
November 26th, 2009 

MAT240: Abstract Linear Algebra Lecture: 

Determinants: 

1. Applications: Mention two, prove one, use none. 

2. Formulas: discuss just one. 

3. Basic Properties. Our core subject. 

Det: 𝑀𝑛𝑥𝑛 (𝐹) → 𝐹 

Use 1: 

 𝑑𝑒𝑡  

− − −𝑟1 − − −
⋮

− − −𝑟𝑛 − − −
 = 𝑣𝑜𝑙 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑜𝑝𝑖𝑝𝑒𝑑 𝑠𝑝𝑎𝑛𝑛𝑒𝑑 𝑏𝑦 𝑟1 … 𝑟𝑛  

Use 2: 

 det 𝐴 ≠ 0    𝑖𝑓𝑓    𝐴−1 ∃ 

Definition: 

   𝑎11  ∶=  𝑎11  

  𝐴 =   

𝑎11 ⋯ 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

  ≡  (−1)𝑖+𝑗𝑎𝑖𝑗  𝐴𝑖𝑗
  𝑛

𝑗=1  

 in general, 𝐴𝑖𝑗
  is the matrix obtained from A by removing the 𝑖𝑡ℎ  row and 𝑗𝑡ℎ  column. 

 Eg.    
𝑎 𝑐
𝑏 𝑑

  = 𝑎𝑑 − 𝑏𝑐 

 Eg.    
𝑎11 𝑎12

𝑎21 𝑎22
  =  −1 1+1 ∗ 𝑎11  𝑎22  = 𝑎11𝑎22 − 𝑎12𝑎21 

 Eg.    
1 2
3 4

  = 1 ∗ 4 − 2 ∗ 3 = −2 

 Eg.    
1 2 3
4 5 6
7 8 9

  = 1   
5 6
8 9

  − 2   
4 6
7 9

  + 3   
4 5
7 8

  = 1 −3 − 2 −6 +

3 −3 = 0 

  → The above matrix is not invertible .∴ 𝑟𝑎𝑛𝑘 < 3 



 Eg.   
0 1 1
1 0 1
1 1 0

  = 0 − 1  
1 1
1 0

 + 1  
1 0
1 1

 = −1 −1 + 1 1 = 2 →this matrix is 

invertible. 

Theorem: The following basic properties hold: 

0. 𝑑𝑒𝑡 𝐼𝑛 = 𝐼 

1. 𝑑𝑒𝑡  𝐸𝑖𝑗
1 𝐴 = −𝑑𝑒 𝑡 𝐴 → 𝑑𝑒 𝑡 𝐸𝑖𝑗

1  = −1 

“flipping two rows in A, flips sign of det A.” 

Eg. 𝑑𝑒𝑡  
3 4
1 2

 = 3 ∗ 2 − 4 ∗ 1 = 2 

2. det 𝐸𝑖𝑐
2 𝐴 = 𝑐 ∗ 𝑑𝑒𝑡(𝐴) → 𝑑𝑒𝑡(𝐸1𝑐

2 ) = 𝑐, even if 𝑐 = 0 

“multiplying a row by c multiplies det A by 7.” 

Eg. det  
1 2

21 28
 = 28 − 42 = −14 = 7(−2) 

Eg. det  
0 0
3 4

 = 0 ∗ 4 − 0 ∗ 3 = 0 

Moral: det of a matrix with a row of 0’s is 0. 

3. 𝑑𝑒𝑡 𝐸1𝑗𝑐
3 𝐴 = 𝑑𝑒𝑡𝐴 → det 𝐸𝑖𝑗𝑐

3  = 1 

“Adding a multiple of one row to another  row to another does not change det A”. 

E.g   
1 −2
3 4

  
𝑟2+=2𝑟1
        

1 2
5 8

  = −2 

Claim: Using this we can compute det(A) for any A. 

Method: Row reduce A to B which is RREF keeping track of the changes to det. 

If B is RREF: 

 𝑑𝑒𝑡𝐵 =

 
  
 

  
 1 𝑖𝑓 𝐵 =  

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

 

0 𝑖𝑓 𝐵 =  

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1
0 … 0

 

 
  
 

  
 

 

 


