November 26™, 2009

MAT240: Abstract Linear Algebra Lecture:

Determinants:

1. Applications: Mention two, prove one, use none.
2. Formulas: discuss just one.

3. Basic Properties. Our core subject.
Det: M., (F)—>F

Use 1:

det( : ) = vol(parallelopiped spanned by ry ...1;,)

___r___
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Use 2:

det(4) #0 iff A'3

Definition:
|(a;1)] == any
ay; o Qg . .
Al = || : = ?:1(—1)l+] Qi |Aij|
An1 = Qpn

in general, 21; is the matrix obtained from A by removing the i" row andjth column.

Eg. (a C)|=ad—bc

b d
a;; a4
Ee. (a21 a22)| = (_1)1+1 * alll(aZZ)I = 11022 — A12021

Eg. (; 2)|=1*4—2*3=—2

4
L2 3\ 5 ¢ 4 6 4 5\ _
Ee. (4 5 6 —1|(8 9)|—2|(7 9)|+3|(7 8)|_1(—3)—2(—6)+
7 8 9
3(=3) =0

— The above matrix is not invertible ... rank < 3



Eg.

0 1 1
<1 0 1)
1 10

Theorem: The following basic properties hold:

. a1 1 0/_ ., B . -
=0 11 O|+1|1 1= 1(—1) + 1(1) = 2 —this matrix is

invertible.

0. det(l,) =1
1. det (EjA) = —det(A) - det(E}) = -1
“flipping two rows in A, flips sign of det A.”

Eg. det (i ;

2. det(E:ZA) = c¢ * det(A) - det(EZ) = c,evenifc =0
“multiplying a row by ¢ multiplies det A by c.”

)=3*2—4*1=2

Egda(;_;;)=28—42=—14=702)
Egdm(g 2)=0*4—0*3=0

Moral: det of a matrix with a row of 0’s is O.
3. det|E13jCA| = detA — det(Eg.C) =1

“Adding a multiple of one row to another row to another does not change det A”.
1 _2 ro+=27r1 1 2 _
E'g|(3 4 ) (5 8)|_ —2

Claim: Using this we can compute det(A) for any A.

Method: Row reduce A to B which is RREF, keeping track of the changes to det.

r 1 - 0\
1#B=<5'n5>
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0if B =

If B is RREF:

detB =<
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