 Ta = €22 Ty - C56 Ty - Co Ty + C22 Ti-CisTa-C36T2-3T; To
Cys Ty To — €22 Ty T + €56 Ty To + 2 Cgg Ty T3 + Cgg Ty Tz + Cs6 T2 Tz + € T2 Ta + €35 Ty T2 +
C36TaT3+3T3T5 -5 T3 To - Cs6 T3 T5 - Co1 T3 T3 + Ty ag) Pa, 5 P3,i Xa,i X3, -
((-c3y+Caac32+ 23, Ty - Cpp Car Ty - Cop Cgg T1 = C2p Cs6 T3 - C22 Coo T3 + €55 To -
€2 €32T2a-Ci5CT1Tr-263,TaTo-C € TiTo-CnCe Ta To+ € Ca T Ty +
AR Rl Rt BT EESEE ST R e R Rl SR
2/C3 Cgn T2 T + 25 Cgs T2 T + €33 Csg T Ta + €23 Cog T3 T3 + €5 €2 Ty Ta + €3 €35 Ty T2 +
€23 C3 Ty T3 +3Coa T2 To + €5, TA T3 + €32 €26 T2 T2 - €25 €56 Ta T2 -2 Cay Cgy T2 T3 -
C22Cas T2 T2 43 Cp T2 T2~ Cys Coa T3 T2 = 2 € Co T2 T2 = €22 Coo T2 T2 = Cpp €y T3 T2 -
i (e VLS — (o e U5 LS — B L Ly e (ot L L o (o (o L I (e G L
€04 -Cg1 04 -Cge Qg +Cop Ty g -Cs6 T1 03 -CoogTraAa-Cis Ty -2CnTrag +
CyoToag-C36Toas-3T1Toag+Cis Ty Tooa +Cp T Toag+Csg Ty Toag+2Cgy Ty T g +
Cas TaTo Q- Coa T2 Ty as +Cse T2 Toag + Coo ToToag + Cys Ty Taag - C3p Ty To g +

2 2 -2 2 -2 2 -2 2 -2 2 2 2
c36T1T2a4+3T1T2a4—c15T1T2a4—c56T1T2a4—c81T1T2a4+a4+T2a4—T1T2a4)
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P1,iP3,j X1,iX3,i) / ((-1+T1) Ty Ty (- + € Tr-Tyau)) +

( (C13 Ca2 - €5y + €22 €35~ €13 €25 Ty +3 €5, Ty — €25 Cgq Ty = €23 Cg6 Ty — €35 T2 - €5 Cs6 T2 -
C22Coo T3~ C13 € To+ €3 To =€ €3 T+ €13 o Ta Ta - Cas €2 Ty T -3 ¢35, Ty Ty -
€€ TaTo-CpCasTaiTo+CnCa TiTo+CnCgeTiTo-3CnToTo+CisC Ta Ty +
e s U e G T e ma U T e e 1 e s s e e 1S T
C1sCaTiT3+CnCaTiTo+ € Cag TaTo+3C Ti T3 +C5, Ta T3+ €22 C36 T2 T3 -
CoaCs6 T3 T2 -2C Car T3 T5 - CoaCag Ta T3 +#3Con T3 T3 - Cis Cp T3 T3 - 2Cpp €56 T3 T3 -
C22Cea T3 T3 —C22Caa T3 T —C15 €2 TaTa - €22 €26 TaTa -3 € T3 T3+ C15 € T3 T +
C22Cs6 T3 T3 + Cpp Cg1 T3 T3 + Cop Qg - Cg1 Qg — Cgg g — Cs T 0ta — Cog Ty 0g + €13 To g -
CisTooag-2CpTrag+C3Trog-CeToas -3T1 Tryag-CiaTa Toag+Cis Ty Tr g +
3¢z, Ty M5 Gl + €55 Ty T2 Olg + 2 Gy Tiy T3 0Ly + Cag Ty T2 Gl — 2 €35 T- T3 0ty + Cs T2 T 0 +
Cos ToTy 0+ CisTa Taas—C32 Ty To g + C3s Ty To g + 3T Taag - Cy5 T2 T2 atg - Csg T2 T2 g -
Car TiTooq+05+Toas -2T1To05) P1,jP3, i X,i X5,1) / (TiT2 (-Coa+ €22 T2 - Toaa) ) -

1

(-Ca3+ Cop+ C3p— Cgy — Cgg + C13 Ty = Cop T = Cs6 Ty = Cgo Ty +
(—1+T1) (—1+T1 Tz)

2
€T -CisTy-C36 T3 =3T3 T +Ci5s T Ta-Cp Ty T3 -C35 Ty To +C56 Ty T +
2C3 TiTo+CaeTaTo+ Csg ToTo+ Ceo TaTo+Cys Ty Ta + Cag Ty T2+ 3 T2 T2 -
C22 P1,i P3,j X1,5 X3,
+
T,

2 2 2 2 2 2
( (C13 sz = sz = C13 sz T]_ + 3 sz T1 = 2 C22 T1 = C13 sz Tz + C22 Tz + C13 sz T1 TZ = 3 CZZ T]_ Tz +

22 2.2 22
Cis T3 Ty -Cs6 Ty T3 -Cga T3 T + Ty Ol4) P1,j P3,i X1, X3,i =

2C I 7 G e~ C oo T o) G Tz =21 C 3o T3 bt € T3 Gl 1 o N T2 Gl =N 3 T T2 Gl
3 €25 Ty To Gg+ Cs5 Ty T2 Olg + Cgo Ty T Qg — 2 Coz T2 Ty oty + €35 T2 Olg + C36 To g + 3 Ty T2 0lg —
Cis Ta T304+ Coa Ty T30 — C56 Ty T alg — 2 Cgy Ty T2ty - Cgg Ty T2 &ty — Csg T2 T2 g — Cog T2 T2
ag-CisTaT3as-CaeTiTi0a-3TaT0s+Cis T3 Ty o+ Csg Ta T3 ag + Coy T3 T3 g - Ty To 03)
P1,5 P3,5 X1, X3,i) / ((=1+Tg) Ty Ty (=Ca+CnTa-Trag)) -

((-ca2 Csa - C22 Ca1 - €2 Cgg + Cap Csq Ty — C22 Cs6 Ty = C22 Coo Ty + C2 Cgy Ty + €2 Cge Ty +
C22 €6 T2+ €35 Ceo T2 — €15 €23 Ta - €22 €36 Ty # 2 €22 Csa To +2 €35 Cgy To +2 €5 Cgs T -
3C Ty Ta+2Cy5€C Ty Toa—€2, Ty Ta+Co3Cag Ty T2 —2Coo Csa Ty To +3 €0 Csg Ty Ta +
2C2CeoT1To—CoaCa6 Ty Ta+3CTaTy-Ca5€Cop Ta T2+ €5, TaTy-2Cp Cs6 T2 Ty -
C22CeoTaTy-2Cy Co ToTo-CoCag TaTo - €2y Ce T3 Ta - C22 Ceo T3 To +2 €5 €y T2 +
2 €35 C36 T2 — €22 Csa T2 — €23 Ca3 T2 — €25 Cg T2 + 6/C2p Ty T2 — 31C15 €2 Ty T2 + 2 €2, Ty T3 —
C22C36 Ta T3 +Cyp Csa Ty T3 -3 €2 €6 Ty T3 — C22 Coo Ta T3 = 3 €25 Caq Ty T3 = €25 Cgg Ty T -
3CTiTi-2¢, TaT2-C2Cag Ta T2 - Cop Cea Ta T2 +3Cp gy T2 T3 +2 €3 Cgg Ta T2 -
3¢, TiTo+C5CTiTa+3CoCss T To+2C Coo T To+CopCa TaTs-Cis5Cxn T -
€22C36T3-3CnTiT3-c3TiT3 - TiTi+CCseTaT3+2Co Ca To s +
C22CaeT1T3-3CnTiT3+3CisCpuTaT3+C5, TaT3+2C 36 Ti T3 +2CCs6 T2 T +
C22Ces ToT3 - C22Ca6 ToT3+6Co T3 T3 -2 €5 €2 T3 T3 -3 € C56 T3 T2 — €22 Co T3 T3 -
21C7 Cax Ty 5 Iy =1 C o5 Tl oo Cae Tl H3 e T AT = 20y oo T T e 70 o T T =
C23 Cs6 T2 T3 — C22 Cgy T2 T3 — 3 Co3 T3 T3 + €15 €22 T3 Tg + €23 Csg T3 T3 + €25 Cgy T3 Ta +
Cgy1 Olg + Cgg Olg — Cpp T Olg + Csg Ty g + Coo Ty g + C15 Ty 04 = Cop Ty ag + C36 Ty g -
CsaToag-2cCgi Toog—-2CggTaog +3T1Toas-Cis Ty Taos+3CpT1Toyag+CsqT1 Ty -
3CssTyToas—2CeoTyToag—2Cgy Ty T2 0y — Cg Ty T g + €25 T2 Ty g - C56 T2 Ty 0 —
Coo T2Toas—2Cys T2 ata+ Con T2ty - 2 Cag T3 0y + Csq T3 Qg + Cgy T2 g + Cgg T3 Olg —
6T Toas+CisTaToas-3CTaToas-C3 Ty Toats - Csq T1 T2 g + 3 Cs6 Ty T2 0 +

