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Pensieve header: The 3-Heisenberg Formalism for $\Theta$. Engine modified from pensieve://Project-
s/BabyDoPeGDO/Solving_to_k=3.nb, $px$ formulas modified from pensieve://Talks/Bonn-2505/. Last
version before the transition to the $xp$ order.

E[w, Q, P_eSeries] represents we?’, where wis a scalar, Q is an e-free quadratic,and P = Zﬁfo P[k] €¥is
a perturbation (it is ill-advised to include w in P because then it will have log terms).

Scheme: E [ ]//E [ ] calls FZip or Zip, which are functionally the same. Zip works by handling the
quadratic part and calling PZip for the perturbation-only part. PZip works by iteratively solving the
synthesis equation. FZip works by encapsulating coefficients, calling Zip, and back-substituting.

(Alt) Inf ]:=

SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Banff-2607"] ;
Once[<< KnotTheory" ] ;

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

(Alt) Inf]:=

Minor utilities

(Alt) Inf]:=
CCF[&_] := ExpandDenominator@ExpandNumerator@Together[&];
(xCoefficientCanonical Form «)
CCF[&_] := Factor[&]; (xCoefficientCanonical Form )
CF[& List] :=CF /e &;
CF[& _eSeries] :=CF /@Take[&, $k +1];
CF[& ] :=Module[{F}, ExpandeCollect[&, (p|Xx|x|&|8) , F] /. F-CCF];
(xCF[&_] := Module{
{vs=Cases[&, (p|x|7|&) ,x]},
Total| (CCF[#[2]] (Timeseevs™*))& /@ CoefficientRules[Expand[&], vs] |
]5%)
CF[& FE] :=CF /@ &;
CF[Es, [&s___ 11 :=CF/@E,,[&5];
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(Alt) Inf ]:=
eSeries /: S1_eSeries = S2_cSeries :=
Length[S1] == Length[S2] A Inner[CF[#1] == CF[#2] &, S1, S2, And];
eSeries[] := eSeries @@ Table[0, $k + 1];
eSeries /: Plus[ss___eSeries] := Module[{l = Min[Length /@ {ss}1},
eSeries @@ Total[Take[Listee #, 1] & /@ {ss}]
15
(xeSeries/: S1_cSeries+S2_cSeries :=
eSeries@@Table [S1[k]+S2[k], {k,Min[Length@S1,Length@S2]}]; )
eSeries /: S1_eSeries *S2_eSeries := eSeries ee
Table[Sum[SI[j + 1] *S2[k -j +11, {j, @, k}1, {k, @, Min[LengtheS1, LengtheS2] -1}];
eSeries /: c_*S eSeries := (c#) & /@ S;
eSeries /: 9,s S eSeries := (S > 0,55) /@5;

The Main Program

Variables and their duals:
(Alt) Inf]:=
{P*: X*) 77*) f*} = {m, & P, X};
(vs_List)* := (v > V") /@vs;

(u_,i )" e= (U™) 15

E operations:
(Alt) Inf]:=
E/:E[wl ,Ql ,P1 ]=E[w2 ,Q2 ,P2 ] :=CF[wl == w2] ACF[QL == Q2] A (P1 = P2) ;
E/:E[wl ,Ql , Pl ]E[w2_, Q2 , P2 ] :=E[wl w2, Q1+Q2, P1 +P2];
Egy ara [Els___1=Eay oy [E25___] "i= (d1=d2) A (1 =r2) A (E[&ls] = E[£25]) ;
Eg: »r1 [F1S___1Egz 5r2 [825__ 1 "i= E (q1yd2)riyrz) @@ (E[S1s] E[&25]) 5
Egr [E5___lgr :=Edq @RE[E5] 45

(Alt) Inf]:=
Eq1 r1 [61S___1// Eaz or2 [625___] :=Module[{is = rid2, 1lvs},

lvs = FlatteneTable[{X,,se0i> Pv,sei}> {V, 3}, {i, is}];

]E(dlUComplement[dz,is])—»(r2UComp1ement[r'1,is]) ee (ZiplvsUIVS* [IVS* '1V5: Times[
E[s1s] /. Table[(u: (X | P)), i - Uy,seis {1, iS}],
E[£25] /. Table[ (u: (] 7)), i - Uy seis {1, i5}]

