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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Initialization

in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

in[-]:- Features[Knot[8, 17]]

out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4 [~ 1] X12,18[1] X15,2[-1] Xg7,11[1]]
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Producing generic perturbations

;m[-]- mons@ = Monomiallist [
P3X1X2 /.
{ip|x), »vai+va,i}
] /. c_Integer * mon_ > mon;
mons1 = Monomiallist[
1+p1Xg+P2Xy+P3Xa+P1P1XgXg+
P2 P2 X2 X2 + P1 P2 X1 X2 + P1 P3 X1 X3 + P2 P3 X2 X3 + P3 P3 X3 X3+ P1P2X3 /.«
{(vipx), »va,i+vaj}
] 7. c_Integer xmon_ :» mon;
k =0;
ri[1, i, j ] := Evaluate[Sum[c,,x mon, {mon, mons@}] + € Sum[c,,, mon, {mon, mons1}]];
ri[-1, i_, j_] := Evaluate[Sum[c,, mon, {mon, mons@®}] + e Sum[c,,, mon, {mon, mons1}]];
ri[-1, 4, 7]

Out[e]=
Cie5 P3,4 X1,4 X2,4 + C109 P3,7 X1,4 X2,4 + C107 P3,4 X1,7 X2,4 + C111 P3,7 X1,7 X2,4 +
Ci06 P3,4 X1,4 X2,7 + C110 P3,7 X1,4 X2,7 + C108 P3,4 X1,7 X2,7 + C112 P3,7 X1,7 X2,7 +
€ (Czes + C127 P1,4 X1,4 + C152 P1,7 X1,4 + C113 pi4 Xi,4 + C116 P1,4 P1,7 X%,4 +
Ci141 Pi,7 Xi,4 + C136 P1,4 X1,7 + C161 P1,7 X1,7 + C114 Pi,4 X1,4 X1,7 + C117 P1,4 P1,7 X1,4 X1,7 +
Ci42 pi,7 X1,4 X1,7 + C115 pi,4 Xi,7 + C118 P1,4 P1,7 X%,7 + C143 pi7 Xi7 + C176 P2,4 X2,4 +
C189 P2,7 X2,4 + C119 P1,4 P2,4 X1,4 X2,4 + C144 P1,7 P2,4 X1,4 X2,4 + C121 P1,4 P2,7 X1,4 X2,4 +
Ci46 P1,7 P2,7 X1,4 X2,4 + C128 P1,4 P2,4 X1,7 X2,4 + C153 P1,7 P2,4 X1,7 X2,4 + C130 P1,4 P2,7 X1,7 X2,4 +
C155 P1,7 P2,7 X1,7 X2,4 + C166 P%,4 X§,4 + C169 P2,4 P2,7 X§,4 + Cig2 P§,7 X§,4 + Ci81 P2,4 X2,7 +
C194 P2,7 X2,7 + C120 P1,4 P2,4 X1,4 X2,7 + C145 P1,7 P2,4 X1,4 X2,7 + C122 P1,4 P2,7 X1,4 X2,7 +
C147 P1,7 P2,7 X1,4 X2,7 + C129 P1,4 P2,4 X1,7 X2,7 + C154 P1,7 P2,4 X1,7 X2,7 + C131 P1,4 P2,7 X1,7 X2,7 +
Ci56 P1,7 P2,7 X1,7 X2,7 + C167 p§,4 X2,4 X2,7 + C170 P2,4 P2,7 X2,4 X2,7 + C183 P§,7 X2,4 X2,7 +
Ci68 P§,4 X§,7 +C171 P2,4 P2,7 X§,7 +Ciga P§,7 X§,7 + €137 P1,4 P2,4 X3,4 + C162 P1,7 P2,4 X3,4 +
C139 P1,4 P2,7 X3,4 + C164 P1,7 P2,7 X3,4 + C201 P3,4 X3,4 + C202 P3,7 X3,4 + C123 P1,4 P3,4 X1,4 X3,4 +
C148 P1,7 P3,4 X1,4 X3,4 + C124 P1,4 P3,7 X1,4 X3,4 + C149 P1,7 P3,7 X1,4 X3,4 + C132 P1,4 P3,4 X1,7 X3,4 +
C157 P1,7 P3,4 X1,7 X3,4 + C133 P1,4 P3,7 X1,7 X3,4 + C158 P1,7 P3,7 X1,7 X3,4 + C172 P2,4 P3,4 X2,4 X3,4 +
Cig5 P2,7 P3,4 X2,4 X3,4 + C173 P2,4 P3,7 X2,4 X3,4 + C186 P2,7 P3,7 X2,4 X3,4 + C177 P2,4 P3,4 X2,7 X3,4 +
Ci9e P2,7 P3,4 X2,7 X3,4 + C178 P2,4 P3,7 X2,7 X3,4 + C101 P2,7 P3,7 X2,7 X3,4 + C195 P§,4 X§,4 +
C196 P3,4 P3,7 X§,4 + C197 p§,7 X§,4 + C138 P1,4 P2,4 X3,7 + C163 P1,7 P2,4 X3,7 +
C14e P1,4 P2,7 X3,7 + C165 P1,7 P2,7 X3,7 + C2e6 P3,4 X3,7 + C207 P3,7 X3,7 + C125 P1,4 P3,4 X1,4 X3,7 +
Cise P1,7 P3,4 X1,4 X3,7 + C126 P1,4 P3,7 X1,4 X3,7 + C151 P1,7 P3,7 X1,4 X3,7 + C134 P1,4 P3,4 X1,7 X3,7 +
Ci59 P1,7 P3,4 X1,7 X3,7 + C135 P1,4 P3,7 X1,7 X3,7 + C160 P1,7 P3,7 X1,7 X3,7 + C174 P2,4 P3,4 X2,4 X3,7 +
C187 P2,7 P3,4 X2,4 X3,7 + C175 P2,4 P3,7 X2,4 X3,7 + C188 P2,7 P3,7 X2,4 X3,7 + C179 P2,4 P3,4 X2,7 X3,7 +
C192 P2,7 P3,4 X2,7 X3,7 + C1g8e P2,4 P3,7 X2,7 X3,7 + C193 P2,7 P3,7 X2,7 X3,7 + C198 P§,4 X3,4 X3,7 +

2 2 2 2 2 2
C199 P3,4 P3,7 X3,4 X3,7 + C200 P3,7 X3,4 X3,7 + C203 P3,4 X3,7 + C204 P3,4 P3,7 X3,7 + C205 P37 X3,7)
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The A2 Integrand

Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

in[-]:= T3 =Tq T3
S={x_,p__};
qls_, i_, j_1 :=
Sum|Xa,i (Pa,i = Pa,is1) *Xa,5 (Pa,j = Pa,js1) *+ Xa,i ((1-Tz) Pa,isa+ (Ta-1) Pa,je1)s {a5 3}];
Yilo s R.]1 i=€ 9 (3/2-Xq,rP1,k - X2,k P2,k = X3,k P3,£) 5
L[X;i 5 [s_11 :=T3E[-q[s, i, j] +ri[s, i, j1 +0[e]'];
L[C [¢ 1] :=
TS E [‘Xl,k (P1,k = P1,k+1) = X2,k (P2,k = P2,k+1) = X3,k (P3,r = P3,ks1) + ¥1[@5 R] +0[€]1]5
LK ] := (2 7) FeatureslI ¢ £ /@ Features [K][2]1];
VS; :=Sequence[ps i, X1,is P2,i» X2,i5 P3,is X3,i]3
vs[K_ ] := UnioneeTable[{vs;}, {i, Features[K][1]}]

in[-]:- Features[Knot[3, 1]]

out[e]=
Features[7, C4[-1] X3,6[-1] X5,2[-1] X7,5[-1]]

in[-1-= Short[L[Knot[3, 1]], 10]

Out[-]//Short=

1
128 7/ T4 T3

P1,3X1,2  (=1+T1) p1,7 X1,2

E[eser‘leS[—pl,l X1,1 + P1,2 X1,1 = P1,2 X1,2 + + = P1,3 X1,3 + P1,4 X1,3 —
T1 T1
(-1+T1) P1,2X1,5 P1,6 X1,5
P1,4 X1,4 + P1,5 X1,4 + - P1,5X1,5+ ———— — P1,6 X1,6 + P1,7 X1,6 *+
T1 T1
(=1+T1) p1,4 X1,7 P1,8 X1,7
= P1,7X1,7+ ———— = P2,1 X2,1 + P2,2 X2,1 + C112 P3,1 X1,1 X2,1 + <<41> +
T1 T1
P3,3 X3,2
Cie7 P3,7 X1,3 X2,7 + C109 P3,3 X1,7 X2,7 + C105 P3,7 X1,7 X2,7 =~ P3,1 X3,1 + P3,2 X3,1 ~ P3,2X3,2+ ————— +
T1 T,
(=1+T1T3) p3,7 X3,2 (=1+T1T3) p3,2 X3,5
= P3,3 X3,3 + P3,4 X3,3 — P3,4 X3,4 + P3,5 X3,4 + -
T1 T, T1 T,
P3,6 X3,5 (=1+T1T3) p3,a X3,7 P3,s X3,7
P3,5 X3,5 + ———— - P3,6 X3,6 + P3,7 X3,6 + = P3,7X3,7+ ———— <<1>>] }
T1 T T1T> T1 T

in[-]:= vs[Knot[3, 1]]
Out[e]=
{P1,15 P1,25 P1,35 P1,45 P1,55 P1,65 P1,75 P2,15 P2,25 P2,35 P2,45 P2,55 P2,6>
P2,7> P3,15 P3,25 P3,35 P3,45 P3,55 P3,65 P3,75 X1,15 X1,2, X1,3, X1,4, X1,5, X1,65 X1,7),

X2,15 X2,25 X2,35 X2,45 X2,55 X2,65 X2,75 X3,15 X3,25 X3,3, X3,45 X3,5, X3,6, X3,7}
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Invariance Under Reidemeister 2b

Territory: (X | p)g) jy» Xij-

mn[-1-= {1lhs} = Cases[

jE[Sum[ﬂa,i Pa,i * 7a,j Pa,js {as 3}Y11 « L/@ (Xi,5[1] Xiy1,j.2[-1]1) A{VSi, VS5, VSi,1, VSj.1},

eSeries[& ] » &, co]
Out[e]=

{P1,2+i T,i + P1,249 711, + P2,2+41 7T2,i +

1
— (C108 + C106 T1 — C108 T1 + C197 T2 — C1p8 T2 + C1 T1 T + Cio5 T1 T2 — C1p6 T1 T2 — C107 T1 T2 + C108 T1 T)
T1T>
1
P3,2+i 7T1,i 72,1 + ——
T1 T2

(- Cae8 ~ C106 T2 + C108 T1 — C107 T2 + C108 T + Cs T T2~ Ca05 Ty To + Ca06 Ta T2 + C107 Ty To + 112 Ty Ty +
2 2 2 2 2 2 2 2
Cio6 T1 T2~ Caes T1 T2+ Ca10 T3 T2~ Ca12 T3 To + Cag7 Ta Ty —Cag Ta Ty + Ca1a Ta Ty ~ C212 Ta T

2 12 2 32 2 32 2 32 2 12 2 12 2 32 2 32
Cio5 Tl T2 - C106 T1 TZ - Cq07 Tl T2 + Cip8 Tl T2 + Ci09 Tl T2 - Ci110 Tl T2 - C111 Tl TZ + C112 Tl T2>

+

(Cie8 + C107 T2 — Cip8 T2 + C3 T1 T2) P3,2.1 /11,5 712,
+

T:1 T,

P3,2+5 7T1,i 7T2,i +

1
2
—— (~C108 - C107 T2+ Cr08 T2+ C7 T1 To + C1o8 T1 To + C112 Ty To + Ca07 T2 T3 -
T:1 T,
Cros T2 T2 T, T2 T, T2
108 11 1y +Caa1 Ta Ty = Caap V1 1y) P3,249 71,5 7T2,i +
(Cie8 + C106 T1 — C1o8 T1 + C2 T1 T2) P3,2.1 71,1 72,5

T1 T

P2,2+5 772,53 +

1
—— (~C1o8 - C106 T1 + C108 T1 + C6 T To + C1o8 T1 To + C112 Ty To +
T1T>
127 27 T T2 7 s )
Cie6 11 12— Capg 17 12+ Ca1p 17 T2 = Ca12 14 2) P3,2+5 7T1,i 712, +
(Cio8 + C4 T1 T2) P3,24i 71,5 72,5 (~Cieg + Cg T1 To + C1p8 T1 T2 + C112 T1 T2) P3,249 71,5 712, §
+

1T, T1 T,

+

P3,2+i 713,i + P3,2+j ”313'}

in[-]:= {rhs} = Cases [jE[Sum[ﬂa,i Pa,i + 7Ta,j Pa,js {a, 3}]11]

L/@ (C;[0] Ci,1[0] C;[0] C4,1[0]) dA{vsi, VSj, VSi,1, VSj,1}, €Series[&5 ] » &, oo]

Out[e]=

{P1,241 71,1 + P1,245 711, + P2,241 72,1 + P2,2+5 7T2,5 + P3,2+i /13,1 + P3,245 73,5 }
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in[-]:= eqn = CF[1hs - rhs]