C59T1T§a4+4C81T1T§a4+2C85T1T§a4—3TiT§a4+C15TiT§cx4—szTiT§a4+
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3CseT2Toas+2CeoToToas+Cay TaToas +CisTaas +C3eTaog +3 Ty Toag+ Cys Ty T2 0 +
CnTiTias+2C3sTaToa-CsgTaTaoa-2Co Ta Ty s - Cog Ta T30 + 6 T2 T3 g -
2¢15TiTias-3Cs6 T T30~ Coo TaTa s -2 Car Ta T304 - C15 Ty Ty 0ta ~ €36 To T g -
3TiTas+CisTaToa+Cse T3 T g+ Cor Ta Ta g - af + Ty0g + Ty Ty 04 - T3 a3

P2, P3,i X2, X3,i) / ((-1+T1) T (-1+T1Ty) (=Ca+CnTa-Troag)) -

( (C§2 - C22 Cg5 — C22 Cg1 — C22 Cg6 ~ C22 Csg T1 + C2p Cos Ty = C2p Ceo Ty + C2z Cgy Ty + C2p Cgg Ty - €3, T3 +
€22 Cse Ti + C23 Cqo Ti -Ci5Cy Ty -2 ng Ty -CpC36 Ty +Cop Ces Ty +2Cyp Cgg Ty +2Cy) Cgp T -
3CyaTyTo+2Cy5€C5 Ty To— €3, Ty To+Cop Ca Ty To+3Cap Cs6 Ty T + 2 €3 Coo Ty Ta -

C22Ca6 TaTa+3C0TiTo—Cy5€TaToa+3€3, TaTy-2Co Cs6 TaTy - Coa Ces T2 T5 -
(S LA L = 2 (e WA L — () (o LU L) 1 (ot (g L L) (= (=) L L 2 e (o U5 () 5
2 €35 C36 T2 - €22 Cag T2 — €23 Cg T2 + 6 €22 Ty T2 — 3 €5 Co Ty T2 + 2 €25 Ty T2 - €25 €36 Ty T2 -
3CyC5 Ty T§ - C2Ce5 T2 T% -CCe Ty T§ -3CyCa1 Ty T§ - CyCgs T2 T§ -3c¢Cyp Ti T§ =
3¢, T2T3-C2Ca6TiTo+C2Ce5 TaTo - Co2Ceo T3 T2 +3 €2y €y T2 T2 +2Cpp Cg6 T2 T5 -
31 2T 5 €5 €22 T T2 118 Gz Gog 1T 121G 2ol Coal T T 1G5 Cay T T =G G T =
€23 C36 Ta -3 €35 Ty T3 - €2, Ty T3 — €22 C36 Ty T3 + €22 €56 Ty T2 + 2 €33 Cag Ty T2 + €3 €6 Ty T3 -
3C0TiT3+3C5CTaTa+C3, TaTs +2CCaTaTa+2CCs6TaTa+Ca2CeoToTh -
C22Cee ToTa+6C TaT3-2C15C T3 T3 -3C2Cs6TaT3-CopCoTaTa-2CgyCay T3 T2+
C15Cop T Ty +Cop Cag Ta Ty +3 € T2 T3 =2 Ca5 Cop T2 T = Cop C36 T2 T3 - Cp Cs6 T2 T -
C23 Cgy T2 T3 — 3 €23 T3 T3 + Cy5 Co3 T3 T3 + €22 Cs6 To T3 + €25 Cgy Ta T3 + €23 Qg + Cgy Ol + Cgg Oy —
2Cy T1 04 +C56 Ty s+ Ce Ty s+ CisTroy+C36Tras-CosTras-2Cg1 Trag-2CgeTray+
3T1Tooa-CisT1Toag+3CpTiToos-3Cs6 Ty Toog +Ces Ty Toag—2CeeT1 Ty g -
2¢ TaToos-CogTaToou - Csg Ti Toota— Coo T3 Ty atg =2 Cys T3 0t = €2 T g - 2 C36 T3 g +
Car To0s +Cge T30 -6 Ty Toaa+Cas Ta T3 s -2C T Too - C3 Ta Toaa + 3 Cse Ty To g +
CosTaToas+CooT1 T3 +4Ca1 T1 To s +2Cg Ta T s -3 Ti To g+ €35 T2 To g +
3Cs6ToToas-Cos TaTo s +2CeoTo T3+ Co1 TaTo g+ Cas Ta0ta + C36 T3 g +3 Ty T3 04 +
CisTaTaaa+CT1T3aa+2C3 Ta T30 ~Csg Ty T3 0ta —2Coy Ta T3 g — Cgg Ty T3 0t +
6TiToas-2C1sTaT0u-3Cog T3 T30 - CooTi T30 -2 €y T3 T3 g - €35 Ty T3 g -
C3TiT305-3T3 T30+ Cis T3 Toaa+ Cse Ta T g + Ca Ta Ty aa - a7 + 2 To 04 - T T3 o)

P2,i P3,;j X2,1 X3,i) / ((-1+Tg) Ta (-1+T3) Ty (-C2+CnTa-Toray)) +

( (ng = €23 Cs4 — C2 Cg5 — C22 Cg1 — €22 Cgp + C22 Cs4 T — €22 C56 T1 + €22 Ce5 Ty — €22 Coo T +
C22Cg1 Ty +Cyp Cge Ty = €3, T3+ Cp Csg T3 + €22 Coo T3 = C15 €22 Ta =2 €5, Ty = €22 €36 To +
2C2Csa Ty +CoCes Ta+3Co2Ca1 Ta+3C2C6Ta-3CTyTa+2€C15€C T T2-2¢5, T Ty 4+
€22 C36 T4 T2 =2 Cy €54 Ty Ty +4 Cpp C56 Ty Ty +3Cpp Cg Ta To =~ CppCgy T T2 —2C55 Cge Ty T +
3C T TiTo-C15CTiTo+4¢C5, TiTy-3CoCs6 ToTy - Co2Ces To T -2 € Cea T Ty -

2125 €51 T- T3 — €25 Cgs T2 Tl — €23 €6 T Tz — Gz Gog Mg Tz +13 €15 G20 Ta + Gap 1o+ 3 €55 €36 To =
€22 C54 T2 -2C25Cay Ta—2Co Cae Ta+9C Ty Ta-5C15 € Ta T2 +4¢2, T1 T2 -2y C36 Ty T2 +
C22C5q Ty T§ -5CyC56 Ty T§ -CyCes Ty T§ -2CyCe Tg T§ -4cCyCe Ty T§ - CyCgs I T§ =
6CH ToTo+Ci5Co TaTa-5¢2, T2 T2 - €2 C36 T2 T2 + €y C56 T2 T2 + €5 Cgs T2 T -

C22Ceo T2 T2+5C2Caa T2T2+3Cy Cag TaTa-3Co TaT24CisCou To T2+ 4CCse ToTo +
3C22Cea T3 T2+ C22Cay TaTa—2Cy5Coa Ta—2C22 €36 Ta -6 Coo Ty To + €35 €22 Ty T -

2¢3, Ty T3 -CoaC36TaT3+2CCs6Ta T3 +4CoCoy Ta T3 +2CoCas T T3 -3 € To T2 +
BAC15CpTiT3+2C2, T2T2+3CoCaeToTa+3CoCosTaTa+2CoCeoTaTy - CppCgy T2 T3 -
2Cy Cas T2T2+9Co T2 T2 -3 Cy5 € TaTo —5C2 Csg ToTa -2 €20 Cea ToTa -3 €22 Can Ta To +
2C15C T1T3+2C2C3s Ty T3 +6C TI T3 -4 Cy5Co To T3 —2Cay C36 T2 T3 — 2 €3 €56 T2 T -
2C2Ca T2T3-6CTiT3+2Cy5C T3 T +2Cay Csg T3 T3 + 2 Caa Cga T3 T3 + €2 Gy + Cgg Oy +

Cge0a—~2Cxp Ty 0q+Cs6T1 s+ Ceo Ty g+ CisTrag-CopTrag+C36Tras~CsqTr04-
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Ces Toag-3cCg1 Toog—-3CggToaa +3T1Toag-Cis Ty Tyoa +5C T1Toyag+CsaT1 Ty g -
AcsgTiToou+CesTaToaa-3CooTaTooa-2Ca TiTrag - Cg Ty T s - Csg T3 To 04 -
Cos ToTy 04—~ 3CsTo s -3 C36 T2ty +Csa To g +2Co1 Ta s +2Cag To s -9 Ty T2 0p +
2C)5TiT304-5C22 Ty Toag —C36 Ty Taoy — Csa Ty T2 ag + 5 Csg Ty T2 0ty + Cos Ty T2 g +
2CoTi T30, +6Cg Ty Toas+3Cee TaToas-3T2 T2y + Cys T2 T2 0g +4 Cs T2 T2 0y -
Cos T2T203+3CeoToToas+Can ToToas +2CsTaag +2C36Taa +6 Ty Taag+Cs Ty Taag +
2C, TiTios+3C36T1Toas-2Cs6 Ty Toas-4Cey T Taos-2Cg T1 Ta g +9T2 T ag -
3CisToT3as-5Cs6TaToas-2CeoTiToas-3Ca ToT3 s -2C15T1 Ta s —2C36 Ty T3 ag -
6TiToos+2CisTiTaaa+2Cse TaTaaa+2C Ta Toou - 05 +3To05 - T3 o - Ty T of)
P2,5 P3,j X2, X3,i) / ((-1+T1) TiTs (-Cn+CuT-T, aa)) =