1)
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(Alt) Inf]:=

Zip,, [#_, &1 := ((xEcholLabel["EZip called with {vs,7,&}
(F, &) // Zipl,; // EZip23.);

Zip,, [#_, &1 := ((xEcholLabel ["EZip called with {vs,7,é&}
(F, &) // Zipl,. // Zip2,, // Zip3,.) ;

- "} [{VSJTJS}};*>

"10{vs,F,8}1;%)

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: Eel vafsBGfﬂfo>B = det(1 - GF)'2(F(1 - GF)™: 8)3
(Alt) Inf]:=

Zipl, = Identity;

Zipl,, @(7_, E[v_, Q_, P_]1) := Module[{I, F, G, u, v},
(xEchoLabel ["EZipl called with {vs,7,w,Q,P} = "] [{vsS,F,w,Q,P}];*)
I = IdentityMatrixeLengthevs;
F = Table[d,,, 7, {u, vs*}, {v, vs*}];
G = Table[9,,,Q, {u, vs}, {V, vs}];
(CF[vs*.F.Inverse[I - G.F].vs" /2],

E [CFePowerExpand@Factor [~ Det[7 - G.F]™*?], CF[Q-vs.G.vs /2], P])

]

Getting rid of linear terms.

Lemma 2. <F: 8®Z¢BWZ"> — @3 Dijer FijVin<

B £ 8|ZB—>ZB+F_VB>B'

(Alt) Inf]:=
Zip2, = Identity;
Zipzvs_@(f'_, E[# ,Q , P 1) := Module[{F, Y, u, v},
(xEchoLabel ["EZip2 called with {vs,7,w,Q,P} = "] [{vsS,F,w,Q,P}];*)
F = Table[d,,, 7, {u, vs*}, {v, vs*}1;
Y = Table[8,0, {v, vs}];

CF/@(7, E[w, @Q-Y.vs +Y.F.Y/2, P /. Thread[vs » vs + F.Y]])
1
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Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z, := log[AF : el satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 0,Z,= 3 D Fij(0:0-, 20 + 0,200, Z0)) .
i.jeB
2 k+2

Note that the power mof Aisat most k-1 + = =2 k. We write Z, =¥ Z[m] A™.

(Alt) Inf]:=
Zip3vs_@<f~_.v E[v ,0Q ,P_ 1) = MOdUIe[{Z: u, v, m, j},
(xEchoLabel["Zip3 called with {vs,¥,w,Q,P} = "][{vsS,F,w,Q,P}];*)
7[0] = P;
For‘[m =0, m< 2%k +3, ++m,
Z[m+1] =CF[—
2 (m+1)
Sum[d,-,+ 7 (Oy,yZ[m] +Sum[(8,Z[J]) (ByZ[m=-31), {3, @, m}1), {u, vs}, {v, VS}]]
s

E[v, Q, CF[Sum[Z[m], {m, @, 2%k +3}] /. Table[v >0, {Vv, vs}]]]

(Alt) Inf]:=
EZip23,. @(7 , E[«_, Q_, P_]) := Module|
{nP, n¥, nQ, j =0, ps, c, t, rr = { (xrelease rulesx)}},
nP = Total |
CoefficientRules[#, vs] /.
(ps_>c_) =» (AppendTo[rr, t[++j] » CFec]; t[j] (Timeseevs™))
| & 7e P;
nQ = Total[CoefficientRules[Q, vs] /.
(ps_>c_) =» (AppendTo[rr, t[++j] » CFec]; t[j] (Timeseevs™))];
n7 = Total [CoefficientRules[#, vs*] /.
(ps_»c ) » (AppendTo[rr, t[++j] » CFec]; t[J] (Times ee (vs*)"’s) ) ];
CF[Expand[(nF, E[w, nQ, nP]) // Zip2,. // Zip3,] /. rr]

]

(Alt) In[]:=
3 .
M L5 ok 2= Egi, i)k} [1, E o (=&v,i 7y, + (7,1 + 70, 5) Pv,e + (&v,i + &v,5) Xy,r) » €5€ries []]
Il 1= Ma b
out[«]=

Eia,by-ic) [1s P1,c (UT1,a +7T1,b) + P2,c (72,2 + 7T2,b) + P3,c (/13,2 +713,b) — 7M1, E1,a +

X1,¢ (€1,a+ E1,0) — 72,0 $2,a + X2,c (€2,a + E2,b) — 73,0 €3,a + X3,¢ (E£3,a + E3,p) , €Series [0, 0] ]
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g2px and px2g
From pensieve://Talks/Geneva-2408/DataConversions.nb
(Alt) Inf ]:=

g2px[& ] := CF@Module[{A}, Expand[& /. 8, ,i ,j » A, Py,iX,,5] 7. A’i—' :->1/k!]

