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November 3rd, 2009 

MAT240: Abstract Linear Algebra Lecture: 

 

We have an isomorphism: 

 (abstract, coordinate-free) → (practical, basis-dependent) 

 𝐿 𝑉, 𝑀 
𝜑
 𝑀𝑚𝑥𝑛  𝐹  

 𝑇 →  𝑇 
𝛽
𝛾𝑛

= 𝐴 

 𝐴 =   𝑇(𝑣1) 𝛾
| 𝑇 𝑣2  𝛾 … | 𝑇(𝑣𝑛 ) 𝛾

 =  

𝐴11 ⋯ 𝐴1𝑛

⋮ 𝐴𝑖𝑗 ⋮

𝐴𝑚1 ⋯ 𝐴𝑚𝑛

  

(* 𝑊 ∋ 𝑇(𝑣𝑗 ) =  𝐴𝑖𝑗𝑤𝑖
𝑚
𝑖=1  

1 ≤ 𝑗 ≤ 𝑛) 

 𝜑 is one-to-one and onto: 

- Output determines input ↔ given A, you can recover T ↔ True ∴ 𝜑 is one-to-

one. 

- Onto ↔ given a matrix A (of correct dimensions) we can find T. Given A, 

construct T using (*), (remember that a linear transformation I can be 

assigned arbitrary values on a basis of its domain. By construction, the matrix 

associated with T is A. 

 

Definition Proposition: 𝐿 𝑉, 𝑊  is a vector space with operations as follows: 

  𝑇, 𝑆 ∈ 𝐿 𝑉, 𝑊  let  𝑇 + 𝑆 ∈ 𝐿 𝑉, 𝑊  be given by  𝑇 + 𝑆  𝑈 ∈ 𝑉 = 𝑇 𝑈 + 𝑆 𝑈  

𝑐 ∈ 𝐹 𝑐𝑇  𝑢 ≔ 𝑐 𝑇 𝑢  → 0𝐿 𝑉,𝑊  𝑈 = 0 

Part of Proof: 

 Claim 1: T+S really is a linear transformation 

  →  𝑇 + 𝑆  𝑈 + 𝑉 = 𝑇 𝑈 + 𝑉 + 𝑆 𝑈 + 𝑉 = 𝑇 𝑈 + 𝑇 𝑉 + 𝑆 𝑈 + 𝑆(𝑉) 

  →  𝑇 + 𝑆  𝑈 +  𝑇 + 𝑆  𝑉 = 𝑇 𝑈 + 𝑆 𝑈 + 𝑇 𝑉 + 𝑆(𝑉) 
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  Likewise  𝑇 + 𝑆  𝑐𝑈 = 𝑐 𝑇 + 𝑆 𝑈. 

 Claim 2: cT is a linear transformation: 

  … (as previous) 

 Claim 3:  0𝐿 𝑉,𝑊  is a linear transformation 

Next: Verify Commutativity and Associativity 

 

To show that 𝑇 →  𝑇 
𝛽
𝛾

 is an isomorphism of VS we just need to show: 

1.  𝑇 + 𝑆 𝛽
𝛾

=  𝑇 
𝛽
𝛾

+  𝑆 𝛽
𝛾

  

2.  𝑐𝑇 
𝛽
𝛾

= 𝑐 𝑇 
𝛽
𝛾

 (Similar to below) 

Proof of 1: 

 𝐶 =  𝑇 + 𝑆 𝛽
𝛾

,   𝐴 =  𝑇 
𝛽
𝛾

,    𝐵 =  𝑆 𝛽
𝛾

 (need C=A+B) 

 𝑊 ∋  𝑐𝑖𝑗𝑤𝑖
𝑚
𝑖=1 =  𝑇 + 𝑆 𝑣𝑗 = 𝑇 𝑣𝑗  + 𝑆 𝑣𝑗   

 =  𝐴𝑖𝑗𝑤𝑖 +  𝐵𝑖𝑗𝑤𝑖 =  (𝐴𝑖𝑗 + 𝐵𝑖𝑗 )𝑤𝑖  

 → ∀𝑖   𝑐𝑖𝑗 = 𝐴𝑖𝑗 + 𝐵𝑖𝑗 → 𝐶 = 𝐴 + 𝐵∎ 

Idea: 𝐿(𝑉, 𝑊) ↔ Matrices on L there’s a composition T, S, T of S should be a product on 

matrices. 

