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14- 1100 Sep 18 hour 6: Jordan-Holder
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The Simplicity of the Alternating Groups
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14 1100 Sep 29 hours 10-11: The Sylow theorems
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&/ou/} of ofdr 2. P;ﬂ@, /3 maq not™ be no—rinf
TE /\&/{/Vm// G*?pgx/;?,:zz/%/.

O Wise, V=<, lh=<5Y7,

Wi hanse xd=x , o X, O/J(Z 3
DLL/ \/\/Ld/ Jaus Thi mwz A“L(Z/?“) = (AP >
.C/<,/

Gvou ps o orde” P, /\plfk\:) )’\p/‘]} (‘yﬂft/)
Np=) md p = 4=l PSP | q-

JPW<Cb} Prb-1 = = Z/m
o NS snadl iy At on by oo

As'de. AU\JF\@M I Cj(f/q
)t

The “XTenSio fopmn’:

Lemma | TE féﬁjp/)/é) L H< MeLP) s a =970y,
Then Hel

o 2€ Pesyh(e) [x=PF, xe b @), Fow = f.

Reforudifion: Le Syly (6], 1HI=pf = 1, [£)= HP

Propostan. TF L J(¢), Len [aonjupatscr £|=1mip

Orools. f sctc on [and V)ﬁllﬁl,o/- courSe)

St of < C<7‘/’<J‘l@“7[@-S Lj Conou j*ﬂ[/’&“//, The o/t
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gg_fj £ o ff;jy/@f"”)j vLj ﬁmﬂ)&\ The sias or all
oAy ot ap Jintble b p. Lre Jiy

Foposition. TF H ic o p-sbyrony v LeShl), Den

A - r - N h/f‘.(WpM A’(//
l% /S C&”%A/’/)ﬂ//] /5 A C&M\_)Myﬁ OF f [ijﬂ?i'lﬂ Swé)/fo'nﬂ}
art Conjugaty

P/JD(;- H 0&(7% 2/ ’/L@ gﬂL of Conjmjmf% of

Y }:j (ooUgation There st by o ,r/ﬂy/lfm orbf —
o P st H<M(P).
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14-1100 Oct 6, hours 13-14: Finish Sylow, examples, semi-
direct products
September:

| duef

sk Mmo A @] okt

-T2 J~jj Meaw | Frogl ¢ A/ Suni =det prodncCi
RUmin dors., /_Aoo/cm / 5\7/@/ =970 ps Mv\/fjj Q,X/ﬂL ,@//G}#;é
2 [j\/g,/j =9 oup I Comtm/m) /'A m,(jﬂw W}for/{/‘
2. M Syl =F Subgroays of (0 ave conjugip, ant
Ne) =1l =1me Y M|l

The oxtonsiom HEE - Gt vekal A Gla/ Ly Sty
@@ OW/Q/Q/ ﬁ

pbeoS'ﬁW‘.j@ fégj/(f[&)/ 72&/) /C&Vy‘(niaﬂzdjoﬁ f/://“ba]}ﬂ
(an? V)ﬁ / L], of cOu/gc)

PfOﬂOSh,;DVL IF /% S o ﬂfu@/o/\/kg E[M/@‘ 41\&/7
SR MW’ILA/V)@) vy Cﬂ/fwyvl@ of f [m yorticads WJ

fjﬂ*«/ -y’ Swéj oS
Proo(= . H actS 2 ﬂe < oFf gor;/'mja%% of

rct Con jugedy

P )7j CﬂVUﬁjAf/?‘”). TLC/€ WIM;'?L E@ n_ f/hy/l%plf) 2/\4/7(Z —
o Post, H<M(P).
Sow =Direct Producle. T NGy HE ) Conpr it} with i

Therts Jwﬂ M NN by (b )k

Th 3QAC/AQ) V\oﬂ/ﬂg P §“\7,

TE NH={d, njodive L e M98 ad be A goop
Exenfe:  <(123)7, <BY¥s) > < 5

e MH{ & NE L HAE, Per Ti H)=q2
N2l
Tl iy Gose 15 whor A =14, Mook [
Gt BGAAW) by b (s n=) b
or diln) s hnp
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AZ}MLL} \VIAM/« &\va” Mﬁh (”L)L}L

b))~ = bl = Whg = @W"V b

DinHfon, Givin abstract N, b Y B2 H Aut(M),
/r/LQ gm,;J/mﬂL p/—OJDLC% /\/}dH :

Rrop. | Th dhe adove cnst, 2 NI 9 NH 5

e /éo(\/\o/ﬁ[;/jh/\ .

2 H< A, N pal) aad gt W 2

Sl Examplis. | D= 2 X142/}
2 faxrb = R KL
3 {hx+h AecL (\/),Aé\/]: V%GL(\/)/;

\\T Poincat, JQ@&%/!//;Z (o KV}G§OS
Q‘ /\6 e / (8 \7 /%/) / I)SAM/VI [w\/ff/ {cgk Jdcugion

g Bk £ T ) = 1 AR

- oo e /—7— 404”’\/%/@
Bo= (CO7, g 2 T IR s,
-~ , )"\j\>f 3;}{/3;%&
/L/’\//Wi
////' @qlﬁgf)
\ Tupo b <Sons Vly
P06, gt mt 8= BaS) L) RS

f):/”@,) = Ke/f st an/ \/ 2. Borromun,
Y8, = F,)V/%PKM = F/K]( w(]( J 5}4/2)/1)

Grups of oder AL T/0| ZAALSET XA
Ad(Z4)= Y= <d.7 ) bi(x)=X3; XI=Xor x*or X*

[ it /F/ac?jcl E@J\“ﬁl 2%)’7 ac7=c¥) T
Cronps oF order . I¢ ll-h, F=2 o (T4), F=24,
and ot fost one o Log ol For Nt st ehoesd,
voopr o Y (3 PV/J. So & i< & @/ LincT
Podll: D Zf Mt be 24 <25 = Za [ Actlay)=2L))
(Zj~24)0Zf 0 =it il 25z

or The Ly wction of Z3 en CZQ/% gy Ay

100 Page 2



<(23\U 7 ( /2(2}( 3Y)

(13)(2v)
()4)(13)

2/3 X (Z{l XZ/L); E/ﬁg/ Live] 5/ D(’C%,j O/L
DA 20 Effhe dit o 4024
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Scratch 141005

October-05-14 8:10 PM

(12) f(/w) 9)[/;40
(122)(345")

(12) (237) X
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M

(

.
0</5<>l e jIJ;/:XL ) Den fvij =x7 | e

14-1100 Oct 9, hour 15: Finish semi-direct products,
groups of order 12

< o ) : o
Ay, euscen, T el e ale W GaE Gk

Aj‘/iﬂ,; (K)\ /vaop{@ﬁz! Vg Q Car g=u Find o L/‘C'”?/GWJWL
\<\ e on .

f I knotded §205% [Z,@\,?/)/;/\ /mt 4
9)

(\) Q. Ry srromenn,

S AP E . e

"\/pc'hj'j Meaw | i =dr //gb/md:, grovps L ordes 12

Raymin dors. b=iv/ e A// H/ @HﬁA‘ﬂL//\///

NXR = Ynh) s Ak A= NG, () hiba

T ) NOH S A g, S ME, V<IN X,
NNOH = (b (W xh/ A = 1)

2. Ta gued, 1€ GNMH, N6, H<E, V=,
Th GS//\/M¢H W/ @g/n}:Aﬁé\/

PR, =17, ((”\J/’\j;/ = Ve b o ) Frenk”

fﬁf@q ﬁ/ﬂgﬂv) /<@/f st and
Vi3, = Fm/%pgﬂ’/ = X (F”ZUG( S (EUQZ))

t
A-f/(;('n i <J5de Z
— v U 0T s 0L, 7o Lae groms
p)ﬂ - <&_/,1ﬁ/ ‘ S ——— ,/ ‘/\L/ > 31’]Vﬂjyf&{
07@'3 T30 })'\J\>1 i bafions |

Gruups of oader QI ZKZ// Z%%%f(l>ﬁ<j>

Ad(F2)= 2 =<g 2, P ()=X> I F or §% or g7
jj:\‘]\/ :(/;5 or Y& or ~c 7
24 f [Somorpd.c

=<2 Npe <2 — (55>>%q<j> =g,

X Eé
ki /1) {7%3 - (i/ < o,

N J
Crowps OF oddes . TJE RN, Fi=2 o i) 4=z
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oS ot JosT one of Loy i nornd, Cor Tosts ner enonsd,
oo @r Y Bl 3RS Se & ik o)t
Prodult Z/%Z/ mut Lo z2g <z iz//%ﬁ/g///:g&g)
CZ/L”Z/DL/XI%@ =ithe J//m2 2l 72/ et

or e b achion o Z3 on @A)G gy Ay stipa

<R39)> ;3 -
(13)(2v)
()9)(13)

Z/3 X (Z/ol XZ/DL)J Efler dived o7 Dy <2h.= (), e
Dh 20 - Efhe dided o 74502 ko

Shmbh Grmps. D ¢ s cooddh /£ all yucticks

Ak Torden-bodler s ot Alidin,

Thm i IE MAG, G 1 sheble (6 N & &0 o
2. A0 G and Gz Solwth, So sl

A98 WASQHAs 2 v PEe— By T4, - (4,

S /JJM%/L/IL.

