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Q1

Complete the definition of 7; : Top, — Grp and prove that it is a functor.
Answer.

Claim. Let f: (X,zq) — (Y,yy) be a homeomorphism. Then, the map f, : 7, (X, zy) —
T (Y, yo) given by f.([v]) = [f o] is well-defined and a group homomorphism.

Proof. By HW8 Q2b, if 7, is path-homotopic to 7, then f o+, is homotopic to f o~;, so the
map f, is well-defined. Moreover, we have
fulla] + [B]) = [f o (a* B)]
=[(fea)*(feB)]
= f.([a]) = £.([8])

where the second equality follows by inspection of the definition of *. Thus, f, is a group
homomorphism. m

Define m; by mapping the based-space (X, z,) to the fundamental group m (X, z,) and
mapping morphisms f: (X,z,) = (Y,y,) to the morphism f,.

By our claim above, the map f, is well-defined and a group homomorphism, so 7; is a well-
defined functor.

We show that 7, is functorial in that it distributes over composition and preserves identities.
Indeed, for every based-space (X, z,), we have

™ (id(x,xo))(h]) = [id(X,wO) °7] =[]

so m; maps identities to identities. Also, given based-spaces (X, z,), (Y, y,), (Z, z5) and
morphisms f: (X,z,) — (Y,y,) and g : (Y,y,) — (Z, 2), we have

mi(ge F)([V]) =1[(ge f) ]

=lgo(fev)]
= m(9)([f ° 7))
= m(9)(m (f)(7))
= (m1(g) e (F))(1V)
so m; distributes over composition.
Thus, m; : Top, — Grp is a functor of categories. [ |
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