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Problem 1

Case 1: |zy| = n < oo for some n € N

Claim: |yz| = n.

Proof:
First, note that if n = 1, then 2y = e = 2 = y~!, so yx = yy~! = e and so |yx| = 1 = n, so assume
n > 1.
(ya)" ™ = y(zy)"z = yz

Multiplying both sides by (y)~! on the left and 2~! on the right,

(yz)" =e.
Since the order n of an element ¢ in a group G is the smallest n such that ¢" = e, we have |yz| < n by

the last equation. To show that |yx| > n, suppose (yx)* = e for some k < n for a contradiction:

)k—i—l

(zy)" = a(ya)'y = zy

Multiplying both sides by (z)~! on the left and y~! on the right,

(zy)* = e

This is a contradiction, since |zy| =n > k.

Therefore, we have proven the claim |yz| = n, and so |zy| = |yz| = n.

Case 2: |zy| = 0.
If |zy| = oo, then (zy)™ # e for all n € N. Suppose that |yz| = k < oo for some n € N. Then

)k-l—l

(zy)" = 2 (ya)'y = 2y



Multiplying both sides by (z)~! on the left and y~! on the right,

(ay)" =e

This is a contradiction, since |zy| = occ.

Therefore, |zy| = |yz| = oco.

Problem 2

Let z,y € G.
(=) Suppose the function ¢ : G — G given by ¢(g) = ¢* is a morphism of groups. Then

d(zy) = ¢(x)o(y) = (zy)* = 2°y?

1

Multiplying both sides of the equation on the right by ="' on the left and y~' on the right,

Yyr = TY.

x,y € G was arbitrary, so G is abelian.

(<) Suppose G is abelian. Then

$(wy) = (2y)”
= zyzy
= z(zy)y since G is abelian

= ¢(2)o(y)

Therefore, ¢ : G — G given by ¢(g) = g* is a morphism of groups.

Problem 3

Let G’ = {aba='b~t|a,b € G}, and we show that G’ is a normal subgroup in G.

G’ was defined as the subgroup generated by all the commutators of elements of G, so by definition,
it is a subgroup of G. To show that G’ is normal, let z1y;21~'y1 ~L...2nyna, 'y, 1 € G’ be arbitrary,with
T1,Yly s Ty Yn € G, and let a € G. Then



-1 —1, -1 -1, -1
a4 "T1Y1T1 "Y1 TpYnT, Y, Q

= (e 'ma)(a tyra)(a o1 a) (@ yr T a). ala T  epa) (@ yna) (e, ta) (e y, ta)

1 1

= (a 'z1a)(a yra) (e zra) o ya) T (e ea) (@ yna) (o ena) T (@  yna) T € G

since (¢ 'z1a), (a y1a) € G.
Therefore, G’ is normal.

To show that G/G’ is abelian:

Let z,y € G be arbitrary. Then 2~ 'y loy = o~y 1 (z=1) "1y~ 1)~1) € G', so

z ly layG =G
(yx)tayG =G’

Multiplying both sides by yx on the left,

xyG = yaG'.
Therefore, G’ is abelian.
Suppose ¢ is a morphism from G into an abelian group A, and we wish to show that there exists
¥ : G/G' — A such that ¢ = pom, where 7 : G = G/G’ is the natural map g — g € G/G’. By the Universal

Property of Quotients, it is sufficient to show that G’ C ker ¢.

Let xlylxl’1y1*1...xnynx;1y;1 € G’ be arbitrary. Then

$(1)d(y1)d(27 )Yy ). d(20) S (yn) b7 )by )
= d(x1)¢(y1)d(@1) " d(y1) T b (@) S (yn) d(n) T D(yn) T
= d(x1)é(x1) " (y1)d(y1) " b (20)(wn) T S(yn) D)

since ¢ maps into A and A is abelian

o(rryrer ey, tyn )
(
(
=e

Therefore, zyz~1y~! € ker ¢, so by the University Property of Quotients, there exists a ¢ : G/G’ — A
such that ¢ = v o . i.e., any morphism from G into an abelian group factors through G/G’.

Problem 4

First, we show that Inn G is a subgroup of Aut G:
Let ¢4, ¢n : © — 9 be inner automorphisms of G, and let € G. Then



by 0 dp-1(x) = ¢g(hah™")
= gh&r:h_lg_1
= ghx(gh)™"
= ¢gh

is an inner automorphism of G.
Next, we show that Inn G is normal in Aut G:

Let ¢4 : © — x9 be an inner automorphism and let 1) € Aut G. Then

o ¢y ot (z) =1 opy(vT (2))

is an inner automorphism of G, since ¥ (g) € G .

Therefore, Inn G is normal in Aut G.