@_/. A= 0\13/0(/1/ C&/)"Zf\/lﬂg Aq /]74\/) /%Z{ m07£ &J/ya%_
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14-1100 Oct 16, hour 16: G12, G21, Solvable groups

October-10-14 1:09 PM

Fodler rihvn oW
Hwa dug U
T T Next fas$) Mon. oct do 1= =3 ﬁ_ifg
Moo 1" /5(/0/(771% /O 0N (7/0/1/5, See O/J/?j
Feal mni Merdy Dec § Top) WA Dec ro ﬂrnc/ijgd'ﬂ\/\ nce /f

A/j@éfm: o Dec J2 o Men Dec (4 fﬂ'wmlo

&/o\a/’i o orjes . /0(/:% or %/l/ /%:Zé/ ﬂ%/éxjf ot
of Dost, 10 Homd, §o on___boas)

G=ZANZ ) At (25)= 74

= 240 W3 AdZy)=z0. =zl
b= (24 22 )NZS) A Z2:25) =5 =
(j/'/o, Cf) Z//?‘ZOL

o B b ackion & Z3 o0 @AIS sy Ay

<7 (S
(13)(249)
(14)(13)

Grups of oder AL J/0| T pALBT oA
At (Z2)= ZYf =<V ) V(x)=23; j/% Vor %@ oYt
31\7‘/: Y or X" or o

o~/ -
2/4 | [Sorm o pa.c

Exvche: PrH—AuHN) | el , VEAM /)
By H—AHy)  ([BY) =V
Ble Hom(H, Act(+))
Thn MXyH Vo H & Vg i

T our~ (sl @V 5ﬁ&67 /W40/€ 7('Z/E*ﬁZ/3
, K T A

R
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A

T our (Call @t/ ﬁ& 7/M/ g 27/3' —7/'3
rsk)/'\z ///76

50’\/’\L/¢ C:/WY?}. D ¢ s celle €l quo%,'m%\(
N /}5 JafJAn-/%)JUo/ Sorge s At ALL/?&/I,
_rA/‘”)I, IF /\/Q@) O- 1 y/wéfa e W E o,
2 30 <G and G s Soleth, So s [
ASB HAQHAE 2V HES s By [V, -0,

s /)Je(%/t/k

o~ TF & grouy c:&mzmmg Aq N#Y) it £ oot Al
T 710574 j/nz‘

!
Rm\‘)g .

Definition 2.1.1. A ring consists of a set R together with binary operations + and - satisfying:

1. (R,+) forms an abelian group, .
/‘\/So Jefro
2. (a-by-e=a-(b-e)Ya,b.ce R, . ‘
. : COV’\//M-)%%/‘/O VA

3. 31 Z0e R suchthata-1=1-a=a%a e R, and '
j.a-(b+ec)j=a-b+a-cand{a+b)-c=a-c+b-c%a.bceR.

Exaryls. Z, K=, My, (K)

' c \ 7 —2Z/n 3. K Men(K) a5
Moy /S*’)fj Exam/ﬂj 2 R— BTt 0 . U REE] K v
(/f R CO/")r')li’Lﬂ/l/e)

S Mo (R2T) 2 MK )]

/M, Jul_y//'/;J/ /<6// /jfm/,

Q. Is Wy bt A q/uo%/?mf,
Ans. Dilne R/T

Fad luck w/ fvm +ust |

14-1100 Page 2
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14-1100 Oct 20, hours 17-18: Term Test

October-22-14 4:06 PM
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14-1100 Oct 23, hour 19: Solvable groups, rings

October-10-14 1:09 PM

Ret i1 TT, e

HWwR 61 Wik, mort mmj be Adlid et L
Rigd ¢ Alery

/gﬁ/@z /4
AL
& 6 6 o o —0—
W &/j’—xf)
e Aob\/ /‘%ﬁj éMﬂjJ(% )

Solvnl/h Grops. Dip & 15 calle jE ol yuotints
I'n /}5 JU/C/A/)«/J@JUc/ S ot Aée/?m)
7/4/”’)(, IE MG, ¢ 1 shetle 6 N o,
2. IF H<t aad G g Sa/méfe} So sl
ASE WAGH B 2V H%ﬁ 5y 4, -0,

'S eI
@/_ LE & grovy c&mlm/'ng Aq W/fj i L ot &/Mf»%,

Rinj)! :
Definition 2.1.1. A ring consists of a set R together with binary operations + and - satisfying:
1. lH,;H forms :.jf: ..'.'a.r frf.-'lfli_fﬂ'l"*i!’; A/So JCF/:/[) ’
L a-b)-e=a-(b-e) Va.bce R, - ’
7. A1 #£0e€e R such thata-1=1-a=a %a € R, and CQV’V/M#%%/Q //i;) '
{.a-(b+cj=a-b+a-cand(a+b)-c=a-c+b-cYa, be e R.
Exaryls. Z, K[I]/ /V\M//Z)/ LG |
P, (e, B\ Z— 20 3. K2l 05y
0. 2 R— R(x] &H’A@J o . W@K[Dﬂ]ﬁ%
//gl/))@ (1F R & Commidy)

V//i( \\5 /\/\ﬂm //4[17/ = /l/\ﬂx/)/ﬁ)[lj
LT veod gReord o L

C«J/7~l¥a/)//‘!é/) A it x /UW)/%/I/’WZCS /rﬂ CAﬁ/M%C//; 76(/ %O/y
Z/L% A é/\/)ﬂxo /}4 >) )Q C@MMVWLMLJ\/@ Sﬂf
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Toult) = T-4), Tr W (A)=0O
Worory preof, 00, (4)= Je(AT-4) = dit[0) = o

/\/ol/\ggaﬂ Sl Q} \/\/OO\_//O/ Am/é Wwor g o/ ﬁ;/ ’k//L[K waf
s we b ) A (AT )= 0t —414)

o f= A
The wme M, ] —2— k+#3
b )
K
Ri9hT Aol il )% Maeol )
o A (RED) N Mol RILH

M(%H/Igm\)(%lw){ﬁ%)j(z@,W)(ﬁz%) L)
now culdiute f=4  Th B comrute  wilh )
biCanse  (1T=4)ad) (t1-4)= ady[41-4)(+1-4)

i~y by, e, iy

Q. Ts wey ol A Yuot1snt .

Ans. Dline R/T



14-1100 Oct 27, hours 20-21: Rings, Cayley-Hamilton,
guotients and isomorphism theorems

Hd o aution @JJQJQ

cisle Al (1150 [2)(T) 51 (07 B 170 73

Two players alternate drawing cards from the above deck. The first player to have 3
cards that add up to 15, wins. Would you like to be the first to move or the second?

