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Solution to Problem 1
a)n = 11.

Let 0 = (ay1a12...a1p, )...(Ak1-..Gkp,, ), Where o is decomposed into disjoint cycles, k is the
number of disjoint cycles, and n; is the length of each disjoint cycle.

The order of the element o € S, is the least common multiple of the lengths of the
cycles when ¢ is decomposed into disjoint cycles. In order for the least common multiple to
be 18 with minimal n; + ... + ng, the n;’s must be pairwise relatively prime. The possible
factorizations of 18 into relatively prime factors are (1,18) and (2,9), so the decomposition
of ¢ with minimal ny + ... + ng such that lem (nq,...,n;) = 18 has ny = 2 and ny = 9. Then
o = (a1a2)(a3 .all) € S;;. A

b) Let 0 = (a11a12...a1p, )...(Ak1...Qxn, ), Where o is decomposed into disjoint cycles, k is
the number of disjoint cycles, and n; is the length of each disjoint cycle. The order of an ele-
ment o € 9, is the least common multiple of the lengths of the cycles when o is decomposed
into disjoint cycles, so the maximal order of an element in Sy will be given by the least
common multiple of all possible partitions of 26. In order for the least common multiple to
be maximal, the n;’s must be pairwise relatively prime. One can use a computer algorithm
to check that the partition is then ny = 1,no =4,n3 =5,n4 = 7,n5 = 9.

Solution to Problem 2
To show that H is normal in GG, we show that a ' Ha = H. This is true if and only if given
a € G, aH = Ha, so we show aH = Ha assuming that H is a subgroup of index 2 in G:

Case 1: If a € H, then aH = H = Ha.

Case 2: a ¢ H.

Since H is a subgroup of index 2 in G, the two left cosets of H are H and aH and the
two right cosets of H are H and Ha.

The cosets partition G, so G = H UaH and G = H U Ha, where U is a disjoint union.
Then aH is precisely all elements of G that are not in H, and Ha is precisely all elements
of G that are not in H as well, so aH = Ha.

Solution to Problem 3

By the Orbit Stabilizer Theorem, |Csg,,(c)| = |S20|/| Orb(c)|. From class notes, the orbit of
an element o in S, is precisely the set of all permutations conjugate to o, which is precisely
the set of all permutations with the same cycle type of o.



We can use combinatorics to solve the number of elements in S,, with cycle type consisting
of one 5-cycle, two 3-cycles, and one 2-cycles:

Using the formula to calculate the number permutations with a specific cycle type in the
lecture notes, there are 20!/(5*15!) possible 5-cycles, 15!/(3 % 3 % 2 x 9!) possible two 3-cycles
with the 15 numbers left over from the 5-cycle, and 9!/2 x 7! possible 2-cycles from the 9
numbers leftover to choose from.

Then the total number of elements in S,, with cycle type consisting of one 5-cycle, two
3-cycles, and one 2-cycles is [20!/(5*15!)]*[15!/(3 * 3 % 2 % 9N)[*[9! /2*7!] = 20!/(5*9*2*71*2).

Then the order of the centralizer of o is equal to |.S,,|/|Sa0|/| Orb(o)| = 20!/ [20!/(5*9*2*71*2)]
= 5*0*2*71*2 = 907200.

Solution to Problem 4

Suppose G is a group of odd order. For any element = € G, |Cg(x)| = |G|/|Orb ()|, and
the conjugacy class of = is the orbit of  under the action of conjugation, so the number of
elements in any conjugacy class of G must divide the order of G. Therefore, since G is a
group of odd order, then the number of elements in any conjugacy class of G must be odd.

Secondly, there are no elements of order 2, since the order of any element must divide
the order of G and G has odd order.

We prove by contradiction. Suppose there exists an element € G such that z is conju-
gate to 7%, {z, 271} cannot be a conjugacy class of G, since any conjugacy class of G must
have an odd number of elements. Let y be another element in the conjugacy class of x, so
y = g 'xg for some g € G. Then y~! = g~ '271g is in the conjugacy class of x, since z7! is
also in the conjugacy class of x by assumption and ¥ is conjugate to x~!. In other words,
for any element y in the conjugacy class of x, y~! is also in the conjugacy class of z, and
y # y ! since there are no elements of order 2. Then the elements in the conjugacy class of
x comes in pairs y and 7!, so there must be an even number of elements in the conjugacy
class of . This is a contradiction, since we established that the the number of elements in
any conjugacy class of G must be odd.

Solution to Problem 5
Suppose G/Z(@G) is cyclic, so G/Z(G) = (xZ(G)) for some = € G. Then for any yZ(G) €
G/Z(G), yZ(G) = 2" Z(Q) for some n € N.