((-ca2 Csa + C22 Cos = €2 Ca1 — Cap Cag + C22 Csq T1 = C22 Cs6 T1 = €2 Cos T1 - Cp Co Ty +
C23 Cg1 Ty + Cpp Cgg Ty + €22 Cs6 T3 + €22 Co9 T2 = €15 €22 To = €25 C36 To +2 €22 Cs4 Ty -
C22Co5 T2 +2 €2 Co1 To+2Co CaeTo=3CTiTo+2€15€CnTiTo-3 TaTo+CynC3e Ty To -
2CCsaTeTy+3C0CoeT1To+2CHCeaTeTy-CoCgeTaTa+3CnToTy-Cis € To T, +
115 5 A (e (e LA (b (o LA Ly o (o U L — 2 (e L e (o L
€22 Cs6 T3 Ta = Cop Coo T3 To + 2 €15 €22 T3 + 2 Cp C36 T3 = €3 Csq T3 = €33 Cg1 T3 = €22 Cgg T3 +
6CnT1iT3-3C15C0nT1Ta+2¢, TaTo-CopCae Ta T2+ Cop Coa Ta T2 -3 Caa Cs6 T1 T3 +
C22Ces Ta T3 —C22CeoT1 Ta -3 €2 Caa Ty T2 - €2 Cge Ta T2 -3 € T2 T2-2¢2, T2 T3 -
(S (2hpa L LB = (555 (o U L) = (5593 (o) e L 0 £ (U By 23 o) (o U 0 = ) (o 1 U
C15 C22 T3 T2 + 3 €33 €56 T3 T2 + 2 Co3 Coo To T2 + €23 Cag Ta T2 — €15 €25 To - €33 €36 To —
3CT1T3-c3, Ty Ta—C2Ca6 Ty T3+ Cop €56 Ta T3 +2Cay €y Ty T3 + Cop Cgg Ty T3 -
3C TT3+3C15CnTaTa+ ¢, T2T24+2CyC36T2Ta+2C) Csg ToTa +Cop Coo T2 T -
C25 Cgs T2 T + 6 Ca3 T3 T3 — 2 Cys €z T To - 3/C25 Csg T3 T3 = €25 Coa T2 Ta — 2 C23 Cay T T3 +
C15 C22 Ty T3 + C22 C35 Ty T3 + 3 €22 T3 Tg - 2 €45 €25 T3 Tg — €23 €36 T2 T3 — €25 C56 T2 T3 —
Cyy Cg1 Ti T‘z‘— 3¢cy Ti T§+c15 Cyo Ti T‘2‘+ Cy Cse Ti T‘2‘+ Cyy Cg1 Ti T§+c81 Qg + Cgg Qg —
€ Ti10a4+Cs6 Ty g+ Ceo Ty 0g+Ca5sTras—CopTyrag+C36To04-CsqTra+Ces To 04 -
2Cg1 Tooas—-2cCggToog +3 Ty Toas-Ci5 Ty Toag+3C Ty Tooy +Csq T Trag -
3csTaToas-CosTaTras-2CeoTaToou-2Co TiTras-CoeTiTras+ € Ta T 0 -
Cse TaToas - Coo TaToag —2Cas Toag + Cop Taag — 2 C3g T3 Qg + Csq T3 g + Cgg T2 0 +
Cas Tty - 6Ty Toaty +C1s Ty T2 a4~ 3 C2a Ty T2 alg — C36 Ty Ta 0ty — Css Ty Ta 0l +
3CseT1Toas—CosTyToag+CeaTyToas +4Ce Ty Tooy +2Ce Ty T2 s -3 T2 T2 g +
Cis T2Toa-CoaToTras+3Cs6 ToToag +Cos TaToag +2Coo T3 Ta 0ty + Cgg T3 T2 0ty +
CisToas +C36Taag+3 T Toas+Cs Ty Toag + Cop Ty To g +2C36 Ty T3 04 -
Css TaToas—-2Ca Ty Toas —Cgs Ty Toag +6 TaTo s -2Cos ToTo s - 3 Cs6 T2 T3 0y -
Coo T2Taas-2Ca ToToag - Cys Ty T3 ag —C36 Ty Taag — 3 T3 T3 atg + €35 T3 T3 g +
CssTaToou+Con Ty Taag-0g +Toaf + Ty Toaf - T3 05) P2, s P3,i X2, X3,1) /

((-1+T1) (-1+T3) (-1+T1Ty) (-Ca+C2T2-Tray)) +

((ca1+Cae-CoaTy+CopTy+CooTr+Cis Ty C3Ta+3TTo-Cys Ty To +
€ TiTy-CogTiTy-2Ca T1 Ty~ Cge Ta To - Cs6 T3 T2 - Coo T3 T -
CsTiTo-C36 Ty T3 =3T3 T3+ Cas T T3+ Csg T3 T3 + Cg1 T3 T5 - ay)

4 P2,i P3,j X2, 5 X3,i) / ((-1+T1) Ty (Ca-C2Ta+Trag)) +

((c22 Csa + C22 Cg1 + C22 Cgg — C22 Csq Ty + 22 Cs6 T + C2p Coo T1 — C2p Caz T1 - Cp Cgg Ty -
C22Cs6 T2~ Cop Co T2 + €15 Cop To+ €2 Cag Ty = €2 Coa Ty = €22 Co1 Ty~ €22 Cge Ta #3 € Ty T -
2C15CH TiTr+ €5, Ta Ty~ €3 Ta To+ €22 Csa T T =2 Cop Csg Ty Ty = €23 Coo Ty T =
S B T, Uy = B Gy T 0y 5 Gg Gy 1 U = gy e, T = Gy G 1 Ty 2 20 (2 (o, 0 s o5
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C2yCag T3 To+ Cop Cs T3 To + Cop Coo T3 To = C15 o T3 = €22 €36 T3 = 3 Cop Ty T + €15 Cpp Ty T3 -
€2, Ta T3+ C2Cs6 Ty T +2Cy2Cay Ty T2+ €22 Cgg Ty T2+ €15 Cop T T2+ €5, T2 T2 4
C22C36 ToT3+ C2 Cs6 ToTa+ €22 Cea TaTa - €22 €Caa Ta T2 - Cop Cge Ta T2 +3Co T3 To -
o e T IR e ez U U — e e 1 U e e 5 U (e e L G e L
3Co TETo - 2Cy5€C T3 T3 —Co2 Cag To To - €22 €56 ToTa — €23 Can TaTo -3 To T3 +
C15C22 T3 T +Cop Csg T3 T3 + Cop Cag T3 T3 - €25 Qg — Cgq Qg - Cgg Qg + 2 €5 Ty Gy = Cs6 Ty Oy -
Ceg T1 a3 -Cis Toag+Cpu Toag—-C3g Toag +Csa Ty +2Cgy Toag+2Cgg T -3T, Trag +
CisT1Toag-3¢C T1Toag-Csq Ty Toag+3Cs6 Ty Toag +2Ce9 Ty Tog+2Cgy Ty Troy +
Cas TaTo s —Coa ToToas+ Cs ToTo Qg+ Coo ToToag +2Cy5 To s +2Cag To s + 6 Ty T3 0 -
CisTaToag+2Cu TiToas+C3gTaToas -2Cse Ty Toatg -4 Cgy Ty To g - 2 Cgg Ty T2 0 +
3T2T2a,-CisT2Toas-3Cs6ToToas-2CeoToToas-Cor T2 T2 04 -2Cy5 Ty T2 0y -
2036 T1 T304 -6TiTo0a+2CsTiTaa+2Cs6 Ta T3 +2Ca Ty Ty 0a + 0 - 2T )
P2,5 P3,5 X2, X3,1‘) / ((-1+Ty) Ta Ty (-Ca+CnTa-Trag)) +

((-c22 - €35 - C22 C7g + C22 Cg1 + C2p Cgg + Cop Ty + €35 Ty + Cpp 56 Ty + Cp Coo Ty + €22 C75 Ty -
C22Cg1T1 - Cyp Cgs Ty - Cop Cs6 T2 = Cop Cao T+ €2 To + €15 €2 T+ Ca T2+ Cop C36 To +
C22C78 T2 —CppCg1 To—CopCge To+3CT1Ta-2C15C T1To-CopC36T1 To -
2CCseTiTr-ConCooTiTo=CoCrgTa Ty = €22 Co1 T1 To =4 Cop T3 Ty # €15 Cop T T =
G2, T2 Ty + 2z Cs T2 T2 + 2 Ca3 Gy Wa T3 + Co2 Cag T2 T2 + €2 Cse T T3 + €25 oo T T —
C15C22 T2~ €23 Cas Ta A Co Ty T2 + €15 Coa Ty To - €2, Ta T2 4+ €2 Cs Ty T2+ 2 €2 €y Ty T2 +
C22Cas Ta T3+ Coa To T3+ €35 Coa T2 T2 + €2, T2 T3 + €2 €36 T2 T3 + €3 €56 T3 T2 + €25 Coo T2 T2 -
o U S e e U TR e 1 S e e 1 1S = e s TS G L
C35 Cgy T3 T2 + Cg5 €22 Ty T3 + €322 €36 Ty Ta + 3 €22 T4 Ta — 2115 €2 T2 T — €35 C36 T2 T3 —
C22 Cs6 T2 T3 — C22 Cg1 T2 T2 — 3 €2 T3 Ta + €15 €22 To T3 + €25 Cs6 T T2 + €25 Cgy T3 To -
Cg1 Oy — Cgg Oy + Cop T g = Cs6 Ty g —Coo Tr g~ Ty g —Cy5 Ty ag - Cp T ag - C36 T2 g -
CrgToag+Cgy Trog +CggTaog —2Ty Toog +Ci5 T1 Toog +2Cs56 Ty Toag + Coo T1 Ty g +
Cra TaToas+2Ca Ty Toag+Cgs Ty Toaag —Co T3 Toay + €5 T3 To g + Coo T3 Tp 0ty +
Cis T2ty +C36 Taag + 4Ty T2 oy + Cop Ty T2ty + Cag Ty T2ty — Cs Ta T2 g - 2 Cgy Ty T3 0 -
Cas T1 T2 +2T2 T2 a5 -Cs T2 T2 -2Cse TaToay - Ceo TaTa oty - Cgy T2 T2 0ty -
CisTaToas-C36T1To0u-3Ti Toa+ Cis Ta Toaa + Csg T3 Ty 00 + oy T3 T3 g + 0 - Ty T )