Repynde S | Ringy: (R, +, % 0#])
S MM/K)/ R G-
3. Merphns (Ml rings & “caters”) [F=(]

5}:},,_/‘47“/' Q{ﬁ#’)ﬁ/ef.
b IF Vet QIRE—RH
9\\ /\/\AXA[KZ}]/:&/MHX/)[K)EIJ

CﬂJ/e:7~l¥/\n/77é>h A o) x /\%/%//ﬂlc; /ﬁ cAﬁ/M%c//ﬁ frc /o/y;
L et A & Mpir /K )) R Camm wHtie ST

Kal#)=dFHT-4), Ner K [A)=0O
Worony preof, 00, (4 )= JeH(AT-4) = dit(0) =&

None (e St ﬂb Woul) hwt  weorkid  For Vract J;M
N W MQ %Zfz%f(ﬁf%/: Mlv%//ﬂ/

So A: JL%I
The wwe M K] —2 g7 | 0ot
j/@\é% b&% mwﬁ%zg,
L
") K — 1) %)
RI9hT ool Mo l¥) | Mo
' o RHD) N Mool K)H

b 4 ~ \
HHI-4)-T = adJ(tI-AltT-4) = (Z.8: N¢r-4) N »
now cubdibute =4 T Bs  amute il 4 f@m’./ 1
b Casn 54 (1I-4) 4d HJ~A): ad)($T-4)(+2-4),
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Py Sabrrag, ke el [ aoe $4b9¢ bu? e
/\“/L:/ 2 cwbiring £)
Q. Is vw 4N <a//?0ﬂ J

Aﬂ}- D Lf//w K/j:

E—x&\m//t. //QLI]/<1&+ ) = K
ﬂ( .ISOMO///VS,/’) ﬂ\fo"cf’)f. [ W/év?ﬁ =) %g//(ﬂ/\? =

(Comple: W, KExI— £ = /’\ o o

= A} %\ Ack SML//\\Q) Tck V/owf /A%[ fire

3 TcTck 1dds 2 fVL‘ /€//
Y GCien an Jwﬁ L of P< 77/«/5 A L/wﬁwo Lit/u)
| - p Q“‘) Suv~ /7/
gq7$¢/ Kl’/\\jj, [ Tle L/J%//Vmﬁ: .
i A
F/'@/J [Comm%fa//m/ F\[Cf &jfoe/j high~ ~chns ¥
W . !D/K[’ﬁ/\/) ﬂé!//(/
(9/1//5 o1 f/f\J”) /E mVL Comm//m///@

(5r /08 %f/oadé

mhp/e . fH Numd }/) =t

WSeld For 2D mfm‘/w o

2. (Tm%jr«( ) Jomasag : COMW%?#/(/@/ hes o o-Jivisors
How make T For Bodls hih, BT s n ff) or o dormif
oo Fromm nows on, RS Cormu Tive 0
Maxined Tdealls. | Dofinihon
L. Ter s maamid <> BT s w el

E’j%j prool \/se e v, /jom//éc’cm Theorem.

Honest prest: =" X&T = Ra+I <R = Jyek yx+T=H1

< Jpl,x0 ID [t = gy xy—[€I =2 [eT

EY«MMCS. LpZ. o a meuardd el 1
9. SEIPFEFY A fl) o vo%
mjl,m/u’) //VC/J bl 15 contamd o a MMWL/ ﬂf

pl/oaf' \/UMJ Zorn’s L[me
ﬂﬂo/@h’? ﬂ@/@ Qy&%mﬁmm//bn
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Loiry o {002 0080 5 I s,

- TE () K @mwjmﬁ //)@&(4: Linr,

20 Lt @Bytby )= Lin (1) + LimlL, ]

3. Lim [Aybn | = Limfog)Lin (L)
Prook.  C=1bald g ik I’Zf( “): mﬁfomgfm%

J - & i b A Cam%m@ 7

Lim' § —s /7 — \\7: K

+ Mosv .

Prime IG’QK/S. (. Defroiion Peg sz proe 1F abeP
> acl o Lep

S Theown. }4/0 5 = doryy IBE P s priem

— A = = = = agﬂj:o = Aes
p/LpO(/ ‘@ O\LFP = E éj o “>[§“\7[LJ o [Lj o =) Lg/

e . m(ﬂ = (a)=0
< [z 9 W27 0558 2 o

Tlheareny. A masimd 1ded .

ter9t7 ﬂfgz _
ooy 7%; pof/ﬂL ) R 5 o Commw%%/l/z /A%yé/ cémg/q

i ) mgoc/lnlcg 7

Primes. ) o [4%0;96‘ (1 K%:Lj (A/é/\L/ir} @:%4)

2. ;)cof b)=8 ) ady b gd =Y =2 veug.

2 Prires P#Eo ner-uat W/&é = Vs o F|b

I A S N [ 7 s BAILY/

Y. Trreduulle A=nl = AelT v LeK”

o /e =7 ducrL Conrdrixaph: in 7 [=5]
p=ab = Pl = AsPC if 4/0/7{2 d//{/f;g/, N o)

= porcl k=] g g?| 2|-RIE) =

UFDs. Dt Brvy por-po dene?  Can be Lctor) it pins,

ﬂ_rl. \Amf\umt% uy o watks b o purmgtation

Thny. Tn a. UFD, Vi = iaduallh.

P)F_ T¢ an ///w/- JP; Q@COMﬁoﬂJ; @wﬂ thommﬁiz/w /WﬂL
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;-

l'w\/a’ /Mj.ﬂ /.

Th~. UFD GOV Xﬂé@j hoss A Wi olecors poith,
: . . PE nu) vy prim . TE X5 k) I JC[M} Ton
o 1rveduc Libs A=yl b F) XV of vk D Xt
77ed¢

fAm. Fa o UFD SCO//S du/ffjg a3t
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14-1100 Oct 30, hour 22: The isomorphism theorems for

rings, "better rings"
October-10-14 1:09 PM

RQM/HJC/S Tleal' eI, j47C7 “TC/L &< T  ITre K

/é/f/ ’&L: (r\e &(ﬂ%ﬁg/ %/%g:’ /m%

D\\ A% 9/ AT /4(/( S(AL/J TckK V/Dloof /ch

3 TeTeck Wuls = %9/%/
Y Given an hd T of r, et a Lijehon bive

jdids  T<gceg Lo lofs of KT %%@}%_
WKI@_(. L The Wt
=il [Corpmutitin, FNof w9
(é/ws o mJ € not C&Mmq//4///@ (Br /s 7%/«%/2/

%4@/,“ ' PH /\44/+@+J }/ o) e

Webd Lor 2D mfvrf,w o
2. (Totgeal ) dorans Commmﬁﬁ/m/ hes o o-Jiu'sars
How make {  For Hols il RIT 55 a taf) arﬂafowf
oo Fromm now on, RO% Cormuative. 0
Maxind Tdealls. 1. Dofinhon
L. Tl s maomd <> BT 15 a Fill
ff;%j yrool Ve 774( y% /;am/ﬂ/jm ﬂwﬂaf’c/ft
Honest preoe: =7 X&T = Ra+I <R = Jyek yx+T= 141
< Jzl,x00 NI [t =9 )y xy—|eL =) [e]
EX«MNCS L P2 i< e e yirdd el i
2. ST Ay o, uo}
mjl,(o/w) Fvc/ﬁ il 15 contaim) in a maxil (il
Proof o J Zorh’S [ vFma.
Expeople, S=bwt sk} To{(v) o0f N0
T = o ppd ided @Hh[n/@ y=s
S e i L U

| B

14-1100 Page 1



L i € \—>S/J/ :5:/}2 L%Jﬁg/j i< o bvrag !
T-L«o/u’? Lfrm fﬂ%&ﬁ/‘/(: ¥
T () K conwert, da, = Lisa,
2. L/m (ﬂwgn);u;? ) + ///[m/én/ P
o Lin [ayby ) = Limfan)Lin (L) 0

AL ol Aot i 1 re

— - ' PATaE I/A//)ﬂ
Pime Ic’u\/S. [ Dvanitisn, Pck /¢ prve /£ akep
> acl o L€ £

Y Theown KP 13 ~ dorwn iE P is pim

= A = = _ R agaj:o = At
Voo = &bel = [ab]=0 EIL]=0 > A
= A L = = f\é :O:?y\éép: 94(*” = [ﬁ)vo
<& [Jl)=o = [l " Lo = tgeo

ﬂcarcm. A VW\Y/M% 1ded i A

— Fogtb D b AL Agsoctitec”
Primes. 1 ok [VWLO)S}Q‘ (1 M:L] (m/é/\/ai@ do=ul)
2. 0@(0&,@):% J j(o/‘/gi % J(V/:Q/ =) G)/:mq
2 Prires: P#o ner-uat W/@L =) Ve or Pl
P y//mc 6 <F> 15 pat iy
Z//, Trrdualle 2 =nlb =) /LF/Z% v é?/{a&

Aot prirne =7 174 duciLil Cortrocaph: in Z [[=5],
Ll {ﬂo/ Novrry l/lhjoffj‘)
p=ab =) Pl =D A=PC | bt ot ping, as
=) P=rck = cb=] = LeR? Q,((/Jf—?)(rw-?)jé
UFDJ- D,@ﬁ E\/‘/j hon-2-o Jorer Can be ﬁac//d/w} fmlo s,
ﬂﬂ, \Am’\um%§ i *;LO unds & o VL/M%%A%/'QQ.
Thy. Fa e UFD, Vrim &induulh.

PETE a0 i QMUM/O)/!J) @\t (JMOWOWZ/M "Wﬂl

have /rmj /.