(Alt) Inf]:=
Zip,[&5 ] := &5
Zip . 161 := (Collect[& // Zip sy, &] /. f . &% (DIf, {£*, d}])) /. &* >0

(Alt) Inf ]:=
px2g[&_] := CFeModule[{ps, xs, Q, a, B},
ps =Union[Cases[&, p_, ©]]; xs =Union[Cases[&, X , =]];
Q = Sum[p@* X0 gpor21,xer21,por3],xer31» (PO PS}, {X@, xs}1;
Expand [Zip, s [& €] /. 8a 5,1 ,5 » If[a ===/, 8a,1,75 O]]

]

gRules

From pensieve://Talks/MonteVerita-2604/Theta.nb
(Alt) Inf]:=
gRS_)i_Jj_ 2= {
8y js P 8yitp+0iss By in TS 8, i + (1 - Tsy) 8vjts+6iss

gv_af_i* i Tf/ 8vai + Sivy gv_a_j* P 8rajt (1 - Tf/) Brai + aaj+

}

Inverse gRules written locally:
(Alt) Inf ]:=
igRS_:":_)j_ o= {
gy_,j",ﬁ_ s gVJj)ﬁ - 6]—)/3’ gy_,i*,ﬁ_ & T:/s gViﬁ - (T:/s - 1) ng‘ﬂ - T:/s 67:/’,,
gv_,a_,i Ead T:/S (gv,a,i* - 6a,i*) ) gv_,a_,j bad gy_,a_,j+ - (1 - Tf/) gv,a,i - 5ar_,j+

}

Some Knot Theory

(Alt) In[]:=
Kinki_ t=CC3Ry,5 // My 3,0 // My 9,5

Kink; :=CC3Ry,2// My3,0 // My o

https://drorbn.net/AcademicPensieve/Projects/3H/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: 3H: 3H-260708-Alt.nb 2026-07-14 09:36:30

(Alt) Inf]:=
RVK[pd PD] := Module[{n, xs, x, rots, front = {0}, k},
n = Lengthepd; rots = Table[0, {2n}];
Xp[x[41, x[111] PositiveQ@x]
Xm[x[2], x[10] True
For[k =0, k<2n, ++k, If[k == 0@V FreeQ[front, -k],
front = Flatten[front /. k- (xs /. {
Xp[k+21, L] |Xm[L_, k+1] = {[, k+1,1-1L},
Xp[l_ , k+1] | Xm[k+1, [ ] (++rots[L]; {1-L, k+1, L})
Hl,
Cases[front, k| -k] /. {k, -k} > —-rots[k +1];
115
RVK[xs, rots] ];

]

xs = Cases [pd, X X {

RVK[K 1 :=RVK[PD[K]];

(Alt) Inf]:=
rot[i , 0] :=E(;,;;[1, 0, eSeries[]];
rot[i_, n_] :=Module[{]j}, If[n>@, rot[i, n-1] CCj, rot[i, n+1] CC;] // m;,,:];
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(Alt) Inf ]:=
Z[K ] := Z[RVK@K];
Z[rvR_RVK] := (+Z[rvk] =x)
Module[{todo, n, rots, g, done, st, cx, £1, i, j, k, ki1, k2, k3},
{todo, rots} = List @@ rvk;
AppendTo[rots, 0];
n = Length[todo];
£ =E(,;[1, 0, eSeries[]];
done = {9};
st = Range[0, 2n +1];
While[{} =!= ($M = todo),
{cx} = MaximalBy[todo, Length[done N {#[1], #[2], #[I1] -1, #[2] -1}] &, 1];
{i, j} = Listee cx;
£1 = Switch[Head[cx],
Xp, (Ri,;Kinky) /7 mj, 5,
Xm, (R:,;Kink.) /7 m;,
]
1= (rot[k, rots[i]]] £1) // my,i,i; rots[i] = 0;
€l = (Elrot[k, rots[i+1]]1) // mi,i; rots[i+ 1] =0;
€1 = (rot[k, rots[jl] &1) // my, 555 rots[jl = ©;
€1 = (Elrot[k, rots[j+1]]) // mj ,4; rots[j+1] = 0;
C%=01;
If [MemberQ[done, i], £=C8// M 4,155 st=st /. st[i+2] »>st[i+1]];
If[MemberQ[done, i-1], & =& //Mspig,isstpigs St =st /. st[i+1] » st[i]];
If[MemberQ[done, j1, £=E&//Mj .15 st=st/.st[j+2] »st[j+1]];
If[MemberQ[done, j-1], & =& // Msipip,iostpips St =5t /. stlj+1] » st[jll;
done =doneJ {i-1, i, j-1, j};
todo = DeleteCases [todo, cx]
];