𝑈 𝑜𝑓 dim 𝑃  
𝑆 (𝐵=  𝑆 𝛾

𝛽
)

        𝑉(𝑜𝑓 dim 𝑛 )
𝑇 (𝐴= 𝑇 

𝛽
𝛾

)

        𝑊 (𝑜𝑓 dim 𝑚 ) 

𝑇 𝑜𝑓 𝑆 (𝐶= 𝑇𝑜𝑓𝑆  𝛼
𝛾

)
               

Challenge: Given A&B, find a formula for C. 

A is the matrix with 𝑇 𝑣𝑗  =  𝐴𝑖𝑗𝑤𝑖
𝑚
𝑗=1    𝐴 ∈ 𝑀𝑚𝑥𝑛  

B                   “”            𝑆 𝑢𝑘 =  𝐵𝑗𝑘 𝑣𝑗
𝑛
𝑗=1    𝐵 ∈ 𝑀𝑛𝑥𝑝  

C                    “”           (𝑇𝑜𝑓 𝑆) 𝑢𝑘 =  𝑐𝑖𝑘𝑤𝑖
𝑚
𝑖=1    𝐶 ∈ 𝑀𝑚𝑥𝑝  
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= 𝑇( 𝐵𝑗𝑘 𝑣𝑗 ) =  𝐵𝑗𝑘𝑇 𝑣𝑗  =  𝐵𝑗𝑘  𝐴𝑖𝑗𝑤𝑖

𝑚

𝑖=1

𝑛

𝑗=1

𝑛

𝑗=1

𝑛

𝑗=1

 

   =   𝐵𝑗𝑘𝐴𝑖𝑗𝑤𝑖
𝑚
𝑖=1

𝑛
𝑗=1  

   =    𝐴𝑖𝑗𝐵𝑗𝑘
𝑛
𝑗=1  𝑤𝑖

𝑚
𝑖=1  

   →  𝐶𝑖𝑘𝑤𝑖    ∴ 𝐶𝑖𝑘 =  𝐴𝑖𝑗𝐵𝑗𝑘
𝑛
𝑗=1

𝑚
𝑖=1     

Definition: Given 𝐴 ∈ 𝑀𝑚𝑥𝑛 , 𝐵 ∈ 𝑀𝑛𝑥𝑝  let 𝐴𝐵 ∈ 𝑀𝑚𝑥𝑝 be given by: (𝐴𝐵)𝑖𝑘 ≡  𝐴𝑖𝑗𝐵𝑗𝑘
𝑛
𝑗=1  

Theorem: 𝑈
𝑆
→ 𝑉

𝑇
→𝑊    𝑇 𝑜𝑓 𝑆 𝛼

𝛾
=  𝑇 

𝛽
𝛾

 𝑜𝑓  𝑆 𝛼
𝛽

    ∎ 

 

Example 1: 

  𝐴 =  
1 2 3
4 5 6

           𝐵 =  
1 0 2
0 1 2
−1 1 2

  

 𝐶 = 𝐴𝐵 ∈ 𝑀2𝑥3 

 𝐶 =  
−2 5 12
−2 11 30

  

  𝑐11 =  𝐴𝑖𝑗𝐵𝑗𝑖
3
𝑗=1 = 𝐴11𝐵11 + 𝐴12𝐵21 + 𝐴13𝐵31  

  𝑐23 =  𝐴𝑖𝑗𝐵𝑗𝑖
3
𝑗=1 = 𝐴21𝐵13 + 𝐴22𝐵23 + 𝐴23𝐵33  

  BxA We must multiply an mxn matrix by an nxp matrix. 

 

Example 2: 

 For 𝐴 =  
𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛽
𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼

  

  
cos⁡(𝛼 + 𝛽) −sin⁡(𝛼 + 𝛽)
sin⁡(𝛼 + 𝛽) cos⁡(𝛼 + 𝛽)

 =  
cos⁡(𝛽) −sin⁡(𝛽)
sin⁡(𝛽) cos⁡(𝛽)

  
cos⁡(𝛼) −sin⁡(𝛼)
sin⁡(𝛼) cos⁡(𝛼)
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Example 3: 

 𝐴 ∈ 𝑀𝑚𝑥𝑛 define a linear transformation 𝑇𝐴: 𝐹𝑛 → 𝐹𝑚  by: 

𝑣 ∈ 𝐹𝑛 = 𝑀𝑛𝑥1 → 𝐴𝑣 ∈ 𝑀𝑚𝑥1 = 𝐹𝑚  

 (Easy to check that 𝑇𝐴  is a linear transformation) 

 𝑇𝐴 𝑒𝑗
𝑒𝑖 = 𝐴   (proof to follow) 


