
October 1st, 2009 

MAT240; Abstract Linear Algebra Lecture 

Goal: Every v.s. has a basis. So while we don’t have to work in coordinates, we always can. 

𝑆𝑝𝑎𝑛 𝑆 =    𝑎𝑖𝑢𝑖 ∶  𝑎𝑖 ∈ 𝐹, 𝑢𝑖 ∈ 𝑆

𝑛

𝑖=1

  

Proposition: 

1. Span(S) is a subspace of V. 

 

7  𝑎𝑖𝑢𝑖 =  (7𝑎𝑖)𝑢𝑖  

 

𝑤𝑖 =  𝑢𝑖   𝑖 ≤ 𝑛, 𝑣𝑖−𝑛   𝑖 > 𝑛  

=  𝑐𝑖𝑤𝑖  

 

 

2. If 𝑆1 ⊂ 𝑆𝑝𝑎𝑛(𝑆2), then 𝑆𝑝𝑎𝑛 𝑆1 ⊂ 𝑆𝑝𝑎𝑛(𝑆2) 

𝑆𝑝𝑎𝑛 𝑆2 = 𝑊 ⊂ 𝑉 → 𝑆1 ⊂ 𝑊 → 𝑆𝑝𝑎𝑛 𝑆1 ⊂ 𝑊 = 𝑆𝑝𝑎𝑛(𝑆2) 

Definition: 

 A subset 𝑆 ⊂ 𝑉 is called (“wasteful”) linearly independent if ∃  𝑠𝑐𝑎𝑙𝑎𝑟𝑠 𝑎𝑖 ∈

𝐹 & ∃ 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑢𝑖 ∈ 𝑆 s.t.: 

𝑎1𝑢1 + ⋯𝑎𝑛𝑢𝑛 =  𝑎𝑖𝑢𝑖 = 0 and not all 𝑎𝑖 ’s are 0. 

Definition: 

 𝑆 ⊂ 𝑉 is linearly independent if it is not linearly dependent. 

 ↔  𝑎𝑖𝑢𝑖 = 0 → ∀𝑖  𝑎𝑖 = 0, 𝑎𝑖 ∈ 𝐹 𝑎𝑛𝑑 𝑢𝑖 ∈ 𝑆 

Example: 

In 𝑀𝑚𝑥𝑛 = 𝑉 

𝑆 =   
1 0
0 1

  
0 1
0 0

  
0 0
1 0

  
0 0
0 1

   is linearly independent 



𝑎  
1 0
0 1

 +  𝑏  
0 1
0 0

 +  𝑐 
0 0
1 0

 +  𝑑  
0 0
0 1

 =  
0 0
0 0

  

 
𝑎 𝑏
𝑐 𝑑

 =  
0 0
0 0

 → 𝑎 = 0, 𝑏 = 0, 𝑐 = 0, 𝑑 = 0 

Comments: 

1. 0 =    is linearly independent 

2.  𝑢 ; 𝑢 ∈ 𝑉 is independent unless u = 0, but if u = 0 is dependent. 

3. Suppose 𝑆1 ⊂ 𝑆2 ⊂ 𝑉 

a. If 𝑆1  is linearly dependent, 𝑆2 is linearly dependent. 

b. If 𝑆1   is linearly independent, know not about 𝑆2 . 

c. If 𝑆2  is linearly independent, so is 𝑆1. 

d. If 𝑆2  is linearly dependent, know not about 𝑆1.  

4. If S is linearly independent and 𝑢 ∈ 𝑉\𝑆 then 𝑆 ∪  𝑢  is linearly dependent iff u is a 

linear combination of elements of S. 

↔ 𝑢 ∈ 𝑆𝑝𝑎𝑛(𝑆) 

  Proof: Suppose 𝑢 ∈ 𝑆𝑝𝑎𝑛 𝑆 → 𝑢 =  𝑎𝑖𝑢𝑖    𝑎𝑖 ∈ 𝐹,   𝑢𝑖 ∈ 𝑆 (𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡) 

   ↔ 1𝑢 −  𝑎𝑖𝑢𝑖 = 0 (non-trivial l.c. of distinct elements of 𝑆 ∪  𝑢  

   → 𝑆 ∪  𝑢  is linearly dependent. 

   

 

 

  

 

 