Ps3,i P3,; X§,1~) / ((-1+Ty) TaTy (-C2+CnTa-Taay)) -

((=14 Ty Ty) (-Caa- €35~ 2CopCrg+ Cop Cgy + Caz Cgg + Cop Ty + C5p Ty + €2 Csg Ty +
C22Co9 Ty +2 €2 C7g Ty ~ €22 Cg1 T1 — €22 €6 Ta — €22 €56 T2 ~ €35 Coo T2 + €55 Ty +
C15C Ta+ €3 To+ € Cag Ty +2Co Crg T = Cop Car To = Cop Cag Tr +4Cp Ty Ty -
2€C15Cn TaTo+ €3, TaToy-Co €3 TaTo-2Co Csg Ta To - Cop Coo T1 Ta =2 €2 C7g Ty Ty -
2CyCa T1To—Co2Cs Ty To—5C TaTy + €15 €2 Ta T2 - 2€5, T2 T, - Co3 Coo T2 Ty +
3 Cy Caa Ti Ty + 2 Cyy Cgg Ti Ty +2Cy; Csg Ti Ty +2Cy; Ceo Ti Ty - C15 C2p T% - Cy3 C3¢ T§ -
5¢CTiT-2¢5, TiTo-Cpr €36 Ty T2+ Cpp Cs6 Ty Ta + 3 Cp oy Ty T3 +2Cpp €6 Ty T -
C22TiT24+3Cy5 € TaT2 425, TAT3+2C5 C36 Ta T2 +3Cpp Csg T2 T2 + 2 Cop Cop T2 T2 -
€23 Cg1 T2 T3 -2Cy2Cgg TaTo +6Co To T2 —2C15Coa Ta T2 — 4 Cg3 €56 T2 T2 — 2 €3 Coo To T2 -
2C2Ca TiT242C5€CT1 T3 +2€CC6Ta T3 +6C TaT3 -4C15C T2 TS -
2CC36ToTa-2CoCoeToTa-2CoCa1 ToTa-6C TaT3+2C15C Ta T +
2y Cs6 T3 T3+ 2Cyp Cag T3 T3 — Cg1 Qg = Cgg Oa + €33 Ty Gl = Cs6 Ty g = Cgo Ty g =
Taog-CisTrag-CppTrog-C3Tras-2C8 Ty +Cg1 To0g+CgeTras-2Ty Trog+
CisTiTooag+2Cs6 Ty Toog +Ceog T1 Toag+2Cy8 Ty Toag+3Cg1 Ty Troy +2Cgg Ty Tr0og -
20, T2 Ty +2Cs6T2Toas +2CeoTaToas +CisTaag +Cae Too + 5Ty T2 0y +

c15T1T§a4+2c22T1T§a4+2C35T1T§a4-C55T1T§a4-3C81T1T§a4-2C85T1T§a4+
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ATiTo0s-2C1sToToas-8Csg T3 To 0 -2Cog Ta T s -2 €1 ToTo g -2 Cy5 Ty T3 0t -
2036 T1 T304 -6Ti Toou+2CsTi T a5 +2Cs6 T3 T3 +2Can Ty Ty 0 + 0 - 2 T3 Tp )
P3,;%5,:) / (2 (14 T1) T3T5 (-Cp+ €2 Ta-Taa) ) +
(-Cs6 Ty —Ceo Ty = C15 Ty = C36 T2 =3 Ty Ty + Cq5 Ty Ty + C56 Ty Ty + Cg1 T1 T3) P3, 5 X3, 5

1T,
((-C13 Coa+ Ca2 €32 + C13 C22 Ty = Cp gy Ty = €y Cgg Ty + €3 Ta-CapCseTh —CopCoo T3 + C13 € To -
€22€33 T2 -C13Cp T1 Ta - Cy5Cop Ty To — Cpp C33 Ty T — Cpp C36 Ty T + Cpp Cgg T1 Tr +
C22Ce6 T1Ta-3Co TaTy+Cs € TaT, - 2¢5, T2Ty+2Coy Cog To Ty + Cop Coo T2 T +
213 Cgn T2 T + 25 Cgs T2 Ty + €33 Csg T3 Ta + €33 Cog T3 T3 + Cys €2 Ty Ta + €3 €33 Ty T2 +
C22C36Ta T +3CToT3+ €3 Ta T3+ CopC36 Ta T - C22 Cs6 Ta T2 - 2Cpp Cgy T2 T3 -
C22Cge Ta T3 +3 €2 T3 T3 - C15 €2 T3 T3 -2 €2 €56 T3 T3~ €22 Cog T2 T3 — €22 €1 T3 T3 -
o e TE S G e U TS — B Lo o e (o UG L s T e e LI
Cg1 04—~ CggOg+2Cp Ty g -Cs6T1 04 -CoogTaag-C13Tr0q-CisTras+C3pTroy -
C36 Toag-3T1Tyag+Ci3T1Toag+Ci5 Ty Toos—2C T1 Trog+Cs6 Ty Toag +
2Cs Ti Ty +CaeTaToaa + Csg To Ty g + Coo To Ty g+ Cs Ty Taag - C32 Ty T ag +
C3sT1Toas +3 T2 To 0 - €35 T3 T5 Gty - €56 T3 T3 Qg - Cg1 T3 T3 Qg + ai) P1,i P3,;j X1,i X3,j) /

1
((-1+Tg) (-1+T1Ty) (-C2+C2T2-Tray)) +

T1 (=Ca+Ca Ty - Ty 04)
(-c22 €32 - €3y T1+Cop Cy Ty + Cop Cgg Ty + €22 Csg T3 + €23 Coo T3 +
€22 €32 Ta+Ci5Cp TaTo+ €3 Ti Ty + €2 Cag Ty Ty =~ €2 Cga Ty Ty -
C2CeeT1Ta+3CuTiTy-C15s € TaTy-2Co Csg T2 Ty -
C22CeoTaTo-CpCa TaTo-Cis € T1To - € €36 T1 Ta -3 € T2 TS +
C15 C22 T2 T3 + C22 €56 T2 T3 + €2 Cg3 T3 T3 + Cgy Oty + Cgg 0g — €22 Ty g +
Csg T1 g +Cgg Ty ag+Cis Toag-C3p Toag+C3gToas +3T, Ty o4 -
Ci5s Ty Ty o4 - Cs6 T1 T g = Cg1 T1 Ty 04 - aﬁ) P1,5 P3,; X1,i X3,5 +
(-C22 - Csq + Ces + Cop To +Csq Ty~ Cgs5 T1 To =~ Ta ag) P2,i P3,5 X2,i X3, 5

(-1+Ty) (-1+T1Ty)

+

((-c3y+ caaces+ €3y T1—CapCas Ty +2C5, Ta - C2p Cos T~ Cop g1 To - C22 Cge T2~ 2€5, Ty To -
C22Cs6 Ta T2+ Cop Cos Ty T2 - Cop Co Ty To+ Cop Car Ty Ty + €op Cag Ty Ty + €25 Cs T3 T +
Cy Cgg Ti T, - €15 Cxo T§ - c§2 T§ - Cyy C3¢ T§ + Cyy Cgy Ti + Cy Cgg Ti -3¢ Tq T§ +
P (e (o o T o (o o U £ (S (s U, U 9 22 s ism Uy U (o U 1 = Gy G T T
3 Cay T2 T2 — €35 €22 T2 T2 — 2 Cy3 Csg T2 T2 - €23 Coo T2 T2 - €25 €y T2 T2 + €35 €20 T +
C22C36 T3 +3 € T1T3-2€C15C Ty T3 - Cop Cag T T3~ €22 Cs6 T T3~ €22 €1 To T3 -
S W IS s G e 1o e Lo LS e 1S L = L e s s e
Cas T2 04 + Cs6 Ty T2 04 — Cos Ta T2 0tg + Cog Ta To 0y + €15 T3 Gty + €2 T3 Gy + C36 T2 Qg -
Cay T2ty —Cag Taag + 3Ty Taay - Cys Ty Tty - 2 Cs6 Ty T2ty — Cog Ty T2 04 — Cgg Ty T3 ag —
CisT0a-C3 T3 -3T1Toaa+Cis Ty Ty 0+ Cs Ta T3 ag + Car Ty T; a4 - T2 0)
P2,5 P3,j X2, X3,j) / ((-1+T1) To (-Cop+C2Tr-Trag)) +
( (sz + €3y~ €22 Cg1 - Cpp Cgg = €22 Ty = €35 Ty = €25 €56 Ty = Cp Co T + Cp Cgg Ty + Cpp Cgg Ty +
C22 Cs6 T2 + Cpp Coo T3 = Cop Ty = €15 €2y Ty = €35 To = €33 €36 T2 + Cpp Cg1 To + €y Cgg Tp -
23 Ty T+ 2 Cys €25 Ty T + €2, Ty T3 + Co3 C3g Ty Tz + 2 €3 Cs6 Ty T2 + €35 Coo Tg To —
C22C36 TaTo+3 € TaTo-Ci5C0 TaTo-2C CogTi To-C22 Coo Ta Ta = C22 € T2 Ty +
C15C22 T3 +Cy C36 T3 +3 € T T3 -2€15 € Ty T3~ €22 €36 Ta T3~ €22 €56 Ty T3 -

