Dror Bar-Natan: Academic Pensieve; 2018-02:

CS-PPSA on 180209

February 9, 2018 3:18 PM

Series[(1- T? e_2ﬁaﬁ) /ﬁ, {a, @, 3}]

1-T?
+2T ca-2(12en) &2 SRSt

K] ' '

a4
+ =T2ehn
3

Cheat Sheet PPSA

+0[a

(formulas for the PPSA paper)

http://drorbn.net/A cademicPensieve/2018-02/one/CS-PPSA_on_180209.pdf

Resade T 57—

~S

.4LDC7,(‘\.—/‘/\Z
o oack again L

http://drorbn.net/AcadenicPensieve/Projects/PPSA/
maodified February 9, 2018.

Uy, conventions. “consolidate™

g =& H = (a, x)/([a, x] = yx) with
A=e¢ha 1A= qAx, Spla,A,x) = (~a,A7',-A7 y),
Apyla, A, x) = (a) +az, AjAr, x) + A1 x2)
and dual H* = (b, y)/([b,y] = —€y) with
B=e™ By=qyB, Su-(b,B,y)=(-b,B"',—yB™"),
Ay (b, B,y) = (by + b2, Bi By, y 1By + y2).
Pairing by (a,x)* = i(b,y) (= (B,A) = ¢) making (y'b',a/x*) =
80U ikl so R = 3 u,“';’];#‘* Then U = H*” @ H
with (8)(Wg) = W1 S~ )W, fiX@wa)(f2g) and
S(y.b.a,x)= (—B"_\'. —b;-a;~A"1x),
Ay, b,a,x) = (v; + 2By, by + by, ay + az, x) + A1xz).
With the central 1 := ea — yb, T = "2 = A~'2B'/? get
la,yl = =yy, [b,x1=€x, xy-gqyx=(1-T2A%)/h.
Cartan: 6(y,b,a,x) = (-B™'Tx,—b,—a,—~A'T~'y). (Suggesting
that it may be better to redefine y — y' = x = A~'T"1y)
At € = 0, Upy = (boy,a,x)/(b,]] = 0,][ax]
yx, [a,y] = =y, [x,y] = (1 — e ™)/h) with A(b,y.a.x)
(by + ba,yi + €™ys ay + ax,x; + x2) and 6(y,b,a,x)
(—e"P2x, —b, —a, —e"?/2y),

Working Hypothesis. (%, 1, y, a, x) makes a PBW basis.
Casimir. w = yyx + ea® — (1 — ye)a. satisfies. . .

Scaling with deg: {y.e,a.b,x,y} — 1, {h} — =2, {1} —

2, {w} — 3.

Verification (as in Projects/PPSA/Verification.nb).

$THD =3; $TeD=1; € /: €’ /; d> $TeD := 0;

(* $TeD can't be = at least because of Quesne. Can't be s
1 at least because of the explicit e? in SD$g. =»)
SetAttributes[{SS, SST}, HoldAll];

¢ l\I‘( V4 l“.‘)

SS[&] :=
o LY\)C/ ssqf([:oliect[NormaloSeries[:‘, {n, @, $TAD}], n,ﬁTog ther] 1;
[ & 57
3.7,

Collect[NomaloSer:les[;' /. {T.; SRR o e”‘/’},
e
{(n, 0, smo)], B, fmu,; L:%/vv\} /\/
Simp[Z , op_] := Collect[s, _CU| _QU, op]l;

Simp[+ ] :=Simp[&, SS];
SimpT[s ] := Collect[s, _CU| _QU, SST];

DP; 4o, ,s40, [P_1[A] i=
Total [CoefficientRules ([P, {x, 5}] /.