Thn., UFD& oy L%OJA@ A_ Wi licor o,

Pe sl el = vy . TF X ind W Al Ten
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Ny oo vy /

o 1vedua LS. ereey apb b 2 Xvey or x vk D xoadb
irreds
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14-1100 Nov 3, hours 23-24: "better rings", Euc -> PID ->

UFD

October-10-14 1:09 PM S’O

as1r02) Assat’s riddle: ]c/kld% share a loot of # in-wrapping hal-

loween candies. The first kid proposes a way to split the loot; if
itis not accepted by a strict majority (her included), she’steftout 90§ /¢
and the second proposes a split, etc. How is the loot split?

&/’éfcg,ﬁ M B bt ovr o P70 K= Uyt

NERSCICTY

Corl A Ly Mhehian = A;VZ/C@ D7
(or 2. AéMﬂﬂO/@) has A Jordin Forr ™

No Toy Ageodh. Luc = P10 SR

Reryinde s  KR/T o FPill c=> 1 5 macasd
67 o~ formn (Mbzo 2 p=dV(l=0)) A+

B S e e

Prime IGJM\/S. (. DQ/‘M/%;V) pc/{ )¢ /J/Wc s alepP
= &éf Or éG,@,
Y Theows. KPP ik < derpun iE P is pim
bole = abeP = ] =0 SEJfg=0 S0 2

EL] o =) Lepy

< >0 =) Jal]= al £ = 2 = [2])=0
< [p\j&] > {L] 24 >€4/0 = [L)=o

Tlheorery. A masamd 1ded A

RS W;j p@/\m% 0 R 5 o Gommwéé%/\/z /nfjfa/ o/omﬁ/o
DI‘//S/L///)& %« %6 vt agsoctitec”
Primes. | [Méo 90‘ (4 K%L] (&/é/\L/@ =) A= (/54)

2. OCJ L) g g e . j(p/vﬂf =) Q/vmﬁ}_

3 Tecdualle =l =) RELT v LeK”

Y. DriresS: P#o nen-unt W/&L; =) V/@ ol /ﬂ/é
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pois pee iFE <Pz % part el

Ao prire = 1 /duciLe Connhrcaph: in Z (=5,
D, l:g /v//ld {ﬁo/ Novr) ﬂajoqj)
p=ab = Pl =D AEPC | it act pime, as
=) P=rcl = k=] = Ler? l((MEF)(rW—?) =
WFDs. Dt Brvy rorgo e Can be Ectond ks pings,

Th Unutn$s w fo wnh b o pumatatio

TAYW Ia A_ UFD) W//rma @/’//K/OJ(/LL/L/A
PETE ir/vd IS JMUM/O};J/ ﬂa ;Mommﬁzz/m muﬁ have h”ﬂ}* /.

Thn, UF0 Wy XXFO hes A s Slcorpads,
e nu) ) =) P/;V”Q- TE 2 i [w7%) &I}M)/(L\('ﬂ’)

770 !\W/MM/KMM« 22X, fnby..-- = Avny or X~k D Xfevalb
\rredg

7/2/‘7' T A UFD 3@//& o is 15ilt
How ho, UFQ { Morm => " PTD" = UFD.
Db Tuclhibean domary: Mg a o’ e K‘(Of — N it

[oo(nb) ptn) 20 Vb FQ st oa=vbtr )
V =o or @{f)< e(h)

1

_ o= X3-AXT— X+l
EXM/‘- L Z /:Xm/ﬁ//@ Z/:/—;ﬁ/—\f//
2, Fl=d] s (XY
ol i1= 4= fW%

Theoron. A Euclidn donom is o “prD” (4 ).
(Thm: & PZD s ~ URD, Jch)

P/ofOS/:/[O/‘. Iﬂ e PIO/ Qf\/(/j r)//rmg /L}@J < WW'ML/A
P T=<P> ///}42) T J=xyc R = p=axr =

k= I=3 )V (xek" 2 J:ﬂ) oz
( ) e
%!a’om. PT D= UFD.
5@ -
Wi & Tafke NESN W\/Qg %}@JQ) >C, @M/ L\/Z(-_/g /\4/ SN
magmd Ll C@n%p/ﬂ/@ <sq, M =<7,
V, Wt So 22032 s 266K %e<xy> M, naxid
/V\\ :<(7 7, DG F ﬂ) DCZ e - J‘F p/o(e,g( LAL /ﬁﬁ/n/—é}
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/V\;\: <(¢?\7 / jgl = ﬂl )Cj R !F ﬂ/f)(@/i( LAC /[’)/J‘/I/)/”ﬁ/

A2 G2 gl 7% -

KX,» E<Xgpyp 28 X Zhy Xn gy

[ ge 6,7, Xt =X, So

B oo PTD 16 “Meutherizn”, N o= f0Ty KPS st piom

So ﬂz ffrociss /vm;% ”{Lofm/%ﬁﬁ_
So X=X, =P, = hhiz= .. =P R f

7‘/*‘0‘/6")' Th oo PID Cajbr=<9cdh . (s gdyi)=sa+fl)
- 00O 0
The EVC"J‘M Ajjaleﬂv") T ol Fuc. OOMNIVJ/ O

pm\(%/(«ﬁ f\fjowﬁm For ﬁmg@ Sl b) § ey 8) o
dbove:  WLOG, é(m}}&/é)
J6 <aboz=<b> kb [SH)=(o0, 1) Olurwie
=Ly, r)<e(y),
b7 =2<b,y> S if 9=ttty T
9= b+ (a-by ) = jjm +w5

% T
S S S —

Ueorm. B 1o o PTD IF s n “Didehin busse”
Nort " Jiﬁﬂ[o}ﬂ//\/ﬂ; [cﬂf odd dlo)=o)
[ a Lt T we<ly o 30%2:5(@/47
W) <)
. = ns Lifor =D Kylia wuey prire by 2, 907

We) o “//V;(,\/%//;/;’(A{/'\/@// D-H no ry,
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14-1100 Nov 6, hour 25: Finish rings, start modules

November-06-14 9:10 AM

HW, w3 oM@} WY on wil

Riddle along: A game: Player A writes the numbers 1-18 on the faces of three blank
dice, to her liking. Player B takes one of the 3 dice. Player B takes one of the remaining
two, and throws away the third. Player A and B then play 1,000 rounds of "dice war"
with the dice they hold. Whom would you rather be, player A or player B?

ﬁ%«%ﬁ MBS mblt owr a P30 £ = Unipe

M= R e@Rps) oL

Corl A FO Abe e Aéfzk@ (@Z///f/
Lor 2. AGM/\M)(g) Wj A \\Jo/of‘% ﬁo/f“)//
779&«\7, =8 h w//vgj MMOJM/V&
Reminfe s Euc =D PIZD =5 UFD

thawn. PTD= UFD.
Wnl Take 72,5 il o (K SCENM, Whee M, 5 A
VVW\K//W/ /if/// Com[w/l/aj <>C7 /‘4 (/)
v, ot Se o 2=/ et s %6l % e<x > M naard
/V&: <(017 ) DC,,Z = /ﬁ)(j R ’~F ﬂ/o(@j/( LAC /hﬁ/n/’ﬁ/
<Iy)7 Clppyp 28 Xy =t X+
X0 @ S 2 g /& - [ e 6<OC, 7, gy =0 X, So
[%LL% r~ PTD < \\/\ézﬁz//zﬂ /j) 2= 42y & Fs "‘ﬁ[/’//:"/)‘Z~
So ﬂ( frociss /"7\«{% ’{/»C/FM/P/“’IVL@.
S¢ XY= X, = WDGLJ ﬂ/ﬂlzjt - Tp,pl
7‘[,(01/6;’). Ta oo PIO Cayb7=<9d k0. (<o 3@/“/4/15“*7%)

The Fucldean /Vja/,%m. Th oe Euc. Dorindh, o
practicsl alonltm For Frioding  Sla,b) R Al 8) o
dbove:  WLOE, é(m);é/é)

TE <abo=C >, kb [54)=(0,1) Ol wie
c=byer, Ur)<e(L),
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Chb7 2<byyy S iF 9Edbity, T

s b () = e + (=9) )
S S S
Meorm. B i o PTD IE # dns w “Didekin=basse®
Nor ) D]iﬁ'“{oj\a//\/m [or odd )=o) j/c/'//e/A
5\4. F A, L#o e/ thr Ne<L> o 30%Z€<%/47

