
せる = Lie (t", t”,t3) / relatiens a C =t2 tt
' 3 tt23 cewtval

Lie (t3
,
t23 ) ∠ ④c ① Lie (t

'
, t
23 ) = 43 = ④coLie (t?,t3) s Lielt", t23 ]

い Ill

Lie (x, は ) Lie (x , y )
儿

degφ:2 y) Bφ -xy.は ) 少ry )
)

さφ-x-y, y)

EM 5-gon gut , rel .

() φ (y, o ) - φ (aty, 0 ) = 0 '2 -cyle ) φ lx, 2) t φ(Y , x) = 0

P2)( R(Y , 0 ) -R(xty, 0 ) = 0 [- cyde ) φ ( c. y)t φ (Y;-xy)±φ(-xは,x)= 0

P3]( ∂yφ(x, y) +∂y( Y,o ) - 2yφ( x+y, o ) '5-on t
φt2 ,34) t φ (t23,t 3

.4 )

= 2Rb,y ) = φ (t23 t3 .4) tφ(tt34) t φ ( t"; t23]



Question on EM5 -gon andKVequations

AT map Us grt. → Kuz
, ψ
( ax. は ) →ψ (-ay,

(x ) ,
ψ
( -x-. y , は))

φε SolEMPeut U φ [-xy (
,s ) ) =φ(( ,

x ) , φ (.z) )

Q φ E SdEMPeut ⇒ ( φ(Yx), ψ (x、y) ) ε kW2? ?

( KV 1 )[ x, φ ( は, x )}t [ は,φ1x,は)] = 0

KV2)( ( xR(Y,x ) t は Rx, は ) / is Duflo



Extension to Ass(x.は) a σ .

R(Uv) = UR(W) +R(u )V
+ え ∂xv)2 xu)*(

*

ャえ ∂yひ)/ x ∂xu)(
Ou EM 5-gonandkv( ) o

^µR(v )←R( u) √ - Ial )x a() *
R : Lie (x. y ] → ④《x , は》 Rla) = RCYI = 0 & 一 え ayu)( x ∂yV)

*
(

R ( Cu , v) ) = , RW) ] +RULVJ
t))④

+I ∂.V) 1 xaxu (
)
* -aulxa,v)(

*

1 + ayv)( Yayu )(
*
- ayu)( y ∂yv)(

* }
x

x

x[ IAm ε420 2 , ade
"

(y) =一m.pad
:
iy) ] 〉

oThue for m= 0 &
i

や

ax adx
""sy) ( ) =ax adx

{

y)]= x axadx"
(

y()- ad"(z ) ∂x(x)

ass -x臨, (a
.
ly) - ad,

"

(y) = - Ʃxad: (y)
1itj=m



tm 2
yRladx"(

y

))== 型 xmは + … +←)m はxm ]
o上 m= 1 Radly)) = R (C,] ] = 0

R( adim
'lyl = R ( C《, adで(z)) ) =R ]t * a, ad:"(y)(

～

* - xadx"
(

y) )*))

Hindass
.

l/ lem ?

my M-1 m-y
一xmy…+ -① ) Ʃはx -Ʃ xiadscy) 1

itj=m-7 A

The coeff
. of xmy= - 型- ②= 一 z andthe oeff

. of yxm is

ービ
)m 一 )mz = )”照 1l

Wecancomputethe2 ndtermof I toget thefollowing recunsive formula

R ( ad.
""

(y) ) = [x ,Rladx(y))] + I# )myx" - xny )



ad.
"

(y ) =Ʃ- Ixbyxc[ ^ i .b+c=m 7 2

( added on 8th May 2024 )
Ʃ = 流

。
臨v

7

' 4303 4
5

1
]f
. .

Io 10

(axadm(gill=一mil )cbyxx } 7
65 07

15 20 15

a,
ad ."(y/ 1- Ʃ

x
' ad:
'
ly ) = Ʃ=mi:xPtxrなP =m-7 Ptfth

Ptf= b
ー

r = C
ーmi) 敬 (Pさ ()xx = RHS l

btc
～

」
- )
b

ー (

Thew
, へ

ー ～

Jr aM,iyiy) (- ≥□,adsi'
y

/1)"=*"納。

“i) I )tymey"

= [ )myxm - xmy
This proves the recursive formula for R (adamlys ) in the previons page . 11



( explicitformula for R( ads
"

ly) ) )

l Rlad,(yl )=、警 ()一符 )( igii }
SetR' m: = RHSandcheck therecursive formula

R'nei =[ x,R' m ]+
I (t)mgxm - xmy ) b

()に 沿 ! !
move symmetic forms

R ( adx"(y 1 )=m、興( ) -1 )) iyxよ



[om21 R ( ady" (yl
)abd= 楽xmy ]

Thisfollowsfrom the recursive formula in the previous remars, or

caw be deduced divectly from I in the pwot of Lem2 . /

NotationLet φεSlEMPeut be homogeneous of degree m .
Wite

φ= φm-n
t Ʃ φ = 4. t φ=2 ← Wmr, n*

jcm-
iWm-;な2≤m.1

m-j .j ノ

whene Waib is the space of degree atb and depth b ( Hof y
'
s = b ) 。

lLet φε SLEMPeut behomogeneous of degree m 。 If m isevenand ]23
,
then φ, = 0 .