Let aZ(G),0Z(G) € G/Z(G).

ab = x"yx™z for some n,m € N and y, z € Z(G)
= yzz"x™ since y and z are in the centre of G, they commute with all elements in G
= zyx"x"
=a"zx"y

= ba
Therefore, GG is abelian.

Solution to Problem 6
If we can show that G/Z(G) is cyclic, then by Problem 5, we can show that G is abelian.



Claim: G/Z(G) is isomorphic to a subgroup of Aut(G).

We define a homomorphism ¢ : G — Inn G by ¢ : g — ¢4, where ¢, is the inner
automorphism conjugation by g. By definition of the map and by definition of Inn G, ¢ is
a surjective mapping onto Inn G.

Claim: ker ¢ = Z(G).

Proof:

g € ker ¢ & ¢, is trivial
& g leg=x for all x in G
g€ Z(G)

Then by the first isomorphism theorem, G/ker ¢ = im ¢, so G/Z(G) = Inn G < Aut G
by Problem 4 of Homework 1.
Therefore, G/Z(G) is isomorphic to a subgroup of Aut(G), and since Aut (G) is cyclic

and since subgroups of cyclic groups are cyclic, G/Z(G) is also cyclic. Therefore, by Problem
5, GG is abelian.

Solution to Problem 7
a) Let H < G and let (G : H) =n. Let ¢1H, .., g, H be the cosets of H.

Claim: For any element g € G, and for any 1 <i <n, gg,H = g; H for some 1 < j; <mn,
and if g; # gk, 95, H N gr, H = 0.

Proof: Since the cosets partition G, gg; € g;,H for some 1 < j; < n. Then gj’ilggiH = H,
so gg:H = g;,H.

Suppose g; # gr. Then g;, H and gi, H are cosets of H. Since ¢;H NgyH =0, 99; ¢ g9xH =
gk;, SO since cosets are disjoint, g;, H N gx, = 0.

Then g1 H = g, H,..., g9, H = g;, H for j, € {1,...,n}. Let 0 € S,, be the permutation
that maps 1 to ji, 2 to jo, ..., n to j,. By the claim, {1,...,n} map to distinct numbers in
{1,...,n}, so o is a well-defined permutation.

Define a homomorphism ¢ : G — S,, by ¢(g) = 0,, where o, is defined as above.

To find ker ¢:

x € ker ¢ <= xg;H = g;H V1
= g; 'wvg;H = H Vi
< g;'vg; € HVi

In particular, e 'ze = x € H for the coset H, so if x € ker ¢, x € H. Therefore, ker
¢ < H.

But by the first isomorphism theorem, G /ker ¢ = im ¢ < S, so |G|/|ker ¢| < |S,,| = nl.
Then if we let N = ker ¢, N is a normal subgroup contained in H so that the index of N in
G is finite.

b) Let (G : Hy) = a and let (G : Hy) = b. We must show that |G|/|H; N H,| is finite.

Claim 1: Let K < H < G. Suppose (G: H) =n < oo. Then (G: K)=(G: H)(H : K).
(By the way, this is true without the second statement, but we’ll prove it with the second



statement)

Proof of claim 1: First, suppose G is finite. Then by Lagrange’s theorem, (G : K) = |G|/| K],
(G: H)=|G|/|H|, and (H : K) = |H|/|K|. Then (G : H)(H : K)= |G|/|H| * |H|/|K| =
GI/|K| = (G K).

Next, suppose G is not finite.

Case 1:(H : K) = o

If (H : K) = oo, then there exists distinct cosets x1 K, 25K, ... of K in H. Then z1 K, 25K, ...
are also distinct cosets of of K in G, so (G : K) = oo.

Case 2: (H : K) = m < oo Claim la: If (H : K) = m < oo, then if 1K, 22K, .2, K
are the cosets of K in H and y,H, ...,y,H are the cosets of H in G, then we claim that
oy K vy Ky K 2y, IO are the cosets of K oin G

Proof of Claim 1a:

Suppose .y, K and z.y;K are cosets that are not disjoint. Then there exists k, k&’ such that
Tk = xyqak', so v, H and x.H are not disjoint. This is a contradiction, so all of the cosets
oy K vy Ky K 2y, K are pairwise disjoint.

Next, suppose z € GG. Then since x € y; H for some 7, so x = y;h for some h € H. Since the
cosets 11 K, 29K, ...x,, K partition H, h = x;k for some j and k € K, so v = y,x;k € y;z; K.
Therefore, vy K, .., 21y K, .. 2 K, ..., 2,1y, K partition G.

Therefore, there are (G : H)(H : K)) cosets of K in G, s0 (G: K) = (G: H)(H: K).