CF/@ (8 (x/. {Xe=>X,Yg>Y,dp>a}x))

]

p; testing
From Talks/Bonn-2505/Itype.nb:
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(Alt) Inf]:=
L[Xi 5 [s_11:=T"?E[{
Xi (Pi+1 = Pi) + X5 (Pjs1 - Pj) + (TS = 1) Xi (Pi+1 = Pjs1) »
0, 0, (€5/2) x (xi (Pi-p;) ((T7-1) xip;j+2 (1-x;p5))-1)
H
) 1
LIC; [¢.1] :=T% JE[Xi (Pis1-Pi) +te@ (; - X Pi)]

L[K ] :=CF[L /@Features[K][2]]
VS[K ] :=Joinee Table[{pi, Xi}, {1, Features[K] [11}]

From Projects/BabyDoPeGDO/Solving to $k=3.nb:

(Alt) Inf ]:=
Ri,j =Egaqi,i[1s (T1-1) Xq,5 (P1,i - P1,;)» €Series[@]];
Ri_,j_ =Ega,5[1s (Til -1) X4,5 (P1,i - P1,7) » €Series[0]];
CCi :=Eg;,i3[VT1, @, eSeries[o, 0]];
— 1
CC; :=E(,i) [—, 0, eSeries[0, 0] ];
Ty
(Alt) Inf ]:=
$k =0;
i)j
Ri,j
cc;
Cc;
(Alt) Outf]=

Ej501,5) (1, (=1+T1) (P1,i - P1,5) X1,5, €Series[0]]

(Alt) Outf]=
1 .
Eoing |1 |-1r ) (i i) X, eSeries (0]
1
(Alt) Outf]=

E(}—){l) [ Tl y 0, ESer‘iES[e, 0}]

(Alt) Outf]=
1
E(oi) [— 0, cSeries[0, 0]}
T1
(Alt) Inf]:=
CC3Ry,2 // My 355 // My 141
(Alt) Outf]=
1 .
E{)%{l} [7 N 0, eSeries [0}
Ty
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(Alt) Inf]:=
CC3 R1,2
CC3R1,2 // My 3,
(Alt) Outf]=
E(15(1,2,3) [\/Tl > (=1+Tq1) (p1,1-P1,2) X1,2, €Series[0] ]
(Alt) Outf]=
E{y501,2) ['\/Tl 5> (=14 T1) p1,1X1,2+ (1-Tq1) p1,2 X1,2, €Series[0] }
(Alt) Inf ]:=

$k=0; {
"CC", (CC1CCh //my20) =E(y,(1y[1, O, eSeries[]1},
"An R1", (CC3Ry,p// My 3, // My 1,1) = (E3 Ri,2// My 3,1 // m1,2-»1) }.v
"R2b", (Ry,2R3,4 // My,3,1 // My as2) = Ey,1,2y[1, O, eSeries[]1]1},

{"R3", (Ry,2Ra,3Rs5,6 // My 4, // My 5,5 // M36,3) = (Ry,3Ra,sR1,6// My,a,1// My 5,5// M356,3)}

}

(Alt) Outf]=
{{Cf, Tr‘ue}, {An R1, True}, {R2b, True}, {R3, Tr‘ue}}
inf 1~ NewBit[K ] := Module[{Alex = Alexander [K] [T1]},

s Alex?
LEt

ZIK1I3, 21 // Factor]
T, -1

in[-1-= NewBit /@ A11Knots[{3, 5}]