({m_, n_} »c_) »cD[A, {x, m}, {y, n}]]
DeclareAlgebra[CU, Generators - {y, a, x}, Centrals - {t}];
B[CUea, CUey] = -y CUey; B[CUex, CUea] = -y CUex;
B[CUex, CUey] = 2 e CU@a - tCU[];

(SeCuey = -CUey; SeClUea = -CU@a; SeCUex = -Cuex;)
S; [CU, Centrals] = {t; » -t3};
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DeclareAlgebra[QU, Generators - {y, a, X},

Centrals -» {t, T}];
q=55[e"*?]; (aT=s5[e" /2] 5u)
B[Quea, QUey] = -yQUey; B[QUex, QUea] = -yQuex;
B[Quex, Quey] =

(a-1) Que(y, x} +0q[SS[ (1-T7 ") /0], (a}];
(sequey = 0gu[SS[-T2e"“y], {a, y}]; SeQuea = -QuUea;
seQuex = 0q[SS[-e"*°x], {a, x}];)
S. [QU, Centrals] = {ty » -ty, Ty=Ti'};

Declareﬂorphism[ce, CU - Cu,
{y » -CUex, a--CUea, x~-CUey}, {t--t, T->T'}];
DeclareMorphism[Qe, QU - QU,
{y-»oq[ss[-Te"**x], {a, x}], a--Quea,
X 0q[sS[-T"e"*?y], {a, y}]}, {t--t, T->T7}]

Can the AD and SD formulas be written so as to manifestly see
their lowest term in €? This may allow more flexibility with $TeD.
Or perhaps better, these should be written in implicit form and
solved by power series.

apsé = Lot (30 )

h
Cosh[n (ae+1;‘-—§)]-Cosh[h,,('—':—’-)z+ew].

S:I.nh['-:-n] (?e+aye-at-w)

AD$w = y CU[y, X] +eCU[a, a] - (t-ye) CU[a];

DeclareMorphism[AD, QU - CU,
{a -» CUea, x -» CUex,
Yy = Sy [SS[AD$F], a » CU[a], w -» AD$w] = CU@Y}]

SD$g =

Cosh[%‘\/t‘vx‘s’w‘ew] -Cosh[2 (t- (2a+¥) €)]

Sinh[X£2] (t (2a+¥) -2a (a+¥) e+20) B/ (27)

SD$f = FullSillplify[e” (t/2-¢3) (spgg /. (a=»-a, t- -t))];

SD$w = y CU[y, x] +eCU[a, a] - (t-ye) CU[a] -ty CU[]/2;

DeclareMorphism[SD, QU -» CU, {a » CU@a,
X - Scy [SS[SD$F], a » CU[a], @ -» SD$w] »» CU@X,
Y - Sy [SS[SD$g] , a » CU[a], @ » SD$w] »» CU@Y
H
& _(1-9)F
e; ,» [x_] := Exp i
> [kz.;' k(1-4)

€y [x_] i=eg gren [X]

x"]; m,//j g_/\/

QU[R: ,; ] i= Oqu[SS[e"™ ™2 eq[hy1X;] /. by ¥ (ea1-t)],
{y1, a1}, {22, Xz)j]i

QU[R?,; | := S;@QU[R;,;];

SetAttributes[CO, Orderless];

Cueco[specs.__, E[L_, Q_,P_]] := Oc[SS[e"*?P], specs]



{pe (cu | Qu) ey, pe (cU | Q) ea) = { 2 g)’ (s :)};
pecuex = (g ;)5 peQUex=sS°[: (1-.-";)/(Gn) );
p[,:] := MatrixExp[p[£]1;

[&.]

(;5/. tave; Tae 2,

(U:CU|QU)[u__ ]

Dot[(: g),Sequenceoo(o/OU/O{u})]})

SSel&.] &=
Block[{e}, Collect [Normal@Series[~, {ec, O, $TeD}],
€, Together]]; (» Shielded e-Series «)
CA[tl ,y1 ,a1 ,x1_,¢1 ,/71 ,5] i= "wu:le[
{eqn, d, b, c, sol, A, g, v, &, n},
eqgn = p[eicuox] .p[e”w"] -
p[e“""’] _p[ec (teup) -ucun)] .p[ebmz];
sol = Solve[Thread[Flatten /@ eqn], {d, b, c}][1] /.
C[1] »0;
2 = Simplify[e 1V EX1Etss, [@ftrdy-2ecarbx / so1]];
q= .v(-t{qonyo{xvﬁyx);
Collect[vq™ DPrup,, 00, [21[4] /. v (1+t )7,
€, Simplify] /. {totl,ysyl,a»al, x-»x1,
E- 1, n= 1)