W/ J(x )< L)
. T "¢ Lifon. =) Ka/ﬂw vy P/ Ly 2, 9ot

We) o Smulfidatie”  DH note,
for gt
Ine

OQ’P/;"}/\CQ- 4/\ K“V%o/%/(? \\A V44 for Syace oV A //ﬂd//

gX'Lf’)//(S‘ IS ove A @2/;/,

2 Aéo//m; 9 rolps oo Z
3 Cinn TSV, e FEE)

Y Crvgn /Q@M Tk, K/; o K.
LT poduly ﬂw)
e

5 COQWWJ vm%m /2/) ave M
rov victors (R)T ove/ (el K/Jﬁ.% maedds mol-¢

O/ o, Fomsd & mod-r2 e categoris
O/ clum.  Subwmodils, kur g sin i, M/

Boriny Treonns. | FM =N = My = in g
N MBS
oL A/@C/\/\ ﬂ> /4/6 ‘:%/}6
3 ABN = T e T
g Al dulf
DUNL Sums., /‘/\ A= MON M S
| ol P 2rlon
( ~ V\%{(M /V\@A/ MS/J A/\/fm \bﬂ/w&

Loy

JiFar for inbinle F/L/J///mg
o)

Jum
s )

r N a) \ //m,, o rad
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DAL )l 1) i € ol
[= xam g Jim (\/@W) =iV + i W
EXCLM/%(.’ = ﬁfﬂk,é);/ jﬁ%ﬂu@ [('9.} F R i a WIO]

R R~ R G iz Lo -

N A R V/A_ <l

<ay <Ly b7 KQE7 gﬂp /6/4 \/? R/(é>
rﬁ\( //\t{/ AN

Zo Fozy “Z,07 =7 T
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Debt

November-06-14 4:07 PM

The sncugs s
| 2
UFO <= WID%E%C
A trit

/, /‘/lM’J O)CM/V)//(SJ' @ﬁ/’@(/% /@/j/l(?/ﬂ/ﬁ// V/A/yj /'/)
éfl\/c//\/ \/r//;é/z’é &Lﬂg Z):\’}gj /IO ﬁone/%//

v UED = R[x] UFD)
2, E)%m//g Al bev T/ Wujgf (eems 76

5 |+ =77
b z[

A StQueng  of LXLTIGLC &4//? b A Wt
i 0TS / @C/jmml

Math 250A, G. Bergman, 2002

A principal ideal domain that is not Euclidean

developed as a series of exercises

14-1100 Page 1

e



14-1100 Nov 10, hours 26-27: Modules, Main Theorem -
Existence

November-09-14 10:27 AM

oFfce Hons Thi wuk Wil 1222 [nof af 022

Elold 9ol
/BLJCEZ[W' M 9. midhll  over a PTD K = M”’Wé@

M F Kk@@ K/@S,) 5) ;w;lm
Corl A ﬁ.j Melian = A& 7% @%ﬂ
(ora. Aé//ir\m(ﬁ) %mj A Jordas ﬁorm//

TOJ@_ R/ﬁc/ (\//VLM %Q‘CL)V)/’(M/YQ/?J/ 7%90 /ﬂf@zé Of
OlForre cide ot Ty,

Ewc = PITD=> UFD.
Maay UFDL wre 16t PIOY

Z[\HFZJ IS A PIO LvﬂL [ ﬂo%fug//ﬁé/z

Ueorm. B« oo PTD L e a “Dideli husse?
Nor D]iﬁﬂfaj\a/ﬂ/m [@/ o) CJ(@/:@]
s e AL CThe ae<t> o 30%ze<q/47
v/ Jx)<dlL)
. < ~¢ Lifon. = Kd/ﬂfme v prre Ly 2L, 907

Lven _ \\VMV/%/Y//;ZA%/'V@O D’H nor vy

Rervnde s/ Mo dofos
Dcp/(/mm, R-mod & mod-r are (47[@0//);

D(F/(/’\/'M. Suémoe/h/“/ Ker d/ N ) Y. M/A/
Bo/l'n:) teonns. 1 g M=n/ = M/ker = img
2 hbem B MY =L

3 AcBem = M/A/@//} ZM /i

y Ao dudl
Qiret sums. A,y = MON M 0
| Sode ¢ e/
%/;\V\}{ /(A_/;\l,\/ /\/i/jm \>A/ Product
P v SMON e -2 o |
\JMA/WM ) /\/V/mlwﬁr Jitar or I F«/’J///fjg

Hom@/\/\/u' /@/)nﬂ/]}) :Z/@:,” Zi” Ay € HOM(MU /L/u)j

14-1100 Page 1

E xamp 1= 3(a,b)- | J= Satth [tj/ R a /6’[0]7 M. T dul) bt ot =0,
R 5 R~ K e D:ﬁc,J
e /) 27 Py = 2@ <3



Example: 1E - 9Y(ab). | [=Sattb (LY, 1 R &a A | M. L Seadd hn/t gzt 1=l
R A~ K K. O=%L
(Ht $a) //// 5705 ¢ =577 <7
, N A Wy conpatble o)
R gL = vic g;&\?\wo/;%@ 3 jﬁ ; /
<ay 7 L T RAD) <&\b> <7\7@ <> kj (/)
%@ %@g// %;ﬂé/ % %“2{,52%4/“ in Te Calt of j(&j:/(
+ c
Let B Lo & PID 0,7719 f{} PM. T SZ»M/J b A Hone
Skefel, /M«%//ccfjk 2 o ——> Jre 2y LM ot s
Bim v b moe “ X ﬂW/ N genes
L»d’ - n; \Jj 7] Jw/’& Nusercs (& M VQ/_(
Lo il | Lack o @ﬁ“ﬁﬁ//:\ 6///’7;)@%/‘.”\2 2 M/’MX — hfojc/o/aﬁ
Q,f M IS \ﬁ/’m%oﬁ jwﬂfﬁ%’/ 4 33/ "j@ (CM
g,#. M: Z—’Uj/ A ’QJ The f\é()/ﬂ /5 5(4/&/‘6 //L,
Z(L/?\/)jj /4(4/\/\\9)((/{)
<

[

In \‘jmqo/ﬂ\/{) ('1\/0/\7

P2

SXX matoix o W) 0!

A pﬁ /hoL»/A,/o) (Y% ﬁj MOD/ﬁ/Eg A1 A ﬂ/g

Examphs. (1), (a) , [2)

Exuc/te. I = (A42), Ten Mo =MBPH, ol
[yt

COM/"Nﬂf Mﬁj MJ/WQN}@\/L @) Co@umﬂjl

e, 1E 1Q ot sl

i 9
R R o e hedy Ao
7\&2 \ifo /\/\ :Kg//r’)A an/ /\/)/:/ﬁj//’/qﬂ/
KX _A/)Kj 4 /ﬁofho/ﬂ%/é,
ff L@r" /‘/) N—7M/ LJ ),_—D(j]'m/} 47[/9"(\],,‘,%4/

e
P can be /%7/0///97{;,9/ a9 Pt

@, /'qyé///géj a( A >é<)/ 50/%,,7,04
F/H/?Zg Mﬁ?Z//rX /4 g = FAQ
(or D/O Wéﬁz/ﬁ/j yol/ Olm/nf/th <N /4/

Cor \Lg

e T

~n/ f»/é/j/w\tj m(/wf/é/e C@%ﬂf)ﬁ O/f //owja/
vach @lunn 1 baded ﬂm/// Mo Fes.
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Q,VLCA lumn 1< Toude) ﬁ/n//% Mo %/mg.

ot Al e matsiies rendadle Pror A /ﬁL A

bt fhe one e e aﬁ/j wity dhe st

D-H nevr) H//OJ/ Nat M%j S a,

Clwn R, Sivdes Mo wrs in 11 w/ YU wlumn.

