Core Algebra: Lecture 4, Isomorphism Theorems!

Read Along:

Selick’s notes: 1.1, 1.2.1, 1.4

Lang’s book: 1.1-3.
Recall from last time: For H < G, G/H = {[g]y; = g = gH}.

g1~ 92 < 9] = [92] & 92 = uh, h € H
If H is finite, |[g] | = |H| so we get:
Theorem 2.1. (Lagrange’s Theorem) If G is finite, |H| | |G| and
|G|/ |H|=|G/H| = (G: H) “the index of H in G”
If NaG (N9 = N) then G/N is a group.
Theorem 2.2. (First Isomorphism Theorem) If ¢ : G — H is a morphism, then:
G/ker¢ = imo
Also, if ¢ : G — G/N = im¢ then ker¢ = N.
Goal:
Theorem 2.3. (Jordan-Hdélder Theorem) If G is finite, then we can write
G=GorGi>Gy>...0 Gy = {e}

where G;/Giy1 is “simple”, i.e. has no normal subgroups and any two such towers are “equiv-
alent”.

Definition 2.4. For K < G, Ng(K):={ge G: K9=K}.

Theorem 2.5. (Second Isomorphism Theorem) If H, K < G, H < N¢g(K), then:
1. N¢(K) is a group
2. K < Ng(K)
3. Ng(K) =G < K is normal

and also:
HNK<H, K<HK (which is a group) and HK/K = H/HN K

For a diagram presentation, see Figure 1.

'Notes from Professor Bar-Natan’s Fall 2010 Algebra I class. All the mistakes are mine, please let me know if
you find any! (ivahal@math.toronto.edu)
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1. The Second Isomorphism Theorem. Fig. 2. The Fourth Isomorphism Theorem.

Proof. The steps are as follows:

1.
2.
3.

H N K is a group.
H N K is normal in H.

HK is a group.
Take any hl,hQ € H and kl,kg € K. Then hlk'l, hoko € HK and:

hikihoko = hthhQ_IkthkQ = hthk{ka € HK since hihyg € H and kthQ cK

. K<HK.

Consider k; € K and hky € HK. Then, /%2 = (k)2 € K.

. Define ¢([h] i) = [Pl -

a) Well-defined? For t € HN K C K, ht — [ht];; = [h] so yes.
b) Morphism? (easy)

. Define 9([hk],) = [h] grx-

It is again easy to see this is well defined and a morphism.

. ¢, are inverses of each other.

Theorem 2.6. (Third Isomorphism Theorem) If G>H, H > N, G> N, then:

G/NvH/N and (G/N)/(H/N)=G/H

Proof. The first part is left as an exercise and for the second, define:

¢:(G/N)/(H/N) — G/H

[[Q]N]H/N = [9lu
and ¢ : G/H — (G/N)/(H/N)

l9lyg [[Q]N]H/N

It is easy to see that these two maps are well-defined, morphisms and are inverses. O

Theorem 2.7. (Fourth Isomorphism Theorem) If N <G, then there is a bijection between
subgroups of G that contain N and subgroups of G/N. This bijection preserves “subgroup”,
indices, intersections.

For a diagram illustration see Figure 2.