15

Netfedior Ygy = QUIYD,
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QALT_, y1 ,a1 ,x1_, &1, 71_, &) := Module[
{adx, G, F, f, unowns, bas, eqns, sol, A, q, v, &, n, t},
adx[£.] :=Simp[QU@X ** & - £ *% QU@xX];
G = Simp[NestList[adx, QUey, $TeD+1].
Table[s" /kt, {k, @, $TeD+1}]];
F=Sum[fy,i,5,c[7] e’ Que{y’, a’, X'}, {1, e, $TeD},
(ix 0: 1}: {j: 0) 1}) (k: 0, Nin[l) 21- i“j])];
unowns = Cases[F, f__ [n], «];
bas =
Union @@ Table [al Cases [Coefficient([F, e, 1], _QU, =],
{1, 0, $TeD}];
eqns =
Flatten[
{ (Coefficient[F -QU[], #] /. =0) =0,
Expand [Coefficient [Simp[F «* G- QU[y] ** F - 8,F],
7]] =0} & /@ bas];
{sol} = DSolve[eqns, unowns, nl;
A =Collect[F /. sol /. {e->1, QU - Times}, ¢,
Simplify];
qg=e" (-tcnony‘fxodyx);
Collect[v q* DPep,, w0, [A1[q) /. v+ (14t &)™ /.
t= (1*-1) /n, e, simplify] /.
{y=2yl,a->0l,x>ax1, &> 21, n=> 71}
H
Sy, ,a; [COL{Lh
E[L,0Q, P 11] := CO[{Lh, aj, Xi, rh}s, more,
With[{q=e* £ x; +aaj},
E[L, 7 ExXi+ (Q/. X{ +0), e DPx o.,a,0,[P][e]] /.
{a-.b.jL, g-.a,,.q}]]
SH,\ 2yj [CO[{Lh___, Xi s ¥jsrh___}s ,more___,
E[L_,Q ,P_11] := CO[{Lh, Y, ar, Xu, rh}s, more,
H:I.th[(q =V (EXp+NYe+6Xa Y-t EN)},
E[L, q+ (/. X |y;>0),
@ DPyx o,y 40, [P1 [CALths Yis @ks Xks &5 15 6] e"]] /.
va (L+tp8)t /.
{6~ (0x07.y;20), n> (9,,0/. x> @), 60x,y,0}]]

s Xi_yaj,rh }s , more >

To do. e Consider renormalizing x and y. e Implement variable
swaps. e Implement m;;_.;. ® Implement [, RE, and the casts CU
and QU. e Reconsider the expansion of 7" and ¢ in the hope of
improving speed.

de. Al f/ﬁ w il "I/rh//rm’q%ro{;\/
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Program (as in Projects/PPSA/Verification.nb). DeclareMorphism[m_, U - V_, ongs_List, oncs_List: {}] i= (
Unprotect [NonCommutativeMultiply]; AR Ly (= Ha) e (Gizl)] = Tl dhh)g
Attributes [NonCommutativeMultiply] = {}; LU DLAWS

(NCM = NonCommutativeMultiply) [x ] := x; mIUIg_1 11 := Vilm[Ueg]];

NCMIX_, ¥, 2] i= (X#%y) w% 2} m[U[vs__]] := NCM@e (m /el /@ {vs});

s = 0ot m[&_] := Simp[& /. oncs /. u_Uwmm[ull;)

(X_Plus) wxy_i= (Zxxy) &/@x; Si [£ Plus] := Simp[S; /@ =5];

X_#x (y_Plus) 1= (x*x ) & /@y;
B[x_,x_]=0; B[x_, ¥ ] i= X*kxy -y *xX;
DeclareAlgebra[U_Symbol, opts__ Rule] :=