Since H; N Hy < H1, and (G : Hy) is finite, by claim 1, (G : Hy N Hy) = (G : Hy)(H :
H, N Hy). By Proposition 3.13 in Dummit and Foote, |H:|/|H; N He| = |H1Hs|/|Ha| <
|G|/|Hs| = b < oo. Thus,

’G‘/‘Hl mH2’ = (G : H1)<H : H1 mHg)
= CL(H . H1 ﬂHg)
<ab< o0

Solution to Problem 8
Let G be a group of order 56. 56 = 23 * 7, so by the Sylow Theorems, G has a at least one
Sylow-2 subgroup and at least one Sylow-7 subgroup.

By the Sylow theorems, ns = 1 mod 2 and ns|7, so the only possibilities for ny are 1 or
7.
Also, ny = 1 mod 7 and n|8, so the only possibilities for ny are 1 or 8.

If ny =1 or ny = 1, then by the Sylow theorems, unique Sylow theorems are normal in
G, so G would have a normal Sylow-p subgroup. So suppose, by contradiction, that no =7
and n; = 8.

Let Q1, .., Qs be the Sylow-7 subgroups. Then for any distinct Sylow-7 subgroups @);, @;,
Qi N Qj is trivial: Q; N Q; < @y, and by Lagrange’s Theorem, |Q; N Q;| divides |Q;|. The
order of ); is 7, so |Qz ﬂQJ| =1lor 7. But Q; 7é Qj, SO |Qz N QJ| 7& 7, 80 ’Qz DQ]| = 1.

Then the @);’s intersect trivially pairwise. By Lagrange’s Theorem, each non-identity
element of a Sylow-7 subgroup has order 7, so each of the 8 Sylow-7 subgroups contribute 6
distinct elements of order 7 to G, so GG has at least 48 distinct elements of order 7.

We have also assumed that there are at least 7 distinct Sylow-2 subgroups, say, P, ..., Pr.
Each of the Sylow 2-subgroups has 8 elements, and in order for P, # P,, there is at least



one element in P, that is not in ;. Then P; U P, has at least 9 distinct elements, none of
which are of order 7 by Lagrange’s theorem.

Then G has at least 48 elements of order 7 and at least an additional 9 elements, so G
has at least 57 elements. This is a contradiction, since GG has order 56.

Therefore, n; = 1 or ny; = 1, so by the Sylow theorems, the unique Sylow p-subgroup is
a normal p-subgroup.

Solution to Problem 9
a) The semi-direct product of (Z/5)° and Ss is {(z,y)|z € (Z/5)°,y € Ss}, so the order of the
semidirect product of (Z/5)® and Ss is equal to |S5|*|(Z/5)5| = 5!* 55 = 23 % 3% 55 = 375000.

b) Since |(Z/5)° x S5| = 23 % 3 x 55, any Sylow 5-subgroup has order 5°.

(Z/5)° x ((12345)) is {(z,y)|z € (Z/5)°,{(12345))}, so it has 5° x 5 = 55 elements, so
(Z/5)° % ((12345)) is a Sylow 5-subgroup. Generalizing this, if (abcde) is any permuatation
in S5, then (Z/5)% x {(abcde)) is a Sylow 5-subgroup. Since ((abcde)) has order 5, ((abcde))
is a subgroup of S5 with 5 elements. S5 has 5!/5 = 4! 5 cycles, and each distinct subgroup
of S5 is a cyclic subgroup with 4 elements of order 5, so S5 has 4!/4 = 6 distinct subgroups
of order 5, so there are 6 Sylow 5-subgroups in Ss.

To verify this, by the Sylow theorems, n; = 1 mod 5 and ns|24, so the possibilities for
ns are 1 or 6, and there is more than one Sylow 5-subgroup (from the previous paragraph),
so there are 6 Sylow 5H-subgroups.

Solution to Problem 11
Let G be a finite group and let H be a p-subgroup of G. Consider the action of H on G/H
by multiplication on the left. By the Orbit-Stabilizer theorem,

G/H| =" |H|/|Stab(g;H)|

)

where i ranges over the coset representations in G/H.

Claim: gH € Ng(H)/H if and only if |H|/|Stab(¢gH)| = 1.
Proof of claim:

gH € Ng(H)/H <= gHg ' = H
— g 'hge HVYhec H
— g 'hgH=HVhe H
<= hgH = gHVhe H
<= Stab (¢H)=H
< [H|/| Stab (gH)| =1

Then

|G/H| = [Na(H) : H] + Z |H|/[Stab(g;H)|

where j ranges over all g;H such that the its stabilizer is nontrivial. Then



|G/H| = [Na(H) : H] = Z |H|/|Stab(g; H)|

But since H is a p-subgroup, |H|/|Stab(g;H)| is a power of p, and Stab (g; H) is nontrivial
for all j, so p divides ), [H|/|Stab(g;H)|. Therefore,

G/H| — [N(H) : H| =) _|H|/|Stab(g;H)|(mod p)
J
= 0 (mod p)
since |H|/|Stab(g;H)| are all divisible by p. Therefore,

G/H| = [Na(H) : H] (mod p)