Out[]=
1
—— (C1e8 + C106 T1 — C108 T1 + C107 T2 — C108 T2 + €1 T1 T + C105 T1 T2 — C106 T1 T2 — C107 T1 T2 + C108 T1 T2)
T1 T,
P3,2+i 7T1,i 7T2,i +
1
—— (- C108 ~ C106 T1 + C108 T1 — C107 To + C108 T2+ C5 Ty To — C105 Ty T + C106 T1 T2 + C1o7 T1 T2 + C112 Ty To +
T1T>
T2T T3T T3 T TIT T, T2 T, T2 T, T2 T, T2
Cio6 11 12— Capg 11 T2+ Ca10 Iy 12— Ca12 Iy 12+ Cae7 11 15 —Creg 11 15 +Caa1 T2 1 - Carp T2 T +
22 22 212 212 22 22 22 212
C1p5 Tl T2 - Ci06 Tl T2 - Ci07 Tl T2 + C108 Tl TZ + C109 Tl T2 - C110 Tl TZ - C111 Tl T2 + Cq112 Tl TZ)
(C108 + C107 T2 — Ciog T2 + €3 T1 T2) P3,2.4 /11,5 72,1

T1 T,

P3,245 711,i 7T2,i +

1

—— (~Clo8 - C107 T2+ C108 To+ C7 Ty To + Cros T1 T + C112 Ty To +
T T,

T1 T3~ C1o8 T1 T5 Ty T5 - €112 T1 Ts 71,4 T2, 1

Cio7 1 13 = Caeg 11 15 + Caa1 11 15 = Ca1 T T3) P3,245 7T1,5 772,41 +
(Cie8 + Ci06 T1 — C18 T1 + C2 T1 T2) P3,2.1 7T1,1 /T2, 1
+ (-C108 - C106 T+ C108 T + Cg Ty To +
LER P LERLP)

2 2 2 2
Ciog T1 To + C112 T1 To + C106 T3 T2 — C1o8 T3 T2 + C110 T3 T2 - C112 T3 Tz) P3,2+5 7T1,i 72,5 +

(Cie8 + Ca T1 T2) P3,2.1 711, 72,5 (- Cieg + Cg T1 T + Cipg T1 T2 + C112 T1 T2) P3,245 711, 712, 5
+

T1 T, T1 T,

in[-]:= cvs = Union@Cases[eqn, p |7, =]

out[e]=

{P3,2+1s P3,2455 7T1,is 711,55 72,is 772,75}

in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_—>C_) = (Cc = 0)

Out[e]=
Ci07 Cies Cie6 Cies Cie8
{C1+C105’C106’C107+C108+ s i =9,
Ty T1 T, T, T1Tp
Cie6  Cies Cies Ci07 Cies Cies Cies
Cy + - + =0, C3 + - + =0, C4+ =0,
3
T, T, T1iT, T1 T1 T1T, T1 T
Cie7  Cies
Cs5 — C1g5 + C1g6 + C107 + C112 — + + C106 T1 — C1p8 T1 + C110 T1
T1 T1
Ciee  Cies Cie8
Cip Ty - — + ~ —— +C197 T2~ C1p8 T2 + C111 T2 ~ C112 T2 + C105 T1 T2 -

L T, T1iT,
Cio6 T1 T2~ C107 T1 T2 + C1o8 Ta To + C1o9 T1 T2 = C110 T1 T2 - €121 T1 T2 + €122 T1 T2 == 0,
Ciee Cies C1o08

Cs + C1p8 + C112 + C106 11— C108 T1 + C116 T1 ~C112 T1 — — + — ~ =0,
Tz T, T1iT,
Ci07 Cies Cies Cies
C7+C18 +C11p — —— + —— — —— + C197 T2 — C198 T2 + C111 Tp — C112 T = @, Cg + Cypg + C112 - == 9}
T1 T1 T1Ty T1 T

in[-]:= vars = Union@Cases[eqn, c_, «]

Out[«]=
{€1, €2, C3, C4q, Cs5, Cg, C7, Cg, Cio55 Ci06s C1075 Cies» C109s Ciies C111» C112}
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m[-]:= {sol} = Solve[egns, vars]
Solve: Equations may not give solutions for all "solve" variables.

out[e]=

C1 Cies Cie7 (1-T1) C1 Cies Cie6 (1-T2)
{{Cz%— - - y C3 > - - - >
-1+T, -1+T, T, (-1+Ty) -1+T, -1+T, (-1+Tq) Ty
Cq Cies Cio7 Ci06
Cyq > + - - )
(-1+T1) (-1+Ty) (-1+T1) (-1+Ty) T, (-1+Ty) (-1+T1) Ty
Cq (*1+T1T2) Cio5 (*1+T1T2> Ci07 (_1+T1+T1T2_T%T2>
Ce»> —C112 (1-T1) - C119 T1 - - - s
—1+T2 —1+T2 Tl (—1+T2)
€1 (-1+T4Ty)  Cios (~14TyTy) Crog (-1+ T2+ Ty T, - T, T3)
C7 > -C112 (1-T) ~Ca11 To - - - s
14Ty 14Ty (-1+T1) Ty
1 (1-T1Ty) Cies (1-T1Ty) Cio7 (-1 +T1Ty) Cips (-1 +T1Tp)
Cg > —C112 — - - - P
(—1+T1) (—1+T2) (—1+T1) (—1+T2) T]_ (—1+T2) (—1+T1) Tz
Cies T1  Cio7 T2 1T Ty Cios T1 T2
Cio8 + - - s
14Ty -1+T,  (—14Ty) (=14Ty)  (=1+Ty) (~1+T,)
C111 (1-Tg) Cs Ciie (1-Tp) €1 (1-T1Ty) Ci12 (1 -T1 -T2 +T1 T3)
C1e9 = ~ - - - - }}
T1 T1T> T2 T1 T T:1 T

mnf-]:= sol /. (v_ -»val_) » (v=CF[val])

Out[«]=
C1p7 +C1 T1 + C1g5 T1 — C197 T2 Cip6 + C1 T2 + C1g5 T2 — C16 T2

- -
T1 (—1+T2) (—1+T1) Tz
Cio6 T1+ C1o7 T2+ C1 Ty To + C1o5 T1 T2 — C196 T1 T2~ C107 T1 T2

J

(*1+T1) Tl (*1+T2) Tz

1
2 2
(C107 + €1 Ty + Cao5 Ty~ Cro7 Ty + C112 Ty + C110 T3 — C112 T4 -
T]_ (*1+T2)
C107 T1 T2 - C112 Ty T - €1 T3 Ty — Caos T3 T + C107 T3 Ta - C110 T3 T2 + C112 T1 T
107 Ta T2~ C11p Ta To - Ca T3 To — Cao5 T3 To + €107 T3 T2~ C12p T3 T2 + €122 T3 T2 )
1
—————— (Ca06 + C1 T2+ C105 Ta ~ C106 T2 + C112 To = C106 T1 T2 = C112 Ty To +
(—1+T1) T2

C11 T3 - C112 T3 - €1 Ty T3 - Caos To T3 + Ca06 T1 T3 - 101 T1 T3 + €112 T2 T3)
~((cae6 Ta+ Cro7 T2+ C1 T1 To+ Ca05 T1 T2~ C106 Te To — Ca07 Ta T2 + C112 T1 To — C16 T3 T2 -
€12 T3 T2 - C1o7 T1 T3 - Ca1a Ta T3 - €1 T3 T3 — Caos T3 T5 + Cao6 T3 T3 + C17 T3 To + 112 T3 T5) /
~C106 T1 - C1o7 T2 ~C1 Ta T2 - Caps Ta T2 + Ca06 Ta T2 + C107 T1 T