2 2 +2 2 r2 2 12 2 +2
C22 Cgl T]_ T2—3C22T1 T2+C15 sz T1T2+C22 C55T1 T2+C22 C81T1 T2+C81 a4+C85a4—
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CnTiag+Cse Ty +Ceog Trag+Trag+Cis Trag+CopToog+C36 Tras—Cgy Ty 0 -
Cege T2a3+2T1 Trag-Cis Ty Trog-2Cs6 T1 Toag - Ceo T1 T g —Cgy Ty Tr g -
CisThaa-Cag Toaag -3 Ty Too+Cis Ty T5ap + Cog Ty To g + Cgg Ty T3 g - 0
P3,i P3,; X3,i X3,j) / ((-1+T;1) (mC2+CTr-Trag)) -

((-sz-ng-Zsz C7g + C22 Cg1 + C Cgg + C22 Ty + €35 Ty + Czp Cs Ty + C2p Coo Ty +
2 Crg Ty - Cop Coa T1 — Cpp Cgg Ty = €35 Cs T3 =~ €22 Coo T3 + €22 To + €15 €22 To +
€3 To+ConCaeTr+2CCrgTo-CrCanTo-CoCaeTo+5CTiTo-2C15€C Ty Ty +
2¢5,TaTy- €3 TaTy-2C Cse Ta T2 - ConCeoT1 T2 -2C22 €78 Ta Ta =3 € Cay Ty T -
2C; Cao Ty 1216/ €205 T2 + €15 C2o Nl Tz~ 31655 T Tz ~ €25 Cop Ts Tz)='2 Gz Cos T Tol
A Cy; Cgy T2 T2 + 3 Ca5 Cgg T2 Ty + 3 €23 €56 T2 Ta + 3 €3 Cgg To Tz — €15 €23 T2 — €3 C36 T2 —
6CnTiTi-Ci5CT1Tr-3¢3, TyT2—2CyCa6 Ta T2+ Co Csg Ta T2 +4Cop Cgy T1 T3 +
3C2€36T1Ta-3CTaT245C15CH ToT24+3¢2, T2T343CC36ToT245€p €56 T3 T3 +
31C22 Ces Ta 2 = C23/Caq T3 12 = 3 Co3) Cae A T2 £ 91055 T T51=131C35 €22 T 12 = 6 Co3 Cop T T2 =
3C2Cea ToT2-3Cy2Ca ToT2+3C15CoTaTo+3Co0C36T1 T3 +9 € T2To —6Cy5Co Ta T -
3C2C36ToT3-3C2C6TITo-3CoCa ToT3-9CnTaTa+3C15CnTiT+3CCssTa TS+
3y Co1 T3 T3~ Cga 0y~ Cgs O+ C2p Ty Gy - C56 Ty Qg - Coo Ty g - To Qg = €35 To g -
CpTrag-C36Toos—2Cy3Tr0s+Cgy Topag+CggToag—2T1Top0g+Ci5 Ty Trag +
2c55T1T2a4+c59T1T2a4+2c78T1T2a4+4c81T1T2a4+3c85T1T2a4—3c22T§T2a4+
3CseT2Toa+3CeoToToas+CrsToa+CaaTaay +6TyTo0,+2Cs Ty T2a,+
3¢ TiTia3+3C36TiToas-CseTyToas-4Ce TaToas-3CoeTaTo04+6T2T2a, -
3CisT3Toas-6Csg T2Toas-3CeoTaToas-3Cay T2T2as-3Cs Ty Taas-3C36Ty T2y -
9T T os+3CisTiTao5+3Cs6 Ti T aa +3 € T T3 s+ -3 Ty Toaz) p3 ;i X3,1%3,5) /

(2 (-1+Tg) T Ty (-Cp+CpTa-Trag)) /. az>2
In[e]:= {p*.v X*J 7"*: §*} = {m, & Ps X}; (u_i__)* = (U*)'L;

inf-]:=  Zip [&.] 1= &5
Zip . s ;161 := (Collect[& // Zipiyy, &) /- f_. &% » (DIf, (£*5d}])) /. &% >0

ml-1=  px2g[&_] := Module[{ps, xs, Q},
ps = Union[Cases[&, p_, =]1;
xs = Union[Cases[&, X , «]];
Q = Sum[p@* X0 gpor21,xor21,per31, %0031 > {P9> PS}, {X0, xs}];
Expand [Zip, s [£ €%] /. 8a 5,1 ,5 = If[@ = 5, 8a,1,7 O]]

The simplifying subsitutions:

in[-]:= EasySubs = {C4|10|13|15]22|28|32|36]4954|56|65|69(69|78|81[86 = O, B > 1};
(*{z2-0,C1550,Cy-0,C3-0,C560,Ce9>0,Cg1>0,Cg0 1} %) 3

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Rolands_A2/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Rolands_A2: GeneralA2_g_version.nb 2024-06-10 10:01:48

mi-1= Re[l, i_, j_] := Evaluate|
Together [ (px2g[ri[1, i, j11 + (Coefficient[ry[1, i, j] /. t: (x|p) = 2At, )L3] /.
X3,o P1,s P2,y *VYa,s,y)) /- EasySubs] /. z » 0]
Ri[-1, i_, j_] := Evaluate|
Together [ (px2g[ri[-1, i, j1] + (Coefficient[ri[-1, i, j] /. t: (x|p)_ =L, f‘] /.
X3,z P1,5 P2,y #Ya,s,,)) /. EasysSubs] /. z » @]

nf-1= O[1, 1_,J s a , B , v ] :=

Evaluate[re[1, 1, J] /. {P3,j * 83,a,js X1,i_ > B1,i,5s X2,i_ > 82,i,,} /. EasySubs /. z » @] ;
(» The 6 graph with light (pxx) vertex at (1,i,j) and

unspecified heavy (xpp) vertex =)

e[-1,1 ,j , a , A, r_] := Evaluate[

rel-1, i, J1 /. {P3,j_ * 83,a,js X1,i_*> 81,i,5s X2,i_ > 82,i,»} /. EasySubs /. z > @] ;
(» The © graph with light (pxx) vertex at (-1,1,j) and
unspecified heavy (xpp) vertex =)

In[«]:= T3 = T1 Tz_;
CF[& ] := Factor@Together[&];
ALK ] := Module[{Cs, @, n, A, s, i, j, k, A, G, gEval, Y, yEval, c, A1},
{Cs, ¢} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n +1];

Cases[Cs, {s_,i,7 }» (A[[{i: JY, {i+1, j+1}] += (-;S TS—;l))];

A = T(—Total[w]—Total[Cs|[A11,1]]])/2 Det [A] ;

G = Inverse[A];
gEval[& ] :=CF[& /.
{81,2 ,5 » (Glla, AT /. T>T1),
82,0 ,5 » (Glla, A1 /. T>T3), 8,0 ,s » (Gla, A1 /. T->T3)}];
Yla_, A, ».] =
Y[a, £, ¥] = Sum[{s, i, j} = c¢; (» The expectation value of X3 ,upi1,sP2,y*)
o[s, i, j, a, B, 71,
{c, Cs}];

YEVal[& 1 :=8 /e Ya 5,y »YIla, B, ¥1;
2
A1= 3" RieeCsIk] - > " oKD (8xk,k + B2,k + B3,k =3/ 2) 5

{8, (827.7T-T,) (2% /.T>7T,) (A% /. T>T3) A1} // yEval // gEval

E
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Infe]:= ygs = Flatten@JOin[Table [ga,b,c: ‘[a.v 1: 3}1 {b) {i: J}}: {C, {i.v J}}]:

Table[Ya,b,c: {a, {i, j}}, {b, {i, 3}}, {c, {i, J}}1]
ygCF[& ] := TotaleCoefficientRules[&, ygs] /.