52kt 1 =adk
(

g] t … …



poof:Welook at thedepthypaut ofP )る which canbe

computed from φe and φm-2,2 . Oue canwriteφ
y = Cad.

'sy ) and

φ
m-2 .z

= CpiG ady
'
(は)(
,
aditly)] .

Peq=m-2

The goal isto show that c = O
.

- (m-y ) xm
-

zy

P)ayφ( x.は ) + ∂yφ (Y, o ) - ayφ (xtは, 0 ) - 2R(φ) = 0 Pabelionizatimm:even

翠 c

m- '

ly) = xm' tym-
^
_ (xty)m

-") - 2 R ( adx"
-^Yy) }Contribution from adx

るy
m-2,1

( m : even

= [ 7 tm-2) xm
-

ay t " + [ 1 - (m-2) ] yxm2tothetHsof
deith = I)

Ix"

Lems o

= m-3)1 xm
-2
y t " t 1-ml ) yxm

-z

{xiyxs { itj =m-2



PB( ) ∂yφ (x .y ) + ∂yφ (y, o ) - ayφ (xtは, 0 ) - 2R(φ) = 0

contibutionfromad.'ly
)
[,ad(y)} is equal to

2y ade'(y ),ad(y )s - Rad.' iy,a.]～a1Iman
1" 11

ad'
(は)xf- adstig) xPRady)adiy]tads'ly) /R(adiy)]

depth 2

tI axadbitiyixaaad'i *- …

1 t 2z ad,ity) )はad.'↓)*-Rad:'ly)はad ,fig)*
= ady
'
(y) x5 -ad(y)xP +① )8xPyx-ヒ )Pxtyxp



-Yx't…ex ")x
G

SetVq" =ad ad(は)x' *)Ex'yx-ヒ ) ' xtyxp(p = m - 2- q )

We have abelianization
no - xm

-zy
Vo = 2 xm

2yt
. … - yxm

-2

)

Vq = 0.2xm - 2 yt …
)
P -( -7
) ε )yxm-

～o O
φ
m. r.
z = 誕

(peqad
,
'( は)
,
adn
'
iy)] = θ . xm

-

ay ← " t O . Yxm
-2 ( G , 0 )

Ptq=m-2

Going backto p3and lookingat thecoeff.of xm
-2g
andyxm学; we obtain

c ( m-3xm -2yt Iml) yxm-
z)+ Cm-3, 0 2 xmzy(- yxm

-= } = 0 .

Sinco
(

^ ; ^) og- ler, we oncdul that c = 0 / Pop40 l
adac vom-

'

cy )



2- cycle for guty( 4kiy1 - 4 (yi1 = 0 √
AnotherprootofProp 4 :

the coeff . of xm
-

zy gives C(m-3 ) + 2 Cm-2 ,0 = 0

{ the abelicnization gives
- c(m-y ) - Cm.2

,
0 = 0

～e c= 0

(Let φε SlEMPeut of degree at least 3 .Thew ,az *= ayφ ]
B) forφ=φ , tφ : 2=cadx'cyl t φ22 reads るy41x .g ]

= -ayΨ(は , o ) +2y4(ty .
o )

aφ) lx ,2 =- c ym ((- (xty )m
- " ) +2 R(x は

) +2R 1φ ]

By Prop4 ,c = 0if m iseven .SinceR
*
= R
,
the RHS is invariaut

under the antipode *, sois theLHS 1

[ xi は ]ε SlEMPent.Thus,theassumptiononthedegree of φ is necessary .



Forbt lieesy ) ,wite b =axb ixtayb ) y =xab ) t y∂ ) 。

Since bt= - b,one has∂ b =ablt and azb = ab ) t. Therefoven

ayφ(
I
* =ay φ *

a
φ = 2yφ .

We use the following vesult ,

甌 ( Schueps 2012 , Double shffle and Kashiwara-Vergue Lie dgebras )

l Let bt Lie (x.y ) . Thews ]
Ia ε Lie (ax . z )st .(x ,a ] t[ は .b ] = 0 azb = ∂

は
b

Applying this to b = φ (x. 8 ) ε SdEMPeut:s , wefind thatta tLie. y ) sat .

xa ] ty ,[. ψi . z7 } = 0 …A



Ifone can prove that a= φ(Y , x ) , we obtain ( kV 7 ) 。 Actrally .

a= 4(y .x) ⇒く aya = ay φ(x]] ( =2 x4)( y.x) ) 、

0

( e .g . Racinet's
foumula f= s (ayf)

A implies
xacax ( tayaly) -xz 'a (i はaa)xt y a .4)( taz41 z) - x24)( tya)y = 0 ,
hence axa =∂

"

asaya =
a

φ = axφ* and aya = axφ .

Summany : φε SlEMPeut ofdegree at least 3 )
( i) ∂yφa .z ) ) *

=

ayφx, y ) OK by Prop 5

菅 { iil ) ( 2xφ( x, は ) )* = ax4( ) (Y,x) 。

⇒ K1) foroc φ1= ④ ly . ), 4 bcg 1 )