((-1+T1) Ty (-1+T3) T2) ), 1oty 1aTh) )
-1+ L]

1
71_ . (-€C1-C5-C112-Crip T1 +C112 T1 - Caaa To+ Cr12 To + €1 Ty To + C119 T1 To + €111 T2 To - €112 T1 T) }
1T

Invariance Under Reidemeister 3b

n[-]-= Clear[k]
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mnf[-1:= {1lhs} =

CaSES[jE [Sum[7g, i Pa,i * 7a,j Pa,j * Ta,k Pa,ks {0 3}1]1 * L/@ (Xi,5[1] Xisa,k [1] Xy41,k+2[1])

d{VSi, VSj, VSk, VSi,1, VSj.1, VSk.1}, €Series[& ] = &, oo]
out[e]=
{Ti P1,24171,i — (=1 +T1) Tap1,2+9 71,1+ (1 =T1) P1,2+k 11,1 + T1 P1,245 71,5 +

(1-T1) P1,24k 7T1,5 + P1,24k 711,k + T P2,2.i 72,1 — (=1 +T3) Ta Pz 2§ 7T2,i +

(1-T2) Pa,2ek 72,1 + 2 C1 T3 T3 P3,2.4 /a1 72,1 + (Cles T2+2¢ TaTy+Cs Ty Ty + Cags T3 T -
Ci06 T3 To + C07 T3 + Caos To T5 — Ca07 To T3 - €1 T3 T5 = Ca05 T3 T3) P3,2.5 71,5 72,5 +

(2c1+2cs-crTi-csTi-CraTi+Cup Ti -1 Ta-Cs T - Cup To+ Cs Ty To — Caap To To -
CiaTiTo+3CoTiTo+CiT2To+CraoTaTo+Cir ToTo-2C1 ToTo+Cupp To+ C Ty T +
CleTa T3+ €1 T1 T3 -2C1o T1 T3 -2y TE To - Caap T3 T3 - €111 T3 T3 + €112 T3 T3)

2
Ti T2 (~Cie6 — C1 T2 — C1ps T2 + Cip6 T2) P3,24i /11,5 72,1

P3,2+k 7T1,i 72,1 + +
*1 +T1
Ty (€1 T1-C112 Ty + C1p7 T2 + Ca5 T1 To — C107 T1 T2 — C111 T1 To + C112 T1 T2) P3,249 711, 72,1 +
1
S (-ci-cCs+Cua+CiTy+CsTy-CroeT1-Caa Ty + C1To+ Cs o+ Capy To - €y Ty To -
14Ty

2 2
CsT1 Ty~ Cios T1 T+ Cro6 Te To+ C110 Ta T2 = C111 Ta T2 -2 €112 T1 To — €1 T1 To + Ca06 T1 T2 -
2 2 2 2 2 2 2
C119T1T2+2C112T1T2—C112T2—ClTsz—CllngTz—C111T1T2+3C112T1T2+
2C T2T2+Cros ToT2 - Cro6 T2 T2+ Cro To T2+ C1qy To T2 = 2 Cyqp T2 T2 Ty
1171+ Cae5 17 15 106 '1 12+ Cr1e 11 15 +Ca11 19 13 112 17 15) P3,24k 7T1,§ 7T2,i +
T1 Ty (~Cie6 — C1 T2 — C1ps T2 + C1p6 T2) P3,24i 711,k 72,1

*1+T1

+

2 2
(- Cio6 11— C1 T1 T2~ Cip5 T2 Tp + C1p6 T1 T2 — C197 T5 + C107 T1 Tz) P3,2+7 711,k 72,1

+

-1 +T1
2
(-c112 - €111 To + €112 T5) 3,20k 7T,k 72,1 +
T2 P2,245 72,5 + (1 =T2) P2,2:k 72,5 +

2
T1 (-Ci1o7 — C1 Ty — Caos T1 + Cag7 T1) T3 P3,2.1 /11,1 72,5

-1 +T2
T1 (~Cie6 T2 —C1 T2+ €112 T2 — Caps T1 T2 + Cas T1 T2 + Ca10 Ta T2 — €112 T1 T2) P3,249 7T1,i 72,5 +
1 2
T (-ci-cs+cup+CiTy+CsTi+CiapTi-Cap Ti+C1Toa+ CsTp = Car To - Ca1a Ta - €1 Ty To -
14T,

CsT1To - Cros Ti Ty +Cio7 TaTo~Ca1p T1 To+ €101 Ta Tp 2 Capp T1 T~ €1 T2 To — €10 T T -
Ci11 Ti T2 +3 Ci12 Ti T2 -C1 T]_ T% + C107 Tl T% - C111 T1 T% +2 Ci12 T]_ T% +2 (e} Ti T% + C1p5 Ti T% -
1

Clo7 TiT3+C11e Ta T+ a1 Ta T -2 €11 To T%) P3,2+k 711,i 72,5 —
(-1+T1) (-2+T,)

T1 Ty (-C1e6 T1 —C107 T2~ C1 T1 T2 — Cap5 Ty To + C106 T1 T2 + C1g7 T1 T2) P3,241 /71,5 72,5 +
1

(€1 -C112) T1 T2 P3,2.5 /11,5 72,5 -
(71+T1) (*1+T2)

(-c1-Cs+Cua+CyTy+CsTi-Cro6 T1 - Cap T1 +C1To+ Cs To = Ca7 To~C112 To -1 Ty T - G5 Ty T -
2 2 2 2 2
Cios T1 T2 + C1o6 T T2 + C107 T T2 - C1 Ty T + Cao6 Ty T2 + €112 T1 To €y Ty TS + C7 T2 T3 +

2 2 32 2 12 2 12 2 12 2 52
Ci12 T]_ T2 +2 Cq Tl TZ + Cqp5 Tl T2 - C106 Tl TZ - C1p7 Tl T2 - Ci12 Tl T2> p3,2+k 7'(1)]' 7'(2)]' +
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T1 (-Cies — C1 T2 — Cios5 T2 + C1g6 T2) P3,2+9 711,k 712, 5

+ (=C112 = C111 T2 + C112 T2) P3,24k 711,k 72,5 +
—1+T1

T1 (~C1e7 — C1 T1 - Cags T1 + C1g7 T1) T2 P3,241 /11,1 712,k
P2,2+k 72,k + +
—1 +T2

2 2
(-Ca06 T§ — C107 T2 = €1 T1 T = C105 T1 T2 + C17 T1 T2 + Cae6 T3 T2) P3,2.5 71,1 72,k