KnotTheory: Loading precomputed data in PD4Knots'.

out[e]=
4-3T,+5T2-3T3+3T74-T134+T8
{2-mem], @) (1-3Te 1Y), e, 9 1T 7T - T
T

In pensieve://Projects/BabyDoPeGDO/Solving to $k=3.nb that was

{2 STHT?, (14T) (1-3T+T2), 4*3T*5T2’3TT23*3T4*T5*T6 L 9-11T+7T2- T3}

And now 6
(Alt) Inf]:=

T3 =T1 Ty;

LIX; ,; [5_1] :=T§1E[CF@{

Z;l (Xvi (Pvic = Pvi) +Xyv5 (Pvje = Pvs) + (T5 - 1) Xyi (Pvis = Pvj) ) s
(T1-1) psjxai (T3 X2i - Xa5) 5
es (T3-1) p1j (P2i - P25) Xa:/ (T3 -1),
€S (1 /2 + T3 P1i P2j X1i X2i - P1i P25 X1i X257 = P3i X3i - (T; = 1) P2j P3i X2i X3i +
(T§ = 1) P2; P3; X2i X3i + 2 P25 P3i X257 X31 + P1i P3j X11 X35 = P2i P3j X2i X37 = T3 P2j P3j Xai X35 +
((T1-1) pajxas (T§S P2j Xai = T3 P25 Xa5 = (T3 + 1) (T3-1) p3j Xz + T3 P3j X35) +
(T3-1) p3jXai (1= T3 Pai Xai + Pai X5 + (T3 - 2) P2j Xa5) ) / (12-1)) }]
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(Alt) Inf ]:=

LICi [# 1] :=T§7]E[{Zizlxvi (Pvir = Pvi) s € ¥ (P3i X3i -1/2)}]

T S cp[L[xi,ju]] /.w E[{Q_, PO_, Pla_, P1b_}] :»E{}m-,j}[

3
wy Y0 (T =1) Xy 5 (Pu,i =Py, 1)) 5
eSeries[PO, Pla+Plb /. € » 1]
I

R ,; i= CF[L[xi,j[-l]] /.w E[{Q_, PO_, Pla_, P1b_}] :»E{}q{i,j}[

@y Zs/ﬂ (T35 -1) %5 (Bv,: - Pv,5) ) 5
eSeries[PO, Pla+Plb /. e » 1]
ik
CC; :=CF[L[Ci[1]]1 /. w_E[{Q_, P_}]» Ey,iy[
v, @, €Series[@, P /. € » 1]
1135
Ei_ t=CF[L[C;i[-1]] /. w_E[{Q_, P_}] = Eg,iil
w, @, €Series[@, P /. € » 1]

115
inl-]:= Ry,j // CF
Out[e]=
. 1 (=1 +T1) p1,i X1,5 (=1+T1) p1,jXa,5
{)»(3'}[ - + -
i T1T2, T1 T1
(=1 +T2) p2,i X2,5 (=1+T32) p2,9X2,5 (-1+T1T3) p3,iX3,5 (-1+T1T3) ps3,qX3,j
+ - +
T2 T, T1 T, T1 T, ’
. (=1+Ty1) p3,§X1,i X2,1 (=1 +T1) Pp3,q X1,1i X2,
eSer‘les{— + ,
T1 T, T1
1 p1,iP2,5X1,iX2,i (=1+T1) p1,jP2,§X1,iX2,i (=1 +T1) P1,§ P2,j X1,i X2,j
- - - +P1,i P2,j X1,i X2,5 + -
2 T2 Tl (*1+T2) Tz T]_ <*1+T2)
(=1+T1T2) p1,jP2,i X3,5  (=1+T1T3) p1,j P2, X3, (-1+T1T2) P3,jX3,i
+ +P3,i X3,i — +
T1 (-1+Ty) T1 (-1+Ty) T1 (-1+Ty)
(=1+T1T2) p1,i P3,5 X1, X3, (=1+T1) (1+T2) (-1+T1T3) p1,5P3,5X1,i X3,i
Ti (-1+Ty) Ty T2 (-1+Ty) T,
(=1 +T3) p2,5P3,i X2,i X3,i (-1 +T1T3) p2,jP3,5X2,iX3,i
+ - 2p2,§P3,i X2,j X3,i —
T, T:1 T,
(=1 +T1T2) P2,i P3,§X2,5 X3, (=1+2Ty) (=1+T1T2) Pa,jP3,jXa,jX3,i
+ _
T, (-1+T,) T (-1+Ty) T
(=1 +T1) P1,5 P3,j X1,i X3,5 P2,5 P3,§ X2,i X3,
P1,i P3,j X1,i X3,5 — + P2,i P3,j X2,i X3,5 + H
Tl (*1+T2) T2
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In[«]:= CC]_ // CF

