
UNIVERSITY OF TORONTO
Faculty of Arts and Sciences

APRIL-MAY EXAMINATIONS 2007
Math 401H1S Polynomial Equations and Fields

Instructor: Dror Bar-Natan
Date: April 24, 2007

Duration. You have 3 hours to write this exam.

Allowed Material. Basic calculators, not capable of displaying text or sounding speech.

Solve 6 of the following 7 questions. The questions carry equal weight though different
parts of the same question may be weighted differently.

Neatness counts! Language counts! The ideal written solution to a problem looks like a
proof from the textbook; neat and clean and made of complete and grammatical sentences.
Definitely phrases like “there exists” or “for every” cannot be skipped. Lectures are mostly
made of spoken words, and so the blackboard part of proofs given during lectures often omits
or shortens key phrases. The ideal written solution to a problem does not do that.

Good Luck!
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Solve 6 of the following 7 problems. Neatness counts! Language counts!

Problem 1. Let R be a commutative ring with unity and let A be an ideal of R. Prove
that R/A is a field if and only if A is maximal.

Problem 2. Let Z[
√

2] = {a + b
√

2|a, b ∈ Z} and let H =

{(
a 2b
b a

)∣∣∣∣ a, b ∈ Z
}

. Show

that Z[
√

2] and H are isomorphic as rings.
(Remember that in math-talk the word “show” is equivalent to the word “prove”.)

Problem 3. Let f(x) = x3 +6 ∈ Z7[x]. Write f(x) as a product of irreducible polynomials
over Z7.
(Remember to explain why each of the factors you end up writing really is irreducible!)

Problem 4. Let E/F be a field extension and let a ∈ E satisfy p(a) = 0 where p ∈ F [x]
is a polynomial with coefficients in F . Define the field F (a) and prove that it is isomorphic
to the field F [x]/〈p(x)〉.

Problem 5. Let E/F be a field extension and let a and b be elements of the bigger field
E.

1. Show that [F (a) : F ] is finite if and only if a is algebraic over F .

2. Prove that if both a and b are algebraic over F , then so is a + b.

Problem 6. Show that the Galois group of a polynomial of degree n (i.e., of the splitting
field of a polynomial of degree n over some base field) has order dividing n!.

Problem 7. Let F be the field Q(i) and let E be the field Q( 4
√

2, i).

1. Compute G := Gal(E/F ).

2. Find all the subgroups H of G.

3. For exactly one non-trivial subgroup of G (that is, a subgroup that is neither {e} nor
G), describe the fixed field EH .

(The word “describe” here means “find a ∈ E so that EH = F (a)”.)

Good Luck!
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