+

-1+ T2
2
(-c112 - C110 To + €112 TT) P3,20k 71,1 T2,k +

(=C17 = C1 T1 = Cag5 T1 + C1g7 T1) T2 P3,245 /11,5 72,k

+

-1+T,
(=C112 — C110 T1 + C112 T1) P3,2.k /11,5 72,k —
(—Cio6 T1 — C107 T2 - C1 T2 To — Caps T1 To + Cape Ta T2 + Cao7 T1 T2) P3,24i 771,k 72,k
(-1+Tq1) (-1+Ty)
(~Ci06 T1 — C107 T2~ C1 T1 Tp — C1o5 T1 T2 + C106 T1 T2 + C107 T1 T2) P3,249 711,k 712,k

(-1+T1) (-1+Ty)

2 12
2 C112 P3,24k 71,k T2,k + T T3 P3,2+1 713,41 — T2 T2 (=1 + Ty Ty) P32, 713,i +

(1-T1T2) P3,20k 713,i + T1 T2 P3,2.5 713,5 + (1 = T1 T2) P3,2.k 73,5 + P3,2:k 7T3,k}

in[-1:= {rhs} =
Cases [IIE [Sum[7g, i Pa,i * Ta,j Pa,j * Ta,k Pa,ks {0 3}1]1 * L /@ (X4,k[1] Xi,ke2 [1] Xiv1,5+2[1])

d{VSi, VSj, VSk, VSi,1, VSj.1, VSk.1}, €Series[s ] = &, oo]
Out[«]=
2
{Tl P1,241711,i — (=1 +T1) Tap1,2+9 71,1+ (1 =T1) P1,2ek 11,1 + T1 P12+ 71,5 + (1= T1) P1,2ek 7T1,5 +
2 212
P1,2:k 1,k + T3 P2,2+i 72,1 — (=1 +T2) Tap2,2.5 72,1 + (1 -T2) P2,2+k 72,1 +2C1 T1 T3 P3,2.4 /11,1 /12,4 —
TiTy (-2C1-C5+2C1T1Ty) P3,2.j /11,1 7To,i + (€1 +C5—Cq T1 Tp) P32k 71,4 72,4 —
2
(=2+T1) T3 T2 (~Cie6 — C1 T2 — Caos To + C1gg T2) P3,2+i 11,5 12,1

—1+T1

T1

(C106 + €1 T2 + C105 To — C106 To ~ C112 T2 — C106 T2 T2 — C111 T3+ €112 To-C1 Ty T3 - Caos To T3 + Cao6 s T%)
P3,2.5 71,5 72,1 — (=1 +T1) (=C112 -~ €111 T2 + C112 T2) P3,24k 7T1,5 7T2,i +
T3 Ty (-Cios - C1 T2 — Cios T2 + Cio6 T2) P3,241 711,k /T2, 1
-1+T,

T1 (—Cie6 — C1 T2 — C1p5 T2 + C1p6 T2) (=1 +T1T2) P3,249 711,k 72,1

+

-1 +T1
(=C112 — C111 To + C112 T2) P3, 2.k 711,k 72,1 + T2 P2,2+9 72,5 + (1 = T2) P2,2.4k 72,5 —

2
T1 (-Ci97 —C1 Ty~ Caos T1 + C1g7 T1) (=2 +T2) T3 P3,2.1 71,1 72,5

+T2
*1+T2

<C1e7 +C1 Ty + Cros T1 ~ C107 T1 — C112 T1 ~ C110 T3 + C112 T2 ~ C17 T1 Ty~ €1 T3 Ty — Cag5 T2 Ty + Cag7 T3 Tz)
P3,2.9 71,1 72,9 — (= C112 = C11e T1 + C112 T1) (=1 +T2) P3,2.k 7T1,1 /12,5 -
(Te T2 (2-Ty -To+T1T2) (~Cie6 T1 — C1o7 T2~ C1 Ty To — C1p5 Ty To + C1g6 T1 T2 + C107 T1 T2) P3,2.4 /11,5
72,9) / ((=1+Ty1) (-1+T3)) + <C106T1+C197T2+2C1T1T2+C1@5T1T2*C106T1T2*C107T1T2*

2 2 212 212 212 2 12
C112 T1 To — C106 T1 T2 — C107 T1 T3 — C1 T3 T3 — C1p5 T3 T3 + C1p6 T7 T3 + C107 T1 Tz) P3,2.5 711, 72,5 +
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(€1 +C5—Cy12 +C112 T1 + €112 To = €1 Ty Ty — €112 T1 T2) P3,2.k 71,5 72,5 +

1
ﬁ T1 T2 (-C1e6 T1 —C107 T2~ C1 T1 T2 — Cap5 Ty To + C1p6 T2 T2 + C1g7 T1 T2) P3,2.1 771,k 72,5 =
14Ty
1
S (2Ci06 T+ Cro7 T2 +2C1 T1 Ty +2C105 T1 To -2 Co6 T1 T~ C107 T2 To -
14Ty

2 2 22 22 2 12 2 12
Cio6 T1 T2~ C107 T1 T5 —C1 T7 T3 — C1o5 T3 T3 + C106 T3 T3 + C1o7 T3 Tz) P3,2+5 711,k 72,5 +
(=2 €112 — C111 To + 2 C112 T2) P3,2.4k 711,k 7T2,5 + P2,2+k 72,k +

2
T1 (-Cie7 — C1 T1 — Caps T1 + C1g7 T1) T5 P3,2.1 71,1 72,k

—1+T2

(=C197 = C1 T1 = Cip5 T1 + C1g7 T1) T2 (=1 +T1T2) P3,2.5 711,172,k
.

—1+T2

(=C112 — C110 T1 + C112 T1) P3,2.k /11,1 72,k +

1
— T1 T (~Cie6 Ty~ C107 T2~ C1 T1 To — Caps T1 T2 + Cip6 T1 T2 + C107 T1 T2) P3,241 /11,5 72,k —
-1+ Tz

1

(Clo6 T1+2Cro7 T2 +2C3 Ty Ty +2C1o5 T T2~ C106 T1 T2 =2 C17 T2 To -
—1 + Tz
2 2 212 212 212 212
Cio6 T1 T2 —C107 T1 T3 —C1 T7 T3 — C1g5 T3 T3 + C106 T3 T3 + C1o7 T T2) P3,2+5 /11,5 72,k +
1

(=2 C112 ~ C110 T1 + 2 C112 T1) P3,24k 711, 72,k —
(*1 +T1) <*1+T2)

T1 Ty (~Cie6 T1 — C107 T2 — €1 T1 To — Cao5 T1 T2 + C106 T1 T2 + C107 T1 T2) P3,241 711,k T2,k +
1

(=2+T1T3) (~Cie6 T1 —C107 T2~ C1 T1 To — C1o5 T1 T2 + C106 T2 T2 + C107 T1 T2)
(—1+T1> (—1+T2)

2.2
P3,2+9 711,k 72,k — 2 C112 P3,2+k 711,k 72,k + 11 T2 P3,2:3 713, = T1 T2 (=1 +T1T2) P3,2.j 713,41 +

(1-T1T2) P32k 73,i + T2 T2 P3,249 73,5 + (1 = T1 T2) P3,2.k 73,5 + P3,24k 7T3,k}

in[-]1:= eqn = CF[1lhs - rhs]