Out[«]=

1
E{}ﬁ(l} [Tl Tz, 0, eSeries {@, —E + p3,1 X3,1}}

inf-]:= CCq // CF
Out[«]=
1 ' 1
E{}ﬁ(l} [7 N 0, eSeries {0, — - P3,1 X3,1} ]
1 T2 2
In[«]:= $k = 9; {
"CE", (CC1 Ez // ml,z_,l) = IE{}-»{I} [1, 0, eSer‘ies[] ] },
"An R1", (CC3Ry,p//My3,:// My 141) = (CCaRy,2 // My 351 /7 My2sn) }s
"R2b", (R1,2 Ry, 0 // My 3,0 // m2,4->2) = E(y,1,2;[1, 0, eSeries[]] }:
{"R3", (Ry,2Ra,3Rs,6 // M1 4,1 // My,5,5 // M3,6,3) = (Ray,;3Ra,5R1,6// My ay1// My 5,5 // M36,3)}

}

{{Cf, True},

Out[e]=

(=1+T1) (-1+T3) (1+T2) P3,1X1,1X2,1
{An R1, T = (-1+T1) Ty (-1+T3) (1+T2) p3,1X1,1 X2,1}:
2
(=1+Tq) (-1+T1T3) Pp3,1X1,1 X2,1
{RZb, + (=1+T1) (-1+T3) p3,2 X1,1X2,1 +
T1 T,

(-1+T1)2Tap3,aX1,2%X2,1 (-1+T1) (-1+T1T2) P31 X1,1 X2,2
- +

T1 T1

(-1+T1) (-1+T2) (1+2T3) p3,2X1,1X2,2 (-1+Ty)2 <‘1‘T2+T%> P3,2 X1,2 X2,2
+ -

T> IER P - },
{R3, (-1+Ty) TapsaXq,1%Xe,1+ (-1+T1) TapssXg,1Xa,1- (-1+T1) 2 TaTaps,aXe,3 %, +
1-T1) P3,2X1,1%X2,2- (-1+Tq) To (m1+T1Ty) p3,1Xg,2X0,20+ (-1+Tq) Ty T3 P3,3 X1,2 X2,2 +
1+T1)% Ty P3,2 X1,3X2,2 - (-1 +Ty) (-1+T5)% (1+Ty) P3,2 X1,1 X2,3 -

(

(-

(-1 +Tyq) Taps,s X, 1X2 3+ (-1+Tq) (-1+T1T2) P3,aX1,2X%2,3- (-1+T1) TaTaps,3X1,2X2,3+
(-1+T1)% Ty (-1+T2)% (1+T,) p3,2Xe,3%z,3 = - ((-1+Tq) To (=24 T3 T2) p3pXe,1 Xp,1) +
(-1+Ty) TeTops,3Xe,1Xa,1+ (-1+T1)2To (~14 Ty Ty) p3,aXe,2Xa,0 - (-1+T1) 2 TaTo P33 Xg,0 X, +
(-1+Ty) (- 1+T,-T3-Ty T35+ Ty Ti) P3,2X1,1X2,2 ~ (-1 +Tq) Ty (=1+Tp) T3P3,3X1,1 X2, -

(- +T1>2 (-1+T3) Ty (-1+T1T) p3,a X2 X220+ (14 Ty) TyT5 (2-Ty = To+ Ty To) P33 Xe,2 X2 +
(-1+T1) (-1+T1T2) P3,2X1,1X2,3 - (-1+T1) TaTap3,3X1,1X2,3-