1€) Lo a_ Euchles N

b2 Ln a PID) (f qijJ(ﬂ/é/:S&ﬂLé) The)

S =hy\ g S MY [es LA
(VL L)(f M—/o‘) - (Cﬁ O) ) U/K//é (7% qé) (‘f < O
—:> M//Oj/ 725 v (@/mmn ofF A, ax<
O (QX(&/% For f\///
= oM wme o A ane Jiglh Zj A,

Ay —— < —
A= (? A, ";“ZJ)
o "I Nu
. Al W,/Aaj. A
&Jﬂ%/fﬂ/l@ 7[0 jé% Aw( Tea \@ )
7 & 7S Syuot

I
o M B = 05
A, Ay - )”\ﬂ
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14-1100 Nov 13, hour 28: Main Theorem - Existence

N by

cod: MRy Sprp R =
M= R s &) KL oS
j=/ /

/Q,' p/-/:/l«-;/(?
G EZog

Thet 18 o g Eege KPP Maf e +5 £9. modalcs
A— gLy ﬂﬂ —> ;e”%/} =M,

Eqm%ﬂj Wc/@j V)XX /’ﬁ%ﬂf@ﬁ 710 ,f,j_ mOo/u/u_/
A /QX iﬁﬁﬂxﬁ’%%/}% ::MA
/\/\/Jx)(//() —7 ?} ﬂ)bﬂ//@f 44 fM/(/'f/fz/LCU

examphs. (1), (a) , ()
Exuc/te. I C= (B35, Ter M= MyBPH g
COM/‘%ﬂ{’. Mﬁj mpfo(/l/“o,nqo\/a @) COQUM/U,

Clarn, 1€ 1.Q wre invdlle
A /
R R o e bl en

?&7/57 lfp /\/\ = KQ//K)A and //]/ :ﬁ)ﬁ//'ﬂﬂ/
R A Kj A Iomory (/01’7/4

PE$M —=ml by I = P<i

P con Le /’47/0///97[@9/ s 999 Mt

QG Lo /'r)yé//;/qé,/ a( An XN éo/omn«
Eimfe matix N 47 = PAQ

o (e do Wénzfﬂ/j ol Qposatrions =n A,

INVer 1 Ee
/‘/fl/ A/Z/J/Wj %I/aff/é/@ @%&,@/7 O/f) /fol//jw/

Q,qcé QD/%//)"? /S %)Mﬁal /L‘//’//r/a[) /“/70777' ]L//’/?@_f
COOF /\[Q ﬂ,c m{f//(lé_g ;/‘@464/'4/6 )C\/oh /]'/ //WL /4/
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é& ﬂe 54 L&;\//'U ) Gl/}%ﬁ W/%/L) W«Z 5/44/%@%
D-H neve W/OJ) Dot dfhl/j 5 A,
Clvin Ay divdes oM oTle— wpliac in s o Y% wlumn.
ﬂ Lo A E%J/J«/m 9/0/&@/;/)_
0Fa Tn a ATD, If q:jCJ(ﬂ,é/=Su7A4) The)

5 =\ _ L[5 W [ b
(ﬂL L)(.}z (7‘—/0‘>/ (q O)} v%/( ({_ ﬁ%)b(‘f’ s/ 4
:—> \/\//Oj) ﬂf V‘ol\/(& fo/m/m ot A, ax
O (wcé/f For A,/
:> ﬂ/ﬁ{ Qﬂ%//dﬁ oF A e J/V/Z/Z// }7\7 5(//,"

Ay —— < —

A= (? A %E’Z’f)

o VT,

: P W./.O_. /{
Contimue 5 97 A/\/( < ©> ( ) )
= o 5 Suore

I
So ME D BLpyy & ROO5ns
A, ] as] - }“/)
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14-1100 Nov 20, hour 29: The JCF

Hen. TCF ahtmctl, N in pemcta
HWY due Juwl 9N wib.

Ribfe [ A §[J e//m/ @m? ob Ltal aouc /o% A LaS @zﬁé’y
PMChing Whih Jice bas ﬁj et C/%ﬁ‘z/

2. Cﬁ\ﬂ yO[’L col/tr W/ﬁ? 7 e ZJ//&@
) wh e [ 2

Corollary 2. Over an algebraically closed field F, every square matriz

B0 . 0
0 By -~ 0
A is conjugate to a block diagonal matric B = . . N
o 0 --- B,
where each B; is either a 1 x 1 matrix () for some A\, € F, or an 0/)
8; X s; matrix with A\;’s on the diagonals, 1's right below the diagonal, .
and 07 elsewhere, F/‘O\)Q o
Ao 0 e e 0 0
oA . 0 SC/C&//
1' * . " iy B
] Ao D

0 0 - 0 1 X\

for some \; € F and for some s; = 2. Furthermore, B is unique up to
a permutation of its blocks B;.

(Corollary: good old diagonalization.)

JCF Vablvs, A:l/—=V ///)Lm// mabes 1/ o
/V)o{//h/@ ot~ Ri= F{xj V2N xuz=hw. The

VE@FEIL s Wi T

Bz 1 x=a, b= e=r )T

oo
A=\ ng J’}j ‘LJA/»%Z o ﬂz //1/7/71 (f37 5 )
So A M(?Zj é\j (‘)\7\,\ )

JA

Noy j¢715 do (0,\47‘ n /f/LC’f/Z(l/
S_L[(’/f/ [:/l’\y AN ()/(50/)7%7[/'@/1 maﬁ//x For \/G Va"/fjeo/_

W_Kog V=F" an/ At (F) ke =1

— =T A -
re= = A €l T | RO R ET
clorn < 2= kT e

DCKQJM?A U

J£ QMS/EQ/
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1
— ontol R” f(go 4 AN 4
R, o ke T ok

nep

(,\/t,IP—JGﬁLD

WA et o ks JE e =1 K L)
1La /(Aah/ ﬂwﬁl/g AS O/ﬂ/éoj’ e ([ =¥
1{5@}‘ can Lt (,\///HV)/ mModulo <W/'>/
RS o comblmbon o (75 Tadeed,

xki = o xy) = o A== AN

Go ove: L,m,,,)av”[ ﬂ/@n@ \,\//ﬂn \kfl/lﬂ (//

Dror Bar-Natan: Classes: 2014-15: Math 1100 Algebra |- ] GCDTrick[{i_, i}, k] := Mﬂh[{dr b, g, s, t},
{a, {s, t}} = PolynomialExtendedGCD([a = NN[i, k],
. } b =RNLj, kI, x1¢
JCF Tricks and Programs rowon 1, 5. (% )]

. ]

Row and Column Operations ] GCDTrick(k , {1, 1 }] := HOdﬂ-le[{a. b, q, £, t},
{a, {5, t}} = PolynomialExtendedGCD[= = MN[k, i1,
Row operations are performed by left-multiplying N by some properly-positioned b=NN[[k, 1)), x]:
2x2 matrix and at the same time left-multiplying the “fracking matrix” £ by the Colﬁp[i, i {5 -b/qg ”
same 22 matrix. Column operations are similar, with left replaced by right and P t a/q 7|Q / A
by Q. ; 1 9(
N~
RowOp(i_, 7_, mat ] := Module[{TT = II}, ) )
TILLZ, 91, (2, 11 = mat: Factorl@agonal Entries

WN = Simplify[TT.NN]: PP = Simplify[TT.PF]:
1:
ColOp[i_, j_, mat_ ] := Module[{TT = II},
TTE{i, 7}, {i, 3} = mat;
NN = Simplify [NN.TT]; QQ = Simplify[QQ.TT]:
1:

If1=gcd(a, b)=sa+ b, the equality

(53 Tyl 03 -by a0y invertible row-column

\-tb 1/ '.Oab_-l't s.l_ :
R

\ 0 b )
" N N A R
operations proof of the isomorphism — @& — = —_
P s (&) g{b} {ab)

SplitToSam[i , 5 , a , b ] := mmue[

{a, s, t, T1, T2},

Swapping Rows and Columns
{q, {s, t}} = PolynomialExtendedGCD[a, b, x]:

It[uzl-

m[i' 3 {—sl,db :” c°mp[i' 3. (r. _sb”"
]
|:

The Jordan Trick

SwapRows[1_, 7_] i= Rowop|[i, 7, (E ;”"

SwapColumns[i_, 7 ] := CalOp[i, Je {2 10”'

SwapBoth[i_, 7_] := (SwapRows[i, J]; SwapColumns[i, J]:)

The “GCD” Trick

~ ~ s Tty jay_a)
If g=gcd(a, b) =s5a + tb, the equality | -b/q a’q || bl = la allows
us to replace pairs of entries in the same column by their greatest common divisor A repeated application of the identity
(and a zero!), using Invertible row operations. A similar trick works for rows 100 0
. et —11 (1 01 (1 py sk g ) 0100
? PolynomialExtendedacD P 1 (Ley_ (e
|. P ."!o ollo 1) | N F'l will bring a matrixlike | o o 5 o
PolynomialExtendedGD] ol y i \o 00 p')
1, polva, 7] gives the
extended GCD of pely) and poly; treated as univariate polynomials in x. g o g g |
PolynomialExtendedGCD[palv1, polvz, =, Modulus - £ gives the to the “Jordan” form of 5 1; e using invertible row and column operations.
extended GCD over the integers mod prime p, > B
001p!
JordanTrick(i , J_, p_, 5] :=

1 g

ool 5. (75 2)]: estonfs 5. (2 211 |
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Dror Bar-Natan: Classes: 2014-15: Math 1100 Algebra I:

Running the JCF Programs

In[zl= SetDirectory["C:\\drorbn\\AcademicPensieve\\Classes\\14-1100"];