Out[«]=
2 2 2 2 2 2 212 212
(Cae6 T1 + C105 T3 T2 — Ca06 T3 T2 + C107 T3 + C105 Ty T3 — C107 To T3 + €1 T T5 — Cao5 T1 T5) P3,205 71,1 72,5 +

2
(c1+cs-C1Ti-CsTi-CuaTi+CupTi-CiTa-CsTo-Cip To+ €1 Ty To+ Cs Ty Tp — Ca1p Ty T -
2 2 2 2 2 2
Ci11 T]_ Tz +3 Ci12 Tl TZ + Cq Tl T2 + C110 Tl TZ + C111 Tl T2 -2 Ci12 Tl Tz + Cq112 TZ + Cq Tl T2 +
2 2 2 212 212 212 212
Ci10 T1 T3 +C122 T1 T35 -2C11p T1 T3 -2¢C1 Ty T3~ C39 T3 T3 = €122 T3 T3 + €222 T3 Tz) P3,2:+k 7T1,i 7T2,i +
2
T1 T2 (~Cie6 — C1 T2 — C1gs T2 + Cip6 T2) P3,24i /11,5 72, + <— Ci06 T1 — C105 T1 To + Cip6 T1 Ty +
Clo6 T2 T T T, T2 T, T2 T272 T2712 T2712
106 11 12+ Cip7 15+ Caps 11 1) = Cap7 11 I +Cq g T+ Caps I 15 — Cap6 11 2) P3,2+5 7M1, 7T2,i —
1 2
——— (ca+c-caTi-csTi+CioeTi-Caa Ta+ Cia Ti-CaTo-Cs To-Capp Ty + € Ty T +
*1 +T1
2 2
Cs Ty Ty +Cios T1 To~C1o6 Ta T2~ C110 Ta T2 - Ca11 Ta To +4 €102 T1 To + €1 T1 To — Cr06 T3 T2 +
2 2 2 2 2 2 2 2
C110 Tl T2 + C111 Tl TZ -3 C112 Tl Tz + C112 TZ + C1 Tl T2 + Clle Tl TZ + C111 T1 T2 -3 C112 T1 TZ -
212 212 212 212 212 212
2 Cq Tl TZ - C1p5 Tl T2 + C1p6 Tl TZ - Ci10 Tl TZ - C111 Tl TZ +2 C112 Tl T2> p3,2+k 71,5 712, —
T1 T2 (-Cie6 = C1 T2 — Cips To + C1p6 T2) P3,24i 711,k 7T2,i +

2 2 2 2
Tz (- Cie6 17— C107 T2 + C197 T1 T2 = C3 T{ T2 — C1p5 T3 T2 + C106 T Tz) P3,2+5 7M1,k 72,1
+

*1+T1

C112 (=1 +T3) TaP3 2.k 7M1,k 7T2,i +

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Archive: UC4A2-240520.nb 2024-07-27 18:42:46

2
T1 (-Cie7 — C1 Ty - Cio5 T1 + Cap7 T1) T5 P3,2.1 /11,1 72,5 +
2 2
(C106 T~ C107 T~ C105 T1 To + C107 T1 To + C105 Ty Ta -
2 2 212 212 22
C106 T To + C107 T1 T3 + €1 T T3 + C105 T1 T3 = C107 T3 T3) P3,205 11,1 /12,5 -
1 2
——— (c1+Cs-C1Ti-CsTi-Cip Ty +C1p Ti - €1 To - Cs To+ Cagr To - C11a T+ 1 Ty To +
*1 + T2
2 2
Cs Ty To+Cros T1 To - Cro7 T1 T2 -Ca10 T T2 - C111 Ta T2 +4 Cppp Ta To + €1 T3 To + C119 T3 T2 +
2 2 2 2 2 2 2 2
Ci11 Tl T2 -3 Ci12 Tl Tz + Cq112 TZ + Cq Tl T2 - C1p7 Tl TZ + C110 Tl TZ + Cq11 T]_ T2 -3 Ci12 Tl T2 -
212 22 212 22 212 212
2 Cq T1 TZ - Cip5 T1 T2 + C107 Tl T2 - C110 Tl T2 - Ci11 Tl TZ +2 Ci112 T1 T2> p3,2+k T1,i 72,5 +
T1 Ty (~C1e6 T1 — C107 T2 - €1 T1 To — Cao5 T1 T2 + C106 T1 T2 + C107 T1 T2) P3,2+1 /11,5 /12,5 -
(=1+T1T3) (~C1e6 T1 —C107 T2~ C1 T1 To — Cip5 T1 T2 + C106 T1 T2 + C1g7 T1 T2) P3,245 71,5 72,5 -

1

(-Cro6 To+ Cr12 T1 - C112 Ti ~ Cro7 Ta + C112 Ta - C1 T1 To — Cao5 T To +
(*1+T1) (*1 +T2)
Cio6 Ti T2+ C1o7 Ta Ty~ 4 Cr1a Ty Ty + Cio6 T3 To + 3 C1aa T3 Ty — €11 T3 + C17 T1 T +

2 212 22 22 2 12 22
3C1p Ta T+ €Ty T5 + Caos Ty T3 — Cape Ty T2~ Cao7 T3 T2 -2 €112 T) Tz) P3,2:k 71,5 72,5 —

1
ﬁ T1 Ty (~C1e6 T1 — C107 T2~ C1 T1 To — Cip5 T1 T2 + C1p6 T1 T2 + C1o7 T1 T2) P3,24i 71,k 7T2,5 +
14T,y

1
ﬁ (-1+T1T3) (~Cie6 T1 —C107 T2 - C1 T1 To — Cao5 T1 T2 + C1p6 T1 T2 + C107 T1 T2) P3,249 71,k 7T2,5 —
1+T,

C112 (=1 +T2) P3,2.k 71,k 72,5 —
T1 (-C107 — C1 Ty — Cios T1 + Cap7 T1) T2 P3,244 /11,1 712,k +

2 2 2 2
T1 (- Cie6 T1+ Cip6 11 T2 — C107 T3 — C1 T1 T5 — C1o5 T1 T5 + C107 T1 Tz) P3,2+5 7T1,i 712,k

.
*1 +T2

C112 (=1 +T1) T1P3,2.k 7T1,i 72,k —

1
ﬁ T1 Ty (~Cie6 T1 — C107 T2~ C1 T1 To — Cips T1 T2 + C106 T1 T2 + C1o7 T1 T2) P3,24i 711,472,k +
14T,

1
ﬁ (-=1+T1T3) (~Cie6 T1 —C107 T2~ C1 T1 To — Cao5 T1 T2 + C106 T1 T2 + C107 T1 T2) P3,249 /11,5 72,k —
14T,

1

C112 (=1 +T1) P3,2.k 711, 72,k + (-1+T1Ty)
(*1+T1) (*1+T2)

1

(—C106 T1 —C107 T2 - C1 T1 Tp — C15 T1 T2 + C106 T1 T2 + C107 T1 T2) P3,241 7M1,k T2,k —
(*1+T1> <*1+T2)