{(u_ > x_) =» (FactoreTogether[x] » Product [ygs[w]“™, {w, 1, Length[ygs]}])}
Out[]=
{81,i,i> 81,i,9» 81,5,i» 81,4,3» 82,i,i» 82,i,3» 82,5,i» 82,7,5» 83,i,i»
83,i,j> 83,3,i» 83,3,35 Yi,i,i» Yi,i,35 Yi,3,i0 Yi,3,3» Y3440 Y34, Yiniis ¥3.3.3)
in[-1:= ygCF[Re[1, i, J]1

Out[«]=

3Ty (-1+T3) 81,5, 82,1,i
—1 + T]_

3
E -81,i,j81,5,i — (-1+T1) Tq gi,j,i -81,i,181,5,5+ (1+T1) 81,5,1 81,5, — +
3

T1 (-1+T2) 81,1,1 82,4,1 )
1.1 +3T1 (-1+2T3) 81,5,1 82,5,i — 82,1,782,5,i— (-1 +T2) T2 g5 5,5~
14T,y

3T1T281,4,783,i,i
3T181,5,1 82,5, ~ 82,1,i 82,5,5 + (1+T2) 82,5,i 82,5,5 + +

*1+T1

3Ty (-1+T3) 82,5,5 83,1,i 3Ty (-1+T1T2) 82,1,5 83,5,1

=3T1 (-1+T1T2) 81,5,183,4,i +
71+T1 *1+T1

3Ty (m1+T3) To (-1+T1T2) 82,4,183,5,i 3T1 (-1+T1T2) 82,5, 83,5,

*1+T1 *1+T1
(-1-2T1+3T1T2) 83,4,583,4,i TaT2 (-1+T1Ty) (-1-2T1+3T1Ty) 85,51

+383,3,5 -
*1+T1 *1+T1

3T181,1,183,5,5 3T1 (-1+T2) T282,9,183,5,5 (-1-2T1+3T1T2) 83,1,183,5,5

*1+T1 *1+T1 *1+T1

(L+TyTp) (-1-2T1+3T1T2) 83,5,183,5,5 3T1 (-1+T1T3) yi,5,i 3T1 (-1+T1T2) Yi 5,5
- +

*1+T1 *1+T1 *1+T1
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in[-]:= YBCF[Ry [-1, i, J]]

Out[«]=

3 2 (-1+T1) 81,11 81,4,i (=1+T1) (-1+2Ty) g%,j,i

- +81,1,581,5,i -
2 Ty

+81,i,1 81,3,3 -
T
(-1+3T1) 81,5,1 81,4, 3T1 (-1+T2) 81,5,5 82,1,1

+3(=1+T3) 81,4,182,1,i +

T]_ *1+T1
3Ty (-1+T3) 81,1,i 82,5, 3 (2‘2T2+T%> 81,5,i82,5,i 3T1 (-1+T2)%81,5,982,5,1
(—1+T1) T2 TZ (—1+T1) TZ
2 (-1+Ty) 82,11 82,91 (-1+Ty) (-1+2T3) g5 54
+82,1,5 82,3,i - +381,5,182,3,5 + 82,1,1 82,3, -
T, T3

(-1+3T3) 82,5,1 82,4,j

3T1T281,5,983,1,1 3T1 (-1+T2)285,9,183,1,1
-3T281,5,i 83,i,i -

T, -1+T, ) (-1+T1) Ty
3Ty (-1+T3) 82,9,y83,i,i 3 (-1+T1T2) 835,15 3 (-1+T1T2) 81,1, 83,5,i
-1+T, ) T, T, : (-1+Tq1) Ty
3(-1+T1T3) 81,5,183,,i 3 (-1+T1T2) 81,5,583,5,1 3 (-1+T2) (-1+T1T2) 82,1,i 83,5,1
T, T, : -1+T, - (-1+T1) Ty )
3(-1+T1T3) 82,i,983,j,i 3 (-1+T3) (-1+2T3) (-1+T1T3) 82,5,i 83,5,1
S14T, ' '

(-1+Ty) T2

3(-1+2Ty) (-1+T1T3) 82,4,j83,5,i 2 (-1+T1Ty) (-1-2T1+3T1T3) 83,i,i 83,5,i
+

(—1+T1) T2 (—1+T1) T1T2
(-1-2T1+3T17T3) €3,1,3 83,5, (-1+T1Ta) (-142TiTy) (-1-2T1+3T1To) 83,55

-383,4,5+
~1+T, (-1+Tq) T2T2

3Ty 81,1, 83,5, 3T1 (-1+T3) 82,5,183,5,5 (-1-2T1+3T1T3) 83,i,i 83,5,5
- tenhiesdd + _
*1+T1

*1+T1
(=1+3T1Tp) (-1-2T1+3T1T3) 83,4,183,5,5 3 (-1+T1T2) V¥i,5,i 3 (-1+T1T2) ¥i,i,j
+

-381,5,1 83,3, F

*1+T1

(—1+T1> TlTZ —1+T1 —1+T1
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in[-]:= Timing [A[Knot[3, 1]]]

Out[]=
1-T+T?
{0.296875, {7,
.
1 2 3 4 2 3 4 5
- (6+15TI - 21T 15T} -6 1+ 27T, - 54 i T, + 55 Ti T, -8 i T, - 18 T{ T, + 19 T3 T, -
T1T2

57T3+58T;To+6T2T2-114T3T5+68T;To-6T5T2-43TST3+78T3-2T, T5-84T2 T3+
139T3T3+84T3T5-108T; T +85T5 T+ 55T, T3-63T5-120T, T5+140T; T3 -75T; T5 -
28471 T +117 T, 75 -54T5T; -116 T, T5 - 59 T3 T5+33 T, + 148 T, T5 +36 T3 T5 - 177 T3 T +
A17T3T5+90T;T5-94ToT5+197 T4 T35+ 114 TS 15 + 44T T5 -6 T5 - 108 T, TS - 136 T TS +
118 T3 TS - 132 T T8 -361 T3 1o+ 22 T8 TS - 20T TS5 -246 TS TS - 69 T3 T5-24T° TS5+ 24T, TS +
162T2 -I-7 2@T3 -I-7 5@T4T7 326T5 -I-7 6 17 7 17 8 +7 9 +7 10 +7

277 -20T3T,-50T;T)+ 2T, +102T8 T, - 8T, T, +140 T8 T, + 148 T5 T4+ 33T T +
9T T, - 45 T2 T8 — 117 T3 78+ 115 T3 T8 - 99 T3 T8 - 258 TS T8 v 107 T/ T8 - 124 T8 T8 97 19 75 -
48T TE 18T T8 48 T2 T+ 18TIT - 61T, 1o+ 132 TS 1o+ 52 T To-64To T5 + 114 T3 T +
371015+ 27T T5-30 T T30 +36 T3 132 =33 T8 132 - 27 T/ 152 + 21 T3 132 - 36 T3 132 + 6 T12 T30 -
18T T+ 9T Ty - 24 TS TH 4 45 T TYh - 48 TR TS e 42 T TH - 21 T TR 4 o T T )

in[-]:= A[Knot[4, 1]]
out[e]=
1-3T+T?
(22T
T
1 2 2 2 12 2
S (1-3Ty+T5) (-1+TyTy) (1-3Tp+T5) (1-3TyTo+TiT5) (9T +11Ti-3T, 427 T4 T, -
1°'2
15TiT,-19T3 T, +2T5-42 T T3+ 51T T5+24 T3 T3+ 24Ty T5-27 T3 T2+ 6ToT5+32T, Ts -
27TiT;-54T;T5-78TyT3+30T; T3+ 9T5 T3 -3T{T; 15T, T3 -15T; T3+ 96 T3 T3 -9 T1 T3 +
144T,T5-60To T3 +3 T/ T3 +3 Ty T5+21T2T;-75T3T5+63T3T5-135T;T5+9TST5 +
12T§T3—6TiT§+18TiT§—18T‘1‘T§+21TiT§+27TET§—12TITg+3T§T;—9TfT;+3T;T;)}

in[-]:= Conway = A[Knot[11, NonAlternating, 34]]
KnotTheory: Loading precomputed data in DTCode4KnotsTo11".

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

2005.
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-T91T9 (9-51T;+153 7] -309 T3 +441T] -4627T; +360T; - 201 T] + 7273 -12T; -57 T, +291T; T, -
17'2