<< JCF-Program.m

Matrix | - 3x3, 3 eigenvalues.

e mea M:[z _02 _06]'_ aléy\c ,[/[() (; /(l}L

-2 0 1
FEP=0Q0 = II = IdentityMatrix[n]:
MM = xITI - AA;
NN = PP.MM.Q0

@CO“V/@ (. From P Z C[,’:?E( P@,‘)
1A g0 Ty | =T (22

p c = 2>t )
@? \[/ T g/} :i 8/<p/<6/‘

— C:ZBK@ o CGM//W@ o |

(— ﬁ/ovup/» e 2 Mﬁ%// j%mé/ /[2\0/7

7/_@ “jo/,,l(/‘-/') T//,Cf-//: %#7 — <JC >/f§z =

X =X
X, = —fx - <>(o»"'x5~/7 PE A =0
v, =50 PX, = O
/l\—‘/—\ . - -—\\—"_’ﬁr\“ o — —
f e 2
(o ()Oé)f\/(//},) / I . —
1/ / \
o Ly
- =~ - = = ”'“ 7 Wé |
yorR W/Q(/So v I

gx/ﬁ/\a/'%/j'

.- . . "pkl 17 (1L 0y 1 po l'pl'k o . . g
A repeated application of the 1dentity | ) G‘ 1o ot/ lo 1 | . | will bring a matrx like
\ o S L1 p!
1 00 0~ fp 0 O 0
o140 0 . 1 poao . . .
o o 1 g |tothe Jordan™ form of 01p o . nsing invertible row and cohmm operations.
000 p*, W0 01 py

JordanTrick[i ., i1 . p . 8] 1= [R‘}WP[L 1 [P:-l _ﬂl:]: Cull.'.lp[i, 1 [t l:}]]:

_mo//? Yo ﬂ/rﬂ/}{t}@ ﬂb /(jfdnﬁ U2 9( ’H)WOL/I\K)Z) o 3 o -
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The Jordan Trick

November-20-14 10:04 AM

Rep> = <X >///5Q; = X=X
::</\CO_,‘_QC§_./7 PL A =0 K1 ==/
P, = o iz,l,; caC
T e
f . | P
(o (/Dg)r\/ (/// / | |
)/é) ( \\' P4 {
B e J/Jé r
nqore JIACISuly Ly
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14-1100 Nov 24, hours 30-31: More JCF, ...

November-20-14 12:14 PM

Cowzt evdc: 2/17

Riddles as in Nov24Riddles.nb

Go over hendout ﬂ/m Wi

Dror Bar-Natan: Classes: 2014-15. Math 1100 Algebra |

JCF Tricks and Programs

Row and Column QOperations

Row operations are performed by left-multiplying N by some properly-positioned
2x2 matrix and at the same time lefl-multiplying the “tracking matrix” P by the
same 22 matrix. Column operations are similar, with left replaced by right and P
by Q.

RowOp([i_, J_, mat ] := Module[{TT = II},
TTE{i, 7}, {1, 5}] = mat;
NN = Simplify[TT.NN]: PP = Simplify([TT.PP]:
1:

ColOp[i_, J_, mat_ ] := Module[{TT = II},
TTO{i, 3}, {1, J}] = mat;

NN = Simplify[NN.TT]: QQ = Simplify[QQ.TT]:

1:

Swapping Rows and Columns

SwapRows[1_, J_1 := Rm[’-Jr Sé}] T
SwapColumns[i_ , 7 ] := CU]-OP[i' J. [2 ;)]’
SwapBoth[i , 7 ] := (SwapRows[i, j]; SwapColmmns[i, 7]:)

The “GCD" Trick

t oy jay ga
b/qgasql bl o | @lows

us to replace pairs of entries in the same column by their greatest common divisor
(and a zero!), using invertible row operations. A similar trick works for rows.

Ifg=gcd(a, b)=sa+1b, the equality |

? PolynomialExtendedGCD |

PolymomialExtended GCD[ palvy, v7, x] gives the

extended GCD of pely; and pely; treated as univariate polynomials in x.
PolynomialExtendedGCD[polyy , polyz, x, Modulus —+ p] gives the

extended GCD over the integers mod prime p. ==

/\/(&amo V\//ﬂ’\

14-1100 Page 1

Cnsh Ot waek’s mode /sl

\\/\\/[//W { /]

GCDTrick([{i_, 7 _}, k] := lbdn_'l.e[[a, b, g, 8, t},
{g, {=, £}} = PolynomialExtendedOCD[a = HN[i, k],
b= NNL3, k1, x]1:
RcmOp[:, Je {

GCDTrick[k , {i_, J_}] := llodn_'l.e[[a, b, g, 5, t},

—bﬁ.-’q a:q“

{a, {s, t}} = PolynomialExtendedGCD[a = HN[k, i],
B =NN[[k, 711, x]:

coson|2. 3. (2 2/)]

Factori@agonal Entries ]

If 1=gecd(a, b) =sa+ tb, the equality
111

(=2 4 { (2 kyoqal0 ‘| Is an Invertible row-column
\-tb 1) loablle s /" lon)
operations proof of the isomorphism — @ = = -

@ (e

splitToSmm([i_, J_, a_, b ] := mme[
{ga, s, t, T1, T2},
{a, {%, t}} = PolynomialExtendedGCD[a, b, x]:
e[ =1,
Rowop[1, 7,

25 1)]e coroefn 5 (2 7)]:

The Jordan Trick ]
A repeated application of the identity
i1 00 0y
E-1 1 - \
Pt -1 (10 g1 o I
| 1 0/ lae] o el will bring a matrix like | o o, 4
loo o pt)
p 00O
- " 1po0ad0
to the “Jordan” formof | - 7 o o |- Using invertibie row and column operations.
001p)
JordanTriek[i_, J_, p_, 5] :=

=1

fromol 5. (75" )1 coonl . (3 3)]):




Dror Bar-Natan: Classes: 2014-15: Math 1100 Algebra I

Running the JCF Programs

2= SetDirectory["C:\\drorbn\\AcademicPensieve\\Classes\\14-1100"] ;
<« JCF-Program.m

Matrix | - 3x3, 3 eigenvalues.

3 0 0
ndp= n=3; AA = [ 4 -2 _6]:
-2 0 1
PP =00 = II = IdentityMatrix([n]:
MM = x II - AA;
NN = PE.MM.0Q;

R*C‘MV@ £ From PL Co =Tl P@,‘)
g1 5 b po gt | STR(ZE L)
C\)? J/P 3/(/ = 2 xt T [f0)
Tx-B, po _Ta,pa| T2 Br.¢

—> =8 - complet rian |

(- Q/OVLyA ren Qo md%/'/ j%mé/ ﬂao

Tle “"Jordern Trjek”: REp> = <X >/W5;z::o

X =X
X, = — - <D(o,'--x§*/> PX AL =0
v, = PX, = o

-~ —

! e = [ r -
o 1)~ / (A ~ |
) 'lpg (

-

-~ < — —

 Aqorg rciSuly
gx/ﬁ/‘c#/g-

A repeated application of the identity | P BN AT " 9| ill bring a matrix lke
IR P ¥ 1 o) lopk/lo 1) L1 p! -

1 00 0 {p 00 O

010 0 . 1paoo . :

oo 1 g |tothe Jordan” form of 01po . using invertible row and colmm operations.

0 oo pt 001 py

JordanTrick[li , J ., p_. 8_] 1= [Ruwﬂp[l, 1. [P:-l _l:]l :] Cull:lp[i. 1. [; f}”:

Then o (HI/U[/UQ o[y’ Mtj%dvﬁ SN2 9{ %Z)fovéyé o 3. - .
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ol ! J/N “//@ P N
QLC/\M ﬂa% [£~MJJ /@) s an Méc//r;\/; j/wu (fzmﬂj) o Bl sy J

Sery— }/07) ond L
i Ty % 0
ensor pfoc{uﬁls. Gilven /V[/ A s /VEC/S

Deendin A “hawor pooduct” May g
O Vhacluj( Ma M/ZMJ \//fﬁ? A 6///%{&/

@erMqM@M S
N\XA/ L,//r (o /\/\@/\/
RSO
a (e
pe 7
m MEN i ts ke £ ungu Ly T IS Phisra,

WF Erst %ﬂ/kbuz nesc, ﬂaﬂ
Am)Rn = (@) =P8l
ME N == {Zm@wn New', ﬂ/é@/@/ﬁ)ﬂ;nﬂ/@ )

meh+17) —
fb/fﬂLM
Samglt . Jim VO f@w )i
Eswnde  TE c(c/fké R g R o K

Pe [fﬂk@ml\%[f/@% [3)el7=Fre2t) 80 ] = 0
[, — [l o = (1) ()
(me//@. L F(x) eFY) ﬂ}f&@/}
. Alwsys iqjectind iy
2. JJOMO//A/!M s X or Y ot %/A/#@