(-1+T1T3) (~Cie6 T1 —Ci07 T2~ C1 T1 To — Caps T1 T2 + C1p6 T1 T2 + C1o7 T1 T2) P3,249 71,k T2,k

in[-]:= cvs = Union@Cases[eqn, p | n , o]

Out[«]=
{P3,2+15 P3,2+35 P3,24ks 7T1,i5 711,45 TT1,ks 712,15 772,55 712,k }

in[-]:= eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c == 0)
Out[~]=
{7 Clo7 Te T3 - C1Ti T3~ Cao5 T3 T3 + C107 T3 T5 == 0,
Cio7 TaTo+C1Ti Ty + Caos T3 To — C1o7 T3 To == @, ~C106 T2 To — C1 T T3 — C1o5 T3 T3 + C106 T2 T3 == O,
~Cl06 T3 T2~ Cao7 T1 T3~ €1 T3 T3 — Ca05 T3 T5 + C106 T3 T3 + C107 T3 T5 == O,
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2 2 2 T2 2 12 2 72 2 T2
Ci06 Tl T2 Ci07 T]_ T2 Cq1 Tl TZ Cio5 Tl TZ C106 Tl T2 Ci07 Tl TZ
- + +

- )

1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
Cio6 T1 T2+ C1T1 T3+ Clos T1 T3~ C1o6 T1 T3 == O,

2 2 2 12 2 12 2 12 2 12
— — — — + + =0,

1-T; 1-T, 1-T, 1-T; 1-T; 1-T,

Cie6 T1 Cio7 T2 c1T1 Ty Cios T1 T2
+ + + -

(1-T1) (1-T2) (1-Ty) (1-Tz) (1-T1) (1-T2) (1-Ty) (1-Tp)

2 2
Cios T1 T2 Cio7 T1 T2 Cios T1 T2 Cio7 T1 T3

(1-Ty) (1-Tp) (1-T1) (1-Tp) (1-T1) (1-Tp) (1-Ty1) (1-Tp)

1 T3 713 Cios T2 T3 Ci06 T2 T3 Cio7 T2 T3 0
— + + =0,
(1-T1) (1-T2) (1-Ty) (1-Tp) (1-Tg) (1-Tz) (1-Ty1) (1-Ty)
2 2 2 2 2 2 212 22
Cip6 11 + C1o5 T7 T2 = C106 T7 T2 + C17 T3 + C1o5 T1 T3 —~ C197 T1 T3 + €1 T1 T3 — C1p5 T1 T3 == O,

2024-07-27 18:42:46

2 2 2 2 2 12 2 12
Ci06 11 — C107 T2 — C1o5 T1 T2 + C197 T1 Tp + C1p5 T3 T — C106 T1 T2 + C107 T1 T3 + €1 T3 T3 + C1p5 T3 T3 —

2 2 2 212 2 12 2 12
Cioe 17 Cie6 T1 T2 C1e7 T2 T3 €1 TiT5; Cies T3 T Cio7 T T3

Cie7 T1 T3 == O, - + + + - -0

1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
2 2 2 2 22
~C1e6 T1 — C1o5 T1 T2 + C1p6 T1 T2 + C106 T1 T2 + C107 T3 + C105 T1 T5 ~ C107 T1 T3 + C1 T7 T3 +
212 212
Cio5 T1 T3 — Ci06 T1 T3 == @, —Cip6 T1 — C107 T2 — C1 T1 T — C1p5 T1 Tp + C106 T1 T2 +
2 2 2 12 2 12 212 2 12
C107 T1 T2 + C106 T1 T2 + C107 T1 T3 + C1 T3 T3 + Cap5 T3 Ty — Ca06 T1 T — C107 T1 T3 == O,

2
Cios T1 Cio7 T2 C1TiTo CiosT1To Cre6 Ti T2 Cio7T1 T2 Cre6 T1 T2

- - - + + + +
1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
Cio7T1 T3 C1TiT5 CiosT3T5  Cio T2 T3 Cio7 T2 T3 0
+ + - - ==
1-T, 1-T, 1-T, 1-T, 1-T, ’

2 2 2 2 12 2 12 212
Cioe T1 T2 C1o7T5 C1e7 T2 T3 €1 T7T5 C1os T3 TS5 Cio6 T1 T3
+ + + =

- 3

1-T, 1-T, 1-T; 1-T, 1-T; 1-T,

Ciee T1 Cie7 T2 C1T1Ty CiosTi Ty CioeT1 T2 C1o7 T2 T2
- + +

1-T; 1-T; 1-T, 1-T; 1-T; 1-T,

- )

2 2 2 12 2 12 2 T2 2 12
C106 Tl Tz Cio07 T1 T2 Cq Tl T2 C1p5 Tl TZ C106 Tl T2 Cio07 Tl T2
+ + +

1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
Ci06 T1 Cie7 T2 SR ENP Cios T1 T2 N
(1-Ty) (1-Ty) (1-T1) (1-Tp) (1-T1) (1-Tp) (1-T1) (1-Tpy)
Cie6 T1 T2 Cio7 T1 T2 Ci06 T3 To C107 T2 T3
+ + + +

(1-Ty) (1-Tpy) (1-T1) (1-Tp) (1-T1) (1-Tp) (1-Ty1) (1-Tp)

Cq T% T% Cip5 T% T% Ci06 T% T% Ci07 Ti T% 0
+ - - ==Y,
(1-Tq) (1-T2) (1-Tq) (1-Tp) (1-Tq1) (1-Tp) (1-Tq1) (1-Ty)

)

2
C1+C5-CT1-CsTy-CppTy+Cp T -CaTo-CsTo-CrppTo+C1 Ty To+C5 Ty Tp - Crap T2 To -

2 2 2 2 2 2
C111 T1 T2 +3 C112 T1 T2 + C1 Tl T2 + cll@ Tl T2 + C111 Tl Tz -2 C112 Tl T2 + C112 TZ + C1 T1 TZ +

2 2 2 22 212 212 212
Cie T1 T3 +C111 TaT5-2C1p TaT5-2C T3 T35 -Caap T3 T3~ C12a Ty T3 + C112 T3 T3 == O,

2
C1 Cs ¢t CsTy CupTy Cua Ty a1 Ty Cs Ty Cio7 T2 Ci12To
+

1T Ty

+ —
1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
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CsTiTo CiosTiTo CiorTiTo Ci1oTiTo CinTiTy 4CiuTiT, ¢ TiTy CueTiTo