771727, +1299 T3 T,-1434T4T,+924 15T, - 144 TS T, - 420 T, T, + 507 T3 T, - 276 T3 T, +
60 T1° T, + 156 T2 - 684 T, T5 + 1485 T2 T35 - 1743 T3 T3 + 747 T3 T5 + 1365 T5 T5 - 2571 TS T3 +
2301 T, T3-960 TS T5 - 22217 T5+465T1°T5 - 150 T  T5 - 264 T3 + 933 T, T3 - 1404 T3 T3 -
127373 +3522 T3 T3 -7788T5 T3 +7833T5 T3 -5031 T4 T3 +1341T5 T3 +582 T3 15 -138T3° T3 -
567 Ti1 T3+ 270 T1° T3 + 315 T3 - 759 T, T3 + 4770 T3 T3 - 12576 T3 T3 + 20028 T> T3 - 18207 TS T3 +
122197 T5-5040 T3 T5 + 1137 75 T5 - 1335 T3 75 + 1008 T11 T3 + 390 T12 T5 - 372 T1° T5 - 264 T +
159T; T; +2154T2T;-10290 T3 T5 + 21117 T3 T, - 28803 T; T; + 22350 TS T5 - 12285 T, T +
2262 T8 T3 +2031T5T5 -123T;°T5;+915 T3 15 - 1800 T1° T3 + 93 T1° T + 396 T1* T3 + 168 TS +
345T; TS5 -3204 T2 TS5+ 11898 T; TS5 - 20901 T7 T5 + 24255 T3 TS - 15004 TS TS + 7644 T; TS -
2994 T8 TS + 153277 TS - 3489 T1° T5 - 1017 T TS + 1218 T1° T5 + 1512 T2 TS - 567 T3* T5 -
330T° TS - 66T)-624T; T;+2955 T2 T] - 8895 T3 T] + 11448 T T, - 8934 T; T4 + 3828 TS 15 -
5686 T, T, +7299 T8 T -97 T3 T, - 4620 T;° T} + 10611 T3 T, - 3600 T12 T4 - 1611 T3> T, -
591 TI* T, + 759 T1° T +216 T1° 1)+ 12 T5 + 423 T, T5 - 882 T7 T5 + 1665 T3 T5 + 1560 T7 T5 —
2571 T3 T3 -5670 TS T3+ 13596 T; T5 - 8836 T T5 - 15166 T; To + 21465 T;° T5 - 16239 T T5 -
1218 T12 T3 +4203 T3> T5 + 1071 T34 T5 - 288 T1° T5 - 645 T1° T5 - 108 T3/ T5 - 132 T, T - 321 T2 T3 +
396 T3T5-27T5T5-7542T5 T5 +20291 TS T5 - 12505 T/ T5 - 12103 T5 T5 + 43137 T3 T5 -
31216 T3 T + 9521 T T3+ 7538 112 15 - 2373 T1° T9 - 3573 T34 15 + 81 T1° T5 + 570 T1° T5 +
408 T T5+36T18T5+12T; T2 + 300 T2 722 + 339 T3 T3° - 2082 T7 T32 + 5733 T5 T3° - 3579 TS 722 -
21882 T, T3°+ 44004 T8 T3° - 50950 T T3° + 15629 T2 T3° + 4635 T2 T2% - 7188 T12 T3 -
3372 T3 T2+ 5145 T4 132 + 624 TP 132 - 153 T2° T3 - 600 T3/ T32 - 165 T8 T32 - 6 T1° T22 -
A48T T3 - 555 T3 T30 +903 T T3 + 360 T3 T3 - 6642 TS T3 + 21174 T, T3* - 18987 TS 131 +
5408 Ty T3' + 21123 T1° 131 - 15157 T34 T51 + 819 T1% T3 + 8913 T2 51 - 5970 T1* 151 - 33 T3> T3 -
840 T18 T2t +522 71/ T2t + 327 118 T3  + 33 T2 T3 + 126 T3 T3 + 462 T T3 - 1911 T T2% +
3459 TS T32 - 4797 T] T3% - 3657 TS T32 + 9677 T3 T3> - 18521 T1° T3% - 9603 T1* T32 + 19073 T1° T3° -
16617 T12 122+ 7233 T34 722 - 861 T1° To2 + 939 118 T22 + 66 To/ T2 - 414 T8 122 -84 TP T2 -
198 7§ T;° - 18 T3 T3 + 1311 TS T3° - 2238 T/ T5> + 4503 T5 T3> - 2235 T3 T3> - 4104 T1° 732 +
14784 T1 T3 - 12411 T2 T2 + 6183 TP 152 - 417 T34 15 - 1182 TP T3 + 96 T1° T5° - 516 T T5° +
258 T18 T3 +144T1° T2 + 210 T5 T3 - 324 TS T34 - 795 T/ T3 + 1746 TS T5* - 3378 T3 T3* +
5745710 T3 - 7365 T11 T3% + 3612 T12 T34 - 1653 T2 Ta* + 228 T1* T34 - 219 T1° T3* + 261 T8 3% +
24371 T34+ 33 T8 T3 - 171 T T3 - 168 TS T3° + 507 T2 T3 + 30 TS T2 - 792 T5 T3° + 648 T1° T3° -
41771 T3 +882T1° T3 - 54T T2 + 198 T3* T3° - 102 T2 T3° + 195 T30 T3° - 147 T} T3° -
17118 T +147 T T2 + 96 T4 T5° - 426 T3 T3° + 384 T3 T5° + 348 71 136 - 921 T3 736 + 993 T12 T3° -
870 T1° T3 +123 T3 T2 + 93 T 150 - 87 T3° T5° - 111 T}/ T5° + 225 T8 T3 - 102 TP T3° - 36 TS T3 +
225775 - 441718 7Y + 354 11 T3 - 12 T2 Ty - 339 T2 T3/ +537 114 T3/ - 318 T1° T3 +
36 T1° T3 +153 T/ T3/ - 153 T8 T2 + 51T T3/ + 6 T3 Tae - 54 T8 138 + 159 T 138 - 249 T2 138 +
249 T3 T8 144 T T8 — 18 TP T8 + 117 T8 138 - 126 T1/ 138 + 72 TR 138 - 18 TP T8 + 3 TIT 722 -
151137 +36 T 157 - 57 T34 137 + 66 T1° T3° - 57 T30 757 + 36 11/ 13° - 15 T8 15° + 3717 T5°) }
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/-] KT = A[Knot[11, NonAlternating, 42]]

Out[«]=
{t
1

_T?Ti’ (-3+187;-487T;+877T;-102T1 +81T; -36T;+6T; +18T,-96 Ty T, +231T; T, - 381 T; T, +
366 T3 T, -195T2T,-33TST,+78 T, T, -3ToT,-6T; T, -54T2+252 T, T3 -495T2 T3 +
567T;T5+15T7T5-885T; T5+1425T5T5-897 T, T5+132 T3 T5-84T;T5+39T1°T5+102T; -
375T, T3 +381 T3 T3 +348 T3 T5 - 2172 T1 T3 + 3453 T3 T3 - 2607 TS T3 - 342 T, T3 + 1974 T5 T3 -
444T]T; +213T1°T; - 111771 T3 - 126 T3 + 279 T, T + 384 T3 T; - 1896 T3 T3 + 3219 T7 T5 -

1500 T3 T3 - 4059 TS T5 + 8565 T; Ty - 7044 T8 T - 294 T3 T3 - 315 T1° T3 + 18 T' T3 + 174 112 T3 +
108 T5 - 18 T, T5 - 1137 T3 T5+2055 T3 T5 + 18 T3 T - 6708 T3 T5 + 15567 To T5 - 14997 T/ T5 +
6471 TS T; + 6219 T3 T5 + 1248 T2 T5 + 642 T34 15 - 585 T1° T5 - 165 T° T - 54 T5 - 258 T, T +
1335 T2 TS - 345T; T5 - 5988 T7 T5 + 15207 T3 T5 - 22213 TS TS + 12054 T, T5 - 1311 T3 T§ -

9616 T T5 - 8133 T1° TS - 2379 T3 T5 + 315 712 TS + 1017 T2 TS + 81 T14 TS+ 12T + 249 T, T -
429T2T)-2703T3T,+10386 T3 T, -15783 T, T, + 16422 To T, -232T1 T -456 TS T +

2957 T3 1)+ 18456 T3 T5 + 6513 11 T4 + 3432 T3 T5 - 2679 T1° T4 - 699 T34 T5 - 12 T1° Th -

90T, T8 - 255 T2 75+ 2799 T3 T5 - 6048 T3 T5 + 3615 T; T5 - 717 TS T5 - 9549 T] T8 - 9067 T3 T +
1152815 75 -24393 71918 - 8349 711 78 - 12579 T2 T8 + 2106 T3> T5 + 2868 T2* TS + 117 T1° T5 +
6T, T5+216T3T5-1017 T3 T5 + 663 T T3 + 2703 T, T5 + 107 T5 T5 - 2413 T/ T5 + 29681 T5 T -
229357575 +23513T;° 15+ 3131 T30 T3 + 17276 T1° T5 + 7584 T3 T5 - 6894 T1* 75 - 561 T1° T) -
127273 +579 T3 132 - 879 T; 732 - 4593 T8 132 + 8424 T/ T3° - 26310 T8 732 + 12545 T3 T3° -
14005 T1° 152 - 3189 T1 122 + 117 132 132 - 26763 T3> T3 + 9870 T1* T3° + 1656 T3> T3 - 6 T2 T3 -
54T3 T3+ 192 T 7ot - 65115 T3 + 2322 TS 131 - 2628 71 T3 + 13011 T8 T3 - 5122 T3 T3 +

5505 T1° T3' + 18968 T1* T3' - 33633 T12 3% + 39975 Ti3 T3t - 7218 T1* 131 - 3216 T1° T3' +
3373732 +45T 132 -537 T3 132 + 771 To T32 + 1347 T, 732 - 9336 TS T22 + 2219 T3 T3° +

12168 T1° 132 - 43833 T31 T52 + 52331 112 T3° - 31965 T1° T3> - 726 T1* T3% + 4227 T1° T3° -

72TiT 2 +147 T3 752 + 675 TS T3> - 3276 T, T3> + 4440 T5 T5° + 7593 T; T3% - 26265 T1° T2% +
43053 T} T3> -33975T1° T3 + 8577 T1° Ty + 7326 T3 732 = 3753 T1° T3> + 87 T3 T5* - 447 TS T3% +
555 T] T3% + 2031 T8 T3% - 9648 T3 T3* + 16401 T1° T3* - 16 125 T1* T3* + 4986 T2 T3* + 6123 T2 T3* -
6993 T3 T3% + 2121 T1° T3 - 51 TS T3° + 399 T/ T2° - 1389 TS T3° + 2568 T T3> - 2016 T1° T3° -

849 T1' T3> + 4476 T1° T3> - 5373 T1° T3” + 3006 T;* T3° - 696 T1° T3° + 9 T3 T3° -84 T3 T7° +

366 T; T3° - 945 T1° T3° + 1551 T3 13° - 1731 11% 13° + 1263 T)° T3° - 531 T1* 13° + 105 T7° T3°) }
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in[-]:= Simplify [KT == Conway]

