November 3™ 2009

MAT240: Abstract Linear Algebra Lecture:

We have an isomorphism:

(abstract, coordinate-free) = (practical, basis-dependent)

LV, M) S My, (F)

T [1]) =4
A= ([T(vo]yl[T(vZ)]y |[T(vn)]y) =P Ay
Apr 0 Am

(*W 3 T,y = Xit1 Ay w
1<j<n)
¢ is one-to-one and onto:

- Output determines input < given A, you can recover T <> True . @ is one-to-
one.

- Onto < given a matrix A (of correct dimensions) we can find T. Given A,
construct T using (*), (remember that a linear transformation | can be
assigned arbitrary values on a basis of its domain. By construction, the matrix
associated with T is A.

Definition Proposition: L(V, W) is a vector space with operations as follows:

T,S € L(V,W)let (T +S) € L(V,W) be given by (T + S)(U € V) = T(U) + S(U)

c € F(cT)(u) = C(T(u)) - 0,puwH(U) =0

Part of Proof:

Claim 1: T+S really is a linear transformation
S>T+SWUW+V)=TWU+V)+SWU+V)=TW)+TWV)+SW)+SV)

ST+SW+T+SHWV)=TW)+SW)+TWV)+SV)
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Likewise (T + S)(cU) = ¢(T + S)U.
Claim 2: cT is a linear transformation:

... (as previous)
Claim 3: Oyy ) is a linear transformation

Next: Verify Commutativity and Associativity

To show that T — [T]E is an isomorphism of VS we just need to show:

1. [T+ S]E = [T]E + [S];g
2. [cT]E = c[T]; (Similar to below)

Proof of 1:

C=W+Sm,A=W] Bzwmm%d@mm

y
8
WYt cyw =T+ =T(y)+5(y)
=X A;w; + X Byw; = Y(A; + By)w;

-Vi ¢j=4;+B; >C=A+Bnm

Idea: L(V,W) < Matrices on L there’s a composition T, S, T of S should be a product on
matrices.

s (B=[s1) T (A=[T1})
U(of dim(P)) =——= V(of dim(n)) =——= W (of dim(m))

T of S (C=[TofS1")

Challenge: Given A&B, find a formula for C.
A is the matrix with T(v]-) =Yic1Ayw; A€ My
B “ S(w) = Z}lzl B]kv] B e Mnxp

C (Tof $)(w) = Xty cixew; € € My
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n n n m
=T Bay) = ) BiT(y) = ) Bi ) Ayw,
j=1 j=1 j=1 i=1

= Z;T'lzl Dit1 B Ajjw;
= Z?;l(z;‘;l Aj; By wi
- Z:n:l CikWi o Cik = 2;121 Al} Bjk

Definition: Given A € My,,,, B € My, let AB € My, be given by: (AB)y, = Y-, Ay By

ST 14 14 B
Theorem: U -V =W [T of S], = [T][g of [S], m

Example 1:
1 0 2
A=CL g 2) B=<O 1 2)
-1 1 2
C = AB € szg
_(—2 5 12
= (—2 11 30)
€11 = Zj?’=1 Ay By = A11B11 + A12B31 + A13B3
C23 = Xi—1 Ay By = Ay1Byz + Ay Bos + Ap3Bss
BxA We must multiply an mxn matrix by an nxp matrix.
Example 2:
For 4 = (cc?sa —smﬁ)
sina  cosa

_ (cosifp) —sinifp)) (cosifa) —sinifa)

(COS% T costur )= (soicpy costpy ) (o) cosin) )

sinfr + B)  cosifx + B)
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Example 3:
A € M,,,,, define a linear transformation T4: F* — F™ by:
VEF'"=M,,1 > AvE M,,,; = F™
(Easy to check that T} is a linear transformation)

[TA]g;i = A (proof to follow)
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