+ - - - + + + +
1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
i1 TiTy 3¢ TiT, T3 ¢ TiT3 CiorTiT5 CieTiT5 i Ti T3 3¢ Ti T3
- + + - + + - -
1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
2 Cq T% T% Cio5 T% T% Cip7 T% Tg Ci10 T% T% Ci11 T% T% 2 Ci12 T% T% 5
- + - - + =0, -Cip Ty +C112 T} == 0,
1-T, 1-T, 1-T, 1-T, 1-T, 1-T,
C1 Cs ¢1Ti Ty CioeTi CipTi Ci2 T2 ¢ To cTr CipTo
+ - + - + - - - +

i-1, 1-1, 1-1, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,

¢iTiTy eTiTy CisTiTy CioeTaTy CieTiTy € TiTo 4cinTiT, o TiT,
+ + - - - + + -

1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T, 1-T,

2 2 2 2 2 2 2 2
Cioe T1 T2 C110 T3 T2 €111 71Ty 3C11pT3 Ty C112Ty €1 T1 Ty CupTa Ty €111 T1Th
+ + + + + +

1-T, 1-T, 1-T; 1-T; 1-T, 1-T; 1-T, 1-T;
3112 T1 T3 2¢1T3T2 Cios T2T2 Cao6 T2T5 Ca1o T2 T3 €111 T2T3 2€y1p T3 TS e
i1, 1.1, 1.1, 1.1, 1.1, 1.1 1.1,
Cio6 T1 Ci12 1 . C112 T} . Cio7 T2 Ci2 T2 .
(1-T1) (1-T2) (1-Tq) (1-Tp) (1-Tp) (1-Tz) (1-Tq1) (1-Tz2) (1-T1) (1-Ty)
SRENP) Cios T1 T2 Cio6 T1 T2 Cio7 T1 T2 4c112T1 Ty

+ - - + -

(1-T1) (1-T2) (1-Ty) (1-Tz) (1-T1) (1-T2) (1-Ty) (1-Tz) (1-T1) (1-T2)

Cio6 T1 T2 3¢1, I T, C112 T3 Cio7 T1 T3 3¢11, 1 T3
_ + _ _ _
(1-T1) (1-T2) (1-T1) (1-Tp) (1-T1) (1-Tp) (1-T1) (1-T2) (1-Ty) (1-Ty)
1 T2 T3 Cio5 T2 T3 Ci06 T2 T3 Cio7 T2 T3 2C11, T2 T2
- + + + =0,

(1-T1) (1-T2) (1-Ty) (1-Tz) (1-T1) (1-T2) (1-Ty) (1-Tz) (1-T1) (1-T2)

2
C112 —C112 T1 == 0, —C112 Tp + €112 T5 == 0@, C112 ~ C112 T2 == 0}

In[-]:= vars = Union@Cases[eqn, C_, =]
Out[«]=

{€C1, Cs5, Cip5, Ci065 C107> C110s C1115 C112}

mn[-]:= {sol} = Solve[eqns, vars]

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
Cs
— Ci2 > 9}}

{{Cl - 0, Cip5 > 0, C196 > 0, C197 > 0, C111 > ~C110 + .
1T

inf-1:= sol /. (v_ »val_) » (v=CF[val])
Out[e]=
~Cs+Ci19T1 T2
Y

{e, 0,0, 0, -
T, T,

in[-]:= vars = Union@Cases[eqn, C_, =]

Out[e]=
{Cs, C110}
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in[-]:- Factor@Cases[L[X; j[1]], eSeries[& ] :» Coefficient[&, ¢5], =]

Out[«]=

{p3,j (T1X1,i — X1,5) Xz’i}
T1

in[-]:- Factor@Cases[L[X; j[1]], eSeries[& ] =» Coefficient[&, Ci10], ]

Out[«]=
{=P3,5 (=T2aXq,5X2,1 +T1X1,i X2,5) }

Invariance Under R2c

. ‘—+_|_
it )t
o
A AN
S- .
1

i1~ 1hs = fm[ni Py + 715 P31+ £ /@ (Xaun,5 [1] Xa 502 [-1] C1aa [11)
d{Xis Xj5 Pis Pjs Xis1s Xjs15 Pis1s Pjs1s Xj:25 Pjs2}
rhs = J-E[ﬂi pi + 71 p5] < L /@ (C;[0] Ci,1[0] C;[0] C4,1[1] Cy,2[0])

d{Xi> X5 Pis Pjs> Xi+1s Xj+15 Pis1s Pje1s Xje25 Pje2}3
lhs == rhs

out[e]=
s . 1 1
-3217 \/T E [eSer‘les [pbi T+ P3.j TT5, —5 — P3.§ 7T E P3.j rrj] ]
out[e]=
True

Invariance Under R1l

i—H—
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inf-]:= 1hs = J.]E["i Pil * £/@ (Xi.2,i [1] Ciya[1]) d{Xis Pis Xis1s Pis1s Xis2s Pis2}

rhs = J-]E[ﬂi pil < L /@ (C;[0] Ci,1[0] Ci,2[0]) d{Xis Pis Xii1s Pis1s Xis2s Pis2}s3

lhs == rhs
out[e]=
-8 1 E[eSeries[ps.i i, 0, 0] ]

Out[«]=
True

Invariance Under R1r

(

Rir

in[-1:= lhs = fE[ﬂi Pil * £/@ (Xi,342[1] Ci1a[-1]) A {Xis Pis Xis1s Pi+1s Xis2s Pis2}

rhs = JE[ﬂi pi]l L /@ (C;[0] Ci,1[0] Ci,2[0]) d{Xis Pis Xii1s Pis1s Xis2s Pis2}3

1lhs == rhs
out[e]=
-8 1 E[eSeries[ps.i i, 0, 0] ]

Out[«]=
True

Invariance Under Sw

__\
Swt N

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Archive: UC4A2-240520.nb 2024-07-27 18:42:46

in[-]:= lhs = J-]E["i pi + 75 P51 * £L/@ (Xi.1,5+2[1] Ci[-1] C5[-1] C4,2[1] C5,2[1])
A{Xis X5 Pis Pjs Xis1s Xju1s Pis1s Pje1s Xiv2s Pis2s Xj+2s Pje2}
rhs = fE [7ti pi + 775 P51 © £ /@ (Xi,1,5.1[1] Ci[0] C5[0] C3,2[0] C4.2[0])

dl{xi: Xj: Pis pj: Xis1s Xj+1: Pi+1s pj+1: Xi+2s Pi+2s Xj+2: pj+2}3

lhs == rhs
Out[-]=
64 ® \/? E[eSer‘ies[T P3:1i 7T + P34j (7T — T 7Ty +715) ,
1 1 )
- + = TP3.i P3.j7ts (—713 + Ty - 2715) *;Tp3+jﬂi (=73 + Ty = 2715) + P3ej (Trg - 715)
1 ) 1
ZTp_,HjJTi(737Ti+5T7Ti*107Tj)*ZTp3+ip3+j7Ti (77Ti+3T7Tif67Tj)*
2 2 2 1
= T7p3,5 P3.j 71y (-7t + T g = 3715) +£ P3.j (=T +715) +
1
*Tp3+ip§+jﬂi (ﬁ%—STN%+4T27T§+37TiJTj712T7T17Tj+37T§>*
pr;jJTi (H§—4T7T§+3T27T§+37Tiﬂj—9Tﬂi7Tj+37T§>H
Out[-]=

True
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