PSet 14: Partial Solutions

DISCLAIMER: I cannot claim that what I have written here constitutes a perfect solution. Certainly
some mistakes are present; hopefully these mistakes aren’t too severe. I hope that my answers may serve as
a guide to you when studying for the final exam.

Problem 27.1.

Part i. We claim that f is not an alternating tensor in R*. Take r = y = e; € R*. Then f(z,y) =
f(er,e1) =040+ 1, whereas f(y,z) = f(e1,e1) =0+ 0+ 1# —f(z,y). Hence, by definition, f must not
an alternating tensor.

Part ii. We claim that g is not an alternating tensor in R*. Take = e; and y = es, both in R*. Then
g(x,y) = gler,e3) =1 — 0, whereas g(y,z) = g(es,e1) =0— 0 # —g(z,y). Hence, by definition, g must not
an alternating tensor.

Part iii. A is not an alternating tensor in R* since it is not a tensor in R*. We show that h fails to be linear
in its first coordinate: take x = T = e, and y = e3. Then h(x + Z,y) = 8- 1+ 0, but h(x,y) + h(Z,y) =
14+1#h(z+27,y).

Problem 28.1.

Part a. We first write F' and G in terms of elementary tensors. F'(z,y,z) = 2x2y221 + T1Ys24 = (2¢2,21 +
$154)(2,y,2) = F = 2¢321 + ¢1,54, where the ¢ terms are elementary 3-tensors corresponding to the
standard basis for R®. Similarly, G(x,y) = (¢13 + ¢3.1)(x,y) = G = ¢1.3 + ¢3,1, where the ¢ terms are
elementary 2-tensors corresponding to the standard basis for R®. Hence,

AF = A(2¢221 + ¢15.4)
= A(2¢2 @ ¢2 @ P1 + ¢1 ® h5 ® ba)

=2A(d2 ® 2 @ P1) + A(p1 ® ¢5 @ ¢4) by linearity,
=202 NP2 N1+ 91 NP5 A s by step 9 of Theorem 28.1,
=¢1 N5 N\ @y P2 N\ po = 0 as ¢ is alternating of odd order,
= *151,4,5
And:
AG = A(¢1,3) + A1) by linearity
= A(¢1 @ ¢3) + A(ds @ $1)
=1 NP3+ P3N\ P1 by step 9 of Theorem 28.1,
=1 Ad3+ (=1)"o1 A o3
=0

Part b. We note that A(w) = w1 — 2ws = (1 — 2¢3)(w) = h = ¢1 — 2¢3. Then,

(AF)Nh = (¢1 N5 A da) A (01 — 2¢3),

= Q1 N5 NPa NP1 — 201 N s N s N @3 by distributivity,

= (=1)2p5 Ay A (1 A1) — 21 A ds A ps A3 by associativity and anticommutativity,
=201 N5 Npa N3

= 291,345



Part c. We compute,

(AF)(z,y,2) = (61 A d5 A da)(,y, 2)

=Y154(2,9, 2) by Theorem 28.1 (5),
1 Y1z

=15 Y5 25 by Theorem 27.7,
Tg Ya 24

= 1(Ys24 — 25Y1) — Y1(T524 — Ta25) + 21(T5Ya — Y52a).
Problem 28.6. Let T : R™ — R"™ be the linear transformation T'(x) = Bz.

Part a. Let us assume that the alternating tensors ¥ ; on R are generated with respect the standard basis
for Rm, ie. {61, ey em}. Iftr = (2/1, cee ,Z';C), then T*’l/)](ej/) = d)[(T(Gill), cen ,T(eza)) = ’l/}](Bi/l,. .. ,B%)
where B; is the i-th column of the matrix B. Let By = (By| ... ‘Bik)’ i.e. the matrix obtained by taking
the columns I’ of B. Now, by Theorem 27.7, we may evaluate 1);(B/) as a determinant:

’l,/}](B]/) = det(B{,)

where Bl, is the square matrix obtained by taking the rows I of the matrix By,. Finally, express T*¢; as:

T = csiby.
(]

Then,
T*¢r(er) =Y csbyler)
[J]
=cr as ¢y(er) = oz,

— det(B}/) = Cy/

Part b. Let f = Z[l] dri; be an alternating k-tensor on R™. Then,

T f = Z drT* by linearity
(7]
= Z dr Z det(BL) | vy by part a., and in the notation of part a.
(7] [J]

Note also that if I’ = (i},...,4},), then f(e;) = Z[I] dryr(er) = dp . Hence,

Tf =Y fler) | D_det(B)) | ¥y =D fler)det(B))i,.
[1] [J]

1 [V