3. Mt Suqudine F R, XY on mWa

/Z,L(.O/C/IV). (({~ho§/) @/@/ 0, A) Ca \\//;U//’
foren. (M )1 Aon/ 15w biFmchs
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14-1100 Nov 27, hour 32: The "ring" of modules

November-26-14 3:39 PM

Refwr? [4w/Y |
Courg\ Vals 7?//7/_ Vefe gn) w7 dﬂ@/fl

Debntria A o pooduct” My g
o_ Madudt MV M«ZYU \/th) A L\)///P/}fm/

1 MN —> Mo st

/M XA/ %—9 /V\@A/
}ﬂggé;’ygmaw/

m /\/\@/{/ (]—Y/). 7\7 V /5 VL/{);&LM,L’( (/L/ 7ZO /5.0//’07%/3‘/’0,

Emde . im VEW = @/M V ) (& \/\/)

ool of (/tﬂ/;}utVNSS,

Eswmde. TE qeydfae), KR o B ~ K
7 i{btgﬂwfe ) <47@54:/> - <y»y

o Insag,— ), [0)6li 7= 138017 =0
7 B0 (Vs
[r)y — [rlel],  Gr¥minr
vl 1, FOQFTY) —Fioy)
/. Wwyg jectionV [n?:,jg
,Zr Jjowwr/é/f)/\ /ﬁ X o/ \[/ o1 JA/I/VIQ@_
3. Wt Suidive (F K2, X Y o bk
[rot ot Al 2bvious 1]
/KL('Q/@,V). (’Q’ho,;}/ @/@/ @, K> /:S e \\//1:9//_
’n\w/oln. (M, /\/) —> Mo X A \(4/%0”(7@/?/ oy

\ Y
Exwph. &, 7" = @2\ Ldhnsion of Semborc”

A @ ~moduli
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hie

gthr/c. @@Z ZO = @g\ o \\J%vdza/w'oo of Sl ”
Th DM\(/«‘// IV P RS o //C) /V)f;f///fm) S 5 an R
modull, X sef /ﬂ& ‘= S M. Thn Mo s

r S—prodide o) R =50

'p/a}/ for ~ng domarn R, ﬂ@/e A Uriue Frdd @(K’)

¢t R Lok oo Lill of Fachns
el
c Proof  Jobe
CVA,'M IF M &g ‘/‘o/ﬂ'on [Vm;:qv\jg%\{‘ﬁ ﬂm M@[R}’O

AGM = f(% Br)= 428/ =0

brp T MER0@ORLprs , B

L Hgg May = K A
oL Ol/m R/<p> /\/\R /< P> — 1< + ! { AN /) ) v /) ; ( <V> i /7'/]”"\‘/;%;/\‘//‘“1&;;?
3. J/MK/(@/M (W) — /75/“))’%; K+ [v[/ : P T 5<5&/
PERER 4n K o on K
| - baty on RS ar 2k L]0 on Rqty  dFf
b (M ) & ke (91— P20) .
@ o0 Ry sat ke o R/ st
Riptss on R/ Sct Ripsr on Ricrty  S<i

/§/<()j7 [~ s Lj [/jrf\) P%_j}ﬁjft

S S\JLCA A DIQCOMFoﬁ/;/M /X M/@MQU

S

LO(‘J{Y—A’HDV\ L Chlde of Feactiog, Lt R b o compditu

o} oMo

M A MM%\[’?/IEP\JL[\/Z §144§UL < of K\‘{Oj_ (fa/hlm'@ /) C%;@c( Uneh/ x)

Expmples K”{O}/ Ry (P primt ), Poldrg of AFO.
Nerttion  CTR={cV/
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v IF AR
S8R E D aeas st A D
Sa5=Vaf 3= 5735 //{3:%55)]
Rydol — “Erdd ot Eonctions QK)”
R~ \\fcﬁ’\//?ml/m P (e

%2”] - dgndt byl
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theorem

November-29-14 7:29 PM

cord

’“,w/oln.

Exarih.

14-1100 Dec 1, hours 33-34: Uniqueness in the structure

Wit closss WA) -3 OH 3=y
Couré ovals b///% Vet o) W7 @10/52

Uniyutnaess in Lo Steqebort 7L,

(M M) l—> A&

XS

.’U\(O/cm. ([Q—hocl) @/@/ O, }4> /3 T \\//;Qj//_
~ “LiFniss” A

A, 7" = Q!

N\ ) .
Ex?za/woo OF ffi/k)/_[ ;
N al @ - modufe

Th DMW»// 5/'\/0/\ ¢’Kﬁ5 N /@ /V);f///fm) S 5 an R

p S—prodde aq) R = 5

line

S

¢.{.

AS
i) o

Clawa T6 M i %o/ﬂ'on[

R L1, B(K)
=)
/:

PRER on R
Bty on R g7
O on Rty sot

eLotss  on R/ St
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P/&}ﬂ for ”\”J dorara 12, 71@/6 5 A (/\M/q')a@ Frdd @(K)

Mot il of Fachu”

Prool: V mlc/ :

\Srae M e KNP
N;(*m :OC ﬁ % /\/\@(R)j(?'

AEM = W(Y; @m}: 297 =0

prep T€ M= KK@@K/GJ,"")} fhen
[ OJ/MQ(K) /V\@(K) = K
<. Dl/mf%roy /\/\R/<p> = Kt /‘[/ . p;'“//)ﬂ
S 'J/MK/(P?/'M (W)/“?/V;m}%; K+/{": pap 5?5,’?{/

AN

ker (1~ PP1) =

O on K

O on Reeoty  qpf
Koty on R/CHT sy
Ricrsy on Ricrty, | S



on K<ty Szt [’Y«)’/ vie N/ S D
R/<PJE‘)’7

+ Rilpss on Ripts ST
on K/<)ﬂ7 gCTL /f/(P)/f /—5 leor Lj [//]rf\)ﬂjff‘j}/\]ff

. S\A_CA A JQ(OM/OE/;/M /X U/W’()MQH

[S)

—

oalization W Gl of Fractiog, Lot R b ol commditu

0} oMo

Qe A mliphiative subat S of RNJoS . (cottern, |, opd nd 5]
Exapples R0}, RNB P prioat), Pownsg of 70

I -/ r
Defin'tiov) G K?Zfs}% .
’5""’—}—{ I£ I E

755
%d% )%N% = s 5T 3?“‘3/;':_
R\{ov[, — VELld of F/qml)'om; @(Z//J Ky i
}Q\f ~ \‘f@(‘\//?L\’//‘DO ﬂ/} fm 1S A ctiv

D - yndt oty nds” N
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14-1100 Dec 1, hours 35-36: Topological insolubility of
the quintic, more on the JCF

September-03-14 12:34 PM

P A Ple \/O/WWLQQ/S TLQ vas O/]m//kj qacﬂé/mjﬁl

Cour¢\ aVals: 19

_TLQ,(:/'/)M.’ /—\w i /(/7(/01,//@// Samt f"/j/c & e Tt
AL PreSons Yeov's,

The /(Lj: K//)c}c/ﬂ[‘/}/ EVECY T HING,

%O]aj Nt fo/(//‘(\) 716 Cyo[/hzz/é/ Mor € on JCE=.

Tomoroh: Rilles Gssien | Baken (A3, 1044,

Following http://drorbn.net/dbnvp/AKT-140314.php:

Copv. TCF Aricke

If g =gcdia, b)=sa + b, the equality (

s t
-b/g a/a
entries in the same column by their greatest common divisor (and a zero!), using invertible row operations.
A similar trick works for rows.

] (2] - (g] allows us to replace pairs of

If1=gcd(a,b]=sa+tb,theequalityr(_stab 1] (; aﬂb} (i _Sb] - (g E] is an invertible row-
R

. . . R "
column-operations proof of the isomorphism — & — = —.
be P P {ay (&) {ab}
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(p** —11 (1 01 ;1 py ([p** 0]
A repeated application of the identity | F 1. | 0ot E | F ; | will bring a matrix like

1 0
/100 0 ‘p 00 0
010 0 . 1p00 o _ .
oo 10 to the “Jordan™ form of 01po0 , Using invertiole row and column DD-EFEIIDHS.
000 p*) 001p,

<xgp7@§f0 =gz P2

pE=0
T N e
> | S
- = -

Ytp<low e Z
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