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September 15th, 2009 

MAT240 – Abstract Linear Algebra Lecture 

The real numbers A set R with two binary operations (+, *) and two special elements 0, 1 Є R s.t.: 

R1. ∀𝒂, 𝒃 ∈ 𝑹     𝒂 + 𝒃 = 𝒃 + 𝒂     𝒂𝒃 = 𝒃𝒂     

R2. ∀𝒂, 𝒃, 𝒄 ∈ 𝑹      𝒂 + 𝒃 𝒄 = 𝒂 +  𝒃 + 𝒄      𝒂𝒃 𝒄 = 𝒂(𝒃𝒄)     

R3. ∀𝒂 ∈ 𝑹    𝒂 + 𝟎 = 𝒂     𝒂 ∗ 𝟏 = 𝒂 

R4. ∀𝒂 ∈ 𝑹, ∃𝒃 𝒔. 𝒕.    𝒂 + 𝒃 = 𝟎     ∀𝒂 ≠ 𝟎 ∈ 𝑹, ∃𝒃 𝒔. 𝒕.     𝒂 ∗ 𝒃 = 𝟏 

R5. ∀𝒂, 𝒃, 𝒄 ∈ 𝑹      𝒂 + 𝒃 𝒄 = 𝒂𝒄 + 𝒃𝒄 

       →  𝒂 + 𝒃  𝒂 − 𝒃 =  𝒂𝟐 − 𝒃𝟐 

 

Definition: A file is a set F with two binary operations (+:𝐹𝑥𝐹 → 𝐹,∗: 𝐹𝑥𝐹 → 𝐹) and also two elements 

 0,1 ∈ 𝐹 s.t.: 

 F1. Commutativity     ∀𝒂, 𝒃 ∈ 𝑭     𝒂 + 𝒃 = 𝒃 + 𝒂     𝒂𝒃 = 𝒃𝒂     

 F2. Associativity      ∀𝒂, 𝒃, 𝒄 ∈ 𝑭      𝒂 + 𝒃 𝒄 = 𝒂 +  𝒃 + 𝒄      𝒂𝒃 𝒄 = 𝒂(𝒃𝒄)     

 F3. ∀𝒂 ∈ 𝑭    𝒂 + 𝟎 = 𝒂     𝒂 ∗ 𝟏 = 𝒂 

 F4. ∀𝒂 ∈ 𝑽, ∃𝒃 𝒔. 𝒕.    𝒂 + 𝒃 = 𝟎     ∀𝒂 ≠ 𝟎 ∈ 𝑭, ∃𝒃 𝒔. 𝒕.     𝒂 ∗ 𝒃 = 𝟏 

 F5. Distributivity  ∀𝒂, 𝒃, 𝒄 ∈ 𝑭      𝒂 + 𝒃 𝒄 = 𝒂𝒄 + 𝒃𝒄 

 

Examples: 

1. 𝑭 = 𝑹 

2. 𝑭 = 𝑸 = {
𝒑

𝒒
 𝒔. 𝒕. 𝒑, 𝒒 ∈ 𝒁} 

3. 𝑪 = {𝒂 + 𝒃𝒊:   𝒂, 𝒃 ∈ 𝑹}  

4. 𝑭𝟐 = {𝟎, 𝟏}   

+ 0 1 

0 0 1 

1 1 0 
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* 0 1 

0 0 0 

0 0 1 

 

5. 𝑭𝟕 = {𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔} 

+ 0 1 2 3 4 5 6 

0 0 1 2 3 4 5 6 

1 1 2 3 4 5 6 0 

2 2 3 4 5 6 0 1 

3 3 4 5 6 0 1 2 

4 4 5 6 0 1 2 3 

5 5 6 0 1 2 3 4 

6 6 0 1 2 3 4 5 

Note: there exists a multiplicative inverse for this ‘field’. Therefore, it is a field. 

 

6. 𝑭𝟔 = {𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓} 

k 0 1 2 3 4 5 

2k 0 2 4 0 2 4 

 There is no 1 value, therefore no multiplicative inverse exists. Therefore, it not a field! 

 Theorem:  𝑭𝒑 for p>1 is a field iff P is a prime. 

Tedious Theorems: 

1. 𝒂 + 𝒃 = 𝒄 + 𝒃 → 𝒂 = 𝒄    “Cancellation Property” 

Proof:  𝑎 + 𝑏 = 𝑐 + 𝑏 

 (𝑎 + 𝑏) + 𝑑 =  𝑐 + 𝑏 + 𝑑   (by property F4 there exists d such that b+d=0) 

 𝑎 +  𝑏 + 𝑑 = 𝑐 + (𝑏 + 𝑑) 

 𝑎 + 0 = 𝑐 + 0 

 𝑎 = 𝑐  (by property F3)  

 

2.  𝑎 ∗ 𝑏 = 𝑐 ∗ 𝑏    𝑖𝑓 𝑏 ≠ 0 → 𝑎 = 𝑐 

3. 𝐼𝑓 𝑎 + 0` = 𝑎 → 0` = 0 

4. 𝐼𝑓 𝑎 ∗ 1` = 𝑎   𝑎𝑛𝑑 𝑎 ≠ 0 → 1` = 1 

5. 𝑎 + 𝑏 = 0 = 𝑎 + 𝑏` → 𝑏 = 𝑏` 

6. 𝑎𝑏 = 1 = 𝑎𝑏` → 𝑏 = 𝑏` → 𝑎−1 𝑚𝑎𝑘𝑒𝑠 𝑠𝑒𝑛𝑠𝑒 𝑖𝑓𝑓 𝑎 ≠ 0 

7. –  −𝑎 = 𝑎 

8. 𝑎 ∗ 0 = 0 
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Note: This proof is particularly important because it mixes addition and multiplication. 

Moreover, any proof must use the distributive law. 

Proof: 

 0 = 𝑎 ∗ (0 + 0) 

 𝑎 ∗ 0 + 𝑎 ∗ 0   (by F5) 

 0 = 𝑎 ∗ 0 

9. ∄0−1:   ∀𝑏, 0𝑏 ≠ 1 

10.  −𝑎 𝑏 = 𝑎 −𝑏 = −(𝑎𝑏) 

11.  −𝑎  −𝑏 = 𝑎𝑏 

12. 𝑎 + 𝑏) 𝑎 − 𝑏 = 𝑎2 − 𝑏2 

 

 

 

 

 