Hodule[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}
}l
gp = Alternatives @@ gs;
Ep = Ep | EP_; (+ generators pattern =)
sr = Thread[gs -» Range@Lengthegs]; (+ sorting rule =)
cp = Alternatives @@ cs; (+ centrals pattern =)
CE[&] := Collect[s, _u,
(Expand[#] /. B™ /; d > $ThD:» @) &];
U [£] :=
& /. {t:cp= ti, u_U +» Replace[u, x_ = xi, 1]};
Uy [NCM[]] :=U[];
BlUe(x_); ,Ue(y ):] :=
B[Uex;, U@y;] = Ui@B[Uex, Uey];
BlUe(x_), ,Ue(y );]1 /5 i=1=7 i= @;
B[Uey_, Uex_] := CE[-B[Uex, Uey]];

X_#xU[] 1= x; U[] #*x_ :=Xx3

(a_xx U) #x (b_2xy U) :i= . . . .
\——) If=== , 8, CE[ab (x+xy)]]; . (Proposed) Agenda. Using Arhus-like techniques, construct a
(a_wx_U) xxy_ := CE[a (x*xxy)]; V"/(t aL 5 [/, map Z: T‘nu.s‘ — -ﬂrrm.\'- where (rmnx is the Space of VOUS-
X_#% (@_w»y_ U) = CE[a (x**y)]1; ' 0/"* méa/cZ tangles: Virtual tangles with only Over or Under strands, some
Ulxx___, x_] #% Uly_, yy___] := ¢ labeled as Surgery strands, with a non-singular linking matrix be-
If[OrderedQ[{x, v} /. sr], Ulxx, x, ¥, v, tween the surgery strands, modulo acyclic Reidemeister 2 moves
Ulxx ++ (Uay =+ Uax + B[Uax, Uay]) »=Uayy]; and Kirby slide relations, and where A, is some space of arrow
ve{c_.s (Ligm™, r__) /] Freeqic, gp] i= diagrams modulo appropriate relations. The construction will ei-

CE[cU@Table[L, {n}] *«xU@{r}];
Uef{c_.«L:gp,r___} := CE[cU[L] »xUe{r}];
vef{c_, r___} /; FreeQ[c, gp] := CE[clU@{r}];
ve(} =U[l;
ve{l_Plus, r___} := CE[Ue{#, r}& /@ L];
ve{lL_,r___} := Ue{Expand[L], r};

U[ & _NonCommutativeMultiply] :=U /@ 5; 2
Oy[poly_, specs ] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List = Lun, {1}13 3. Ayous should be the associated graded of 77, and Z should
vs = Join@e (First /@ sp); be an expansion.
us =Joine®@ (sp /. L s = (L/.x i =X5));

ther fix the definitions of 7., and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

1. Tius should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

. Ayous should pair with some kind of Lie bialgebras.

CE[Total[ 4. Ordinary tangles 7, and ordinary virtual tangles 7.4
CoefficientRules[poly, vs] /. (p_-c ) =» cU@(us’) should map into 7. and when viewed on 7, .., the in-
11 7+ X a1 &> X variant Z should explain the Drinfel’d double construction.

15
pow[& , @) =U[]; pow[&E_, n_] :=poW[&E, n=-1] »« &3
Sy[&_, ss___Rule] := CE@Total[
CoefficientRules[#, First /@ {s5}] /.
(p_=»c.) =
c NCM @@ MapThread [pow, {Last /@ {s5}, p}]1];

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7., is a space with
an R3-free presentation and which contains 7;,. .4, at least nearly

S [C_.*u U] i= faithfully. What does it mean? To what extent does it make R3
CE[(c /. S¢[U, Centrals]) superfluous in knot theory?
DeleteCases[u, _;] #* As for constructing Z, the first step should be a Z: 70, = Ao
U; [NCM @@ Reverse@Cases [u, x ; = S@U@x]]]; (no surgery), which would have a prescribed behaviour on strand-
] doubling.
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