Out[«]=

{ 1
9,
LR

3(4-25T,+70T5-1227T;+147T5-124T5+74T5-26 T} +

4TS+ TP T3 (-2+411T,-28T5+48T;-57T5+49T5-34T5+17T) -6 T5+T3) +
T8 T3 (12-55T,+109T5-138T; + 86 T3 +11T5 - 57 T35+ 75T, -51T5+24T5-5T5°) +
Ty (-23+129T,-312T5+436T;-346T5+597T5+201T5-291T]+171T5 -46 T3 +4T3%) + T/ T3
(-36+136T,-200T5+174T;+22T; - 17275 + 81 T5-49T) - 37 T3 + 5175 - 42 T3% + 12 T7%) -
T (-67+334T,-660T5+595T; +128 T3 - 1697 T + 1513 T5 - 1128 T} +
20975 +179T5 - 104 T3° + 14 T3 ) + T1° 77 (72-215T,+ 190 T3 - 51 T; -
280 T3 +31375+3275+87 7T +65T5-29T5+12T3°+39 T3 - 19 T3?) +
T3 (-132+560 T, - 770 T3 - 120 T + 2222 T3 - 4115 T3 + 4081 T - 2064 T, - 378 T5 +
47175 +113T3% - 167 T3 + 31 T5%) + T7 (181-600 T, + 244 T + 1898 T3 - 5265 T3 +
7033 T3 - 4971 T5 + 354 T + 2536 T5 - 230 T5 - 887 T3° + 237 T3' + 139 137 - 42 T7°) +
TP TS (110 + 257 T, - 135 T3 + 214 T3 - 344 T3 + 1061 T3 - 1696 T3 + 857 T} -
780 T3 +198T5 -4 T5° - 106 T;' - 6 132 + 22 T5°) +
T34 T3 (132-216 T, + 36 T - 599 T3 + 1107 T3 - 1575 T3 + 416 T5 + 2653 T] -
2581 T3 + 2407 T3 - 936 T3° + 218 T3 + 179 T3* - 48 T - 19 T3*) +
T; (-181+373T,+ 750 T5 - 3747 T; + 7176 T3 - 7365 T3 + 3016 T + 2283 T} -
2062 T3 - 3415 T3 + 2204 T3° + 337 T3 - 458 T}? - 55 T3° + 41 T3%) +
TS (132-37T,-13327T5+3480 T - 4716 T3 + 2261 T + 2403 T - 4198 T] - 1651 T3 +
6728 T5 + 338 T3° - 2988 T3' + 896 T3% + 212 T3> + 41 T3* -39 T7°) +
TP T3 (-124+86 T, + 165 T3 + 356 T5 + 699 T3 - 3319 T3 + 7797 T5 - 10354 T} +
5116 T5 - 798 75 - 2592 T3° + 1773 T3* - 711 T3 - 113 13> + 83 T3* + 12 T3°) -
TP T3 (-90- 72T, + 405 T5 - 301 T3 + 2344 T3 - 3787 T3 + 3246 T5 + 2435 T, - 11484 T5 +
11086 T; - 7188 T3° + 458 T3 + 1198 T3° - 908 T3> + 4 3% + 83 T3° + 5 T3°) +
T] (-69 - 166 T, + 1066 T3 - 1563 T; + 1218 T3 + 904 T5 - 1470 TS - 1818 T] + 7715 T3 -
3364 T3 - 10102 T3° + 7934 T3' - 2048 T3> + 346 T3> - 450 T3* + 36 T3° + 29 T3°) +
T1°T, (2041427, - 11775 - 340 T - 457 T3 + 1548 T; - 7692 T5 + 15286 T} - 18243 T5 +
9878 T3 + 5206 T3° - 7563 T;" + 7387 T3* - 3552 T3> + 888 T3* + 431 T3° - 147 T3° - 18 177 +
T3 (24+170 T, - 364 T5 - 211 T; + 668 T; - 1403 T5 - 561 T5 + 2585 T + 77 T5 - 13928 T5 +
23438 7T,° - 10666 T, + 1893 T3> + 21 75> - 95 T3* + 473 T3° - 114 T3° - 12 T77) +
Ty T3 (-50-152T,+330T5+ 91T, + 45475 + 1366 T; - 2630 TS + 2130 T, + 2608 T5 -
1137575+ 11410 T;° - 9423 T3 + 2920 T3* + 144 T3> - 824 T3* + 118 T3° + 53 T3° + T57) +
T3 (-4-90T,-46 T3 +3427T3 +477 T3 - 1396 T3 + 3716 T5 - 1018 T] - 8898 T3 + 22024 T3 - 21165

T3+ 3510 T3 + 2486 T)” - 3276 T;” + 2090 T3* - 1120 T° + 6 T;° + 7557 + 2 T5°) ) } = {0, 0}
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in[-]:= Simplify [KT == Conway /. T; » 1]

Out[«]=
1 58 381 1391 3602 7118 11014 13462
{0,3 12958 - 4 - - .
T, TS 5 T3 T3 T2 T,
9668 T, - 5365 T5 + 1942 T3 -170T5 - 306 T5 + 227 T5-86 T, +19T3 -2 T3 } = {0, 0}
in[-]:= Simplify [KT == Conway /. T, » 1]
out[e]=
2 18 84 268 627 1103 1530 1802 1995
{9,3 _2285+79_78+77_76+75_ 2 + 3 - > + +2657T1—
LEA T A R T4 T3 T2 T,

} - (0, 0}

2829 T2+ 2566 T; - 1924 T7 + 1174 T; - 572 T +216 T, - 60 T5 + 11 T; - T1°
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inf-1:= K31 = X[Knot[3, 1]]
K31 = A[Mirror@Knot[3, 1]]
Out[«]=
1-T+T2
{——.
T
1

mp (-6+15T1-21T7+15T; - 6Ty +27T,-54T; T, +55 T3 T, -8 T3 T, - 18 T§ T, +19T; T, - 57 T3 +
58Ty T5+6TiT5-114T;T5+68T; T2 -6T;T5-43T3T5+787T; - 2T, T, - 84T T3 +139T; T3 +
84TyT;-108T; T +85T3 T3 +55T, T3 -63T; -120 T, T; +140 T2 T3 - 75T; T5 - 284 T1 T3 +
1171315 -54T3 T3 - 116 T{ T3 - 59 T3 15+ 33T + 148 Ty T, +36 T2 T5 - 177 T; T5 + 417 T3 T +
9T T5-94TST5+197 T/ T5+114 T3 T5+44T3T5-6T5-108T; T5 - 136 T3 T + 118 T3 T5 -
1327115 -361 T3 T +22T5T5 - 21T, T5-246 T3 TS -69T;T5-24T1°T5+24T, 7, +162T2T) -
20T3 T, -50T1T,+326T;T,+102 TS T -8T,T5+140T5 75 + 148 T3 T4 +33T1° 15 +9 T4 15 -
457375 -117T; T3+ 115 T3 T5 - 99 T; T - 258 T 15 + 107 T T3 - 114 T3 T3 - 97 T3 T3 - 48 T2 T5 -
18T1 T3 +48 T T3 +18T1T5 - 61T T5 +132T5T5+52 T, T5 - 64T T5 +114 T T5 +3T:° T3 +
27T Ty -30T T2 +36 T3 T30 =33 8130 - 2777 1.2 + 21 T3 152 - 36 T3 132 + 6 T3 T5° -
18T T2 +9T T3 - 24 T8 T3 +45 71 T3 - 48 T8 T3 + 42 T T3 - 21 T2 T3 + 9 T Til)}

Out[«]=
1-T+T2

I

(3-5T1+5T1-3T3+T1-5T,+7T3T,-18T;T,+18 T T, -16T; T, +6 T T, -3 T T, +5T5 +

T TS
7T T - 7T T2+ 24T T2 17T T2 +32 T3 T2 -7 TeT3+9T]Ta+6T5T2-3T3-12T, T3 -
37T3T3+7T1T5-18 T3 T3 -67ToT3+37T1T5-42T3T5 -3 T3 T3+ T3 +9T, T3+ 13 T3 15 +
40TIT3+33TIT5+3 T T5+87ToT5+45T] T5-22ToT3+60T3 T, -3T°T5-4T, T; -

137275 -42T3T5-78T9T5+11T5T5 - 117 TS T5 - 74T, T5-27 T8 T5-24 T3 75 -45T1° T3 +

6T T5+8T2To+26T3T5+96THTo+33 T3 T8 +47 TS TS +165T] T8 +32T515+30T5 15 +

57T TS+ 12T TS -3 T2 TS -14T3T,-63T7T,-71T5T5-36T5T,-87T,T5-151 T3 1) +
27T T, - 75T 8T, - 27 T T, + 29 T4 T8 w57 T3 T8 v a1 TS TS v 20T T8 v 126 T8 TS v 22 T0 T8
2771018 42 T T 6 T2 T8-33 T3 T0-30 T T -69T5T5-30 T, T5-15T1°T5 - 21 T34 75 -
5T T+ 27T T2 -o0T] T30 +18 T3 132+ 24 T3 132 + 9T TR0 15 T2 132 - 12 7] Tat + 12 TS T3 -
12T2T§1—9T}0T§1+9T}1T§1—9T}2T§1+3T§T§2—6T2T§2+9T19T§2—6T11T§2+3T12T§2)}

in[-]:= K41 = A[Knot[4, 1]]

Out[e]=
1-3T+T?
{*f’
1 2 2 2 12 2
S (1-3Ty+T5) (-1+TyTy) (1-3Tp+T5) (1-3TyTo+TiT5) (9T +11Ti-3T,427 T4 T, -
17%2
15TIT,-19T3 T, +2T5-42 T, T3+ 51T T5+24 T3 T3+ 24Ty T - 27 T3 T2+ 6 To T3+ 32T, Ts -
27TiT;-54T; T3 - 78Ty T3+30T; T3+ 9T5 T3 -3T{T; -15T,; T3 -15T; T3+ 96 T3 T3 -9 T1 T3 +
1441315 -60ToT5 + 3T, T3+ 3Ty T5+21T2T,-75T3T5+63T7T5-135T; T5+9 TS5 +
12T§T3—6TiT§+18TiT§—18T‘1‘T§+21TiT§+27TET§—12TIT§+3T§T;—9T‘ET;+3T;T;)}
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