(-1+ T1)2 (-1+T1T2) p3,2X1,2Xa,3+ (=2+T1) (-1+T1) T1 T2 p3,3Xq,2 X2,3}}
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In[«]:= $k = 0;
Ra,2 // CF
Rs,s // CF
R2LHS = (Ry,2R3,4 // My,351 // My 45)
Out[e]=
Eryse1,2y [TaTa, (-1 +T1) p1,aXe,2+ (1-Ty) p1,2Xg,2 +
(=1+T3) p2,1X2,2+ (1 -Tz) pa,2Xa,2+ (=1 +T1T2) p3,1X3,2+ (1-T1T2) P3,2X3,2,
eSeries[ (-1+Ty1) Taps3,pX1,1X2,1+ (1-T1) P32 X1,1 X2,2]]
out[e]=
1 (=1 +T1) p1,3X1,4  (-1+T1) P1,4aX1,4
E{HB,M{ ’ - * -
T1 T, T1 T1
(=1+T3) p2,3X2,4 (=1+T32) p2,aXa;a  (-1+T1T3) p3,3X3,8  (-1+T1T2) P3,aX3,4
+ - + ,
T2 T, T1T> T1 T
. (=1 +T1) p3,4X1,3X2,3  (=1+T1) P34 X1,3X2,4
eSerles{— + H
T1 T, T1
Out[«]=

. (=1+T1) (-1+T1T2) P3,1X1,1%X2,1
E{y5¢1,2) [1, 0, cSeries

T1T>
(-1+T1)2Typ3,aXe,0%X2,1 (-1+Tq) (-1+T1Ty) P31 Xe,1X2,2
(=1+Ty) (-1+T3) p3,2 X1,1X2,1 + +
Ty Ta
(<1+Ty) (-1+Ty) (1+2Ty) p3,aXp,1Xa,, (~1+T1)2 (-1-To+T3) P3,2X1,2X2,2H
+
T, LERLP

ini-]- R2LHS@ = Ry,2 R34 // My,3,1
Out[-]=

(=1 +T1) P1,1X1,4  (-1+T1) P1,aX1,4
Erys,2,43 |1, (1 +T1) p1,aXe,2+ (1-T1) p1,2X1,2 - +

T1 T1
(=1+T3) p2,1X2,4 (-1+T3) p2,aXz,a
+

+

(=1 +T3) p2,1X2,2+ (1-Ty) P2,2X2,2 - +

T2 T2
(=1+T1T2) p3,1X3,4 (-1+T1T2) P3,4X3,4

+

(=1+T1T2) P3,1X3,2+ (1 -T1T2) P3,2X3,2 - )
T1 T, T:1 T,

. (-1+T1) pgaX,iXe,1 (-1+T1)?Tap3oXa,aXa,
eSeries| (-1+Ty1) Tpp3,2 X1,1 X2,1 - *

+

T1 T Ty
(-1+T1)%P3,2 X1,2 X2,2

Ty

(1-T1) P3,2 X1,1 X2,2 - + (=1+Ty1) (-1+T3) p3,2 X1,1X2,4 +

(-1+T1) p3,aXe,1X2,a  (-1+T1)2 (=1+T2) p3,2 Xq,4 X2,4
+

. T panan)
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in[-]:- CF[R2LHS@[2] + R2LHSO[3, 1] ]

Out[«]=
(=1+T1) p1,1X1,4  (-1+T1) p1,aX1,a
+

T1 T1

(=1 +Tq) p1,2X1,2+ (1 -T1) P1,2X1,2 -

(-1+T1) p3,aX,1X2,1 (1 +T1)2 Ty P32 X1,4X2,1
(=1 +Ty) Tap3,2 X1,1X2,1 + +
T1 T, T1

(-1+T1)%P3,2 X1,4%2,2
(=1 +T2) p2,1Xz2,2+ (1-Tz) p2,2Xz,2+ (1 -T1) P3,2X1,1 X2,2 — - -
1

(-1+Ty) p2,1X2,8a  (-1+T3) pa,aXa,a
+ + (=1+Tq) (-1+T3) P3,2X1,1%2,4+
T, T2

(-1+Ty1) p3,aXe,1X2,a  (-1+T1)2 (=1+T2) p3,2 X1,4 X2,4
+ + (=1+T1T2) p3,1X3,2 +
T1 T1

(-1+T1Ty) p3,aX3,2  (-1+T1Ty) P3,aX3,4
(1-T1T3) p3,2X3,2 - +
T1 T, T:1 